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ABSTRACT 


The  basic  aspects  of  rotor -bearing  dynamics  have  been  collated  and 
are  here  presented  in  systematic  fashion.  The  rotor -bearing  system 
and  its  forces  are  first  discussed.  The  properties  of  rotor  whirl, 
critical  speed  and  system  stability  are  discussed  in  detail.  Effects 
arising  from  running  a  rotor  through  its  critical  speed  are  reviewed. 
Balancing  of  rigid  and  flexible  rotors  is  considered  with  regard  to 
balancing  machines,  computed  calculation  of  unbalance,  and  acceptable 
levels  of  unbalance.  Axial  and  torsional  effects  on  machine  systems 
are  included.  Throughout,  the  important  literature  relating  to  each 
topic  is  specified,  discussed  and  set  in  perspective. 
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NOMENCLATURE 


Principal  nomenclature  la  listed  below.  In  certain  cases  the  aaae  symbol  has  been 
..e-used  to  denote  another  variable,  In  two  separate  places  In  the  text.  In  these 
instances,  symbols  are  specifically  denned  vicnin  che  cexc. 

The  nomenclature  used  in  the  cited  literature  Is  not  uniform,  and  in  presenting 
certain  parameters  from  the  literature  as  curves  herein,  and  in  analysis,  it  has 
not  always  been  possible  to  present  a  wholly  uniform  set  of  notation.  Where  ex¬ 
ceptions  occur,  these  are  either  re-deflned  within  the  text,  or,  in  the  case  of 
a  curve  figure,  the  figure  source  is  specified  for  direct  referral. 
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INTRODUCTION 

Purpose  and  Meed 

lotor-buring  dynialei  has  recently  emerged  a  specialised  technology  in 
machine  design,  due  to  the  growing  demand  for  Tellable  rotating  machinery  capable 
of  stable  operation  at  higher  and  higher  apaeds.  As  machine  operating  speeds 
have  increased,  so  has  the  presence  of  dynamic  effects  in  the  motion  become  more 
significant.  The  design  and  development  of  high-speed  rotating  machinery  has 
thus  become  increasingly  dependent  upon  a  knowledge  of  the  dynamic  characteristics 
of  the  rotor  in  its  bearings. 

The  purpose  of  this  volume  is  to  present  the  existing  knowledge  in  the  major 
areas  of  ootor-bearing  dynamics  in  a  single  volume.  As  such  it  constitutes  for 
each  area  a  comprehensive  snd  definitive  introduction  to  the  mechanics  of  rotors 
in  bearings,  and  also  a  fully-documented  reference  to  the  subject  literature,  in 
which  the  contributions  are  collated,  evaluated  and  set  in  perspective.  This  in¬ 
formation  is  of  value  to  designers  of  rotating  machinery  es  a  sourcebook  of 
rotordynamic  effects  and  of  experience  obtained  by  many  investigators  with  many 
different  machine  types.  It  may  be  used  by  analysts  seeking  data  on  the  basic 
mechanics  of  whirl  motions,  stability,  run-up  or  run-down  rotor  characteristics, 
or  any  type  fif  system  critical  speed  calculation;  and  on  the  formulation  of  the 
equations  of  motion  In  each  of  these  instances.  Despite  the  very  extensive  sub¬ 
ject  literature  in  both  rotordynsmics  and  bearing  technology,  there  exists  no 
specific  text  devoted  to  the  problems  of  rotors  in  besrlngs,  nor  ia  any 
critical  compilation  of  the  subject  literature  available.  Therefore,  this 
volume  meets  both  these  needs. 

< 

Dynamical  Problems  of  Rotating  Machinery 

The  dynamic  aspects  of  high-speed  rotating  machinery  design  are  directed  towards 
achieving  stable  motions  of  minimum  amplitude  at  all  operating  speeds.  At  low 
speeds,  less  than  the  first  system  critical  speed,  the  overall  problem  may  be 
dealt  with  by  careful  balancing.  But  at  high  speeds,  above  the  first  system 
critical  speed,  the  most  refined  multiplane  balancing  cannot  avert  the  stability 
problems  of  hysteretic  whirling,  dissimilar  rotor  lateral  stiffness,  and  resonant 
whipping.  Other  methods  involving  rotor  construction  and  system  viscous  damping 


1 


are  effective  in  overcoming  theae  probLema  -  the  exiatence  of  which  may  be  pre¬ 
dicted  at  the  deaign  atage  uaing  the  data  contained  herein. 

Th*  design  problems  of  rotating  machinery  may  be  classified  as  follows: 

1.  Function  capability  and  operational  safety. 

2.  Static  stress  levels:  The  Influence  of  centrifugal,  thermal,  end  bending 
^effects; ^creeparid  fatigueof'dihka,  shafts,  bearings,  and  stator  casing 

under  environmental  conditions. 

3.  Dynamic  stress  levels:  bending,  torsional,  end  axial  stresses  in  the 

rotor. 

4.  Clearance  maintenance;  rotor- stator;,  journal-bearing^  no  touching. 

5.  Erosion,  corrosion  of  working  surfaces. 

6.  Transmitted  structural  vibrations  and  noise  level. 

X. 

The  problems  of  rotor-bearing  dynamics  must  be  solved  within  this  total  framework. 
Specific  dynamical  problem  areas  of  the  machine  design  are  as  follows: 

1.  Critical  speed  amplitude  buildup. 

2.  MbltlpjLdne  :balAncihg.;, . 

3.  Rotor  dynamic  stress  levels.  Bending,  axial,  torsional. 

4.  Shrink-fit  or  elastic  hysteresis  whirl  stability. 

3.  Stability  with  differing  lateral  atiffnesses. 

6.  Bearing  atability.  Resonant  whipping.  Half- frequency  whirl.  Pneumatic 
hammer . 


7.  Subharwonic  whirl  amplitude  buildup. 

a.  Transmitted  bearing  force.  Structural  vibration. 

9.  Noise  generation. 

A  knowledge  of  the  manner  in  which  each  separate  affect  influences  the  rotor  be* 
havlor  is  needed  for  the  design  of  both  rotor  and  bearings.  Analytically,  the 
complete  interrelationship  of  all  factors  cannot  be  known  explicitly  —  even  for 
the  most  simple  rotor  type.  However,  it  Is  usually  sufficient  to  investigate 
each  effect  separately,  and  in  instance*  where  contrary  tendencies  exist,  the 
combined  effect  may  be  considered.  This  is  the  approach  used  in  the  following 
sections. 

Scone  of  the  Present  Volume 

Before  analysing  the  motion  of  a  rotor  in  bearings,  it  is  first  necessary  to 
specify  what  is  intended  by  the  terms  "rotor"  and  "bearing".  This  is  done  in 
Section  2.  The  constructional  make-up  of  a  rotor  la  reviewed  together  with  the 
manner  in  which  the  physical  proportions  contribute  to  the  dynamic  rotor 
properties.  The  various  types  of  bearing  are  discussed;  gas,  liquid;  hydro* 
static,  hydrodynamic,  hybrid;  laminar,  turbulent;  and  the  features  which  con* 
tribute  to  the  motion  of  the  rotor  are  identified  and  classified  in  terms  of 
relative  Importance  for  each  of  the  above  cases.  Forces  which  arise  in  the  motion 
are  also  reviewed  in  this  Section.  These  are  classified  in  terms  of  their  origin 
and  action  on  the  rotor-bearing  system. 

Section  3  is  a  discussion  of  the  effects  produced  by  a  nuaSber  of  specific  in¬ 
fluences  on  the  rotor  in  its  bearings.  In  particular  these  are:  rotor  un¬ 
balance;  viscous  friction  arising  from  bearings,  process  fluid  or  environment; 
Internal  friction  due  to  shrink- fit  slippage  or  elastic  hysteresis;  dissimilar 
lateral  stiffness  of  the  shaft;  flexible  bearings;  subharmonlc  whirling  fluid-film 
bearings;  attenuation  of  transmitted  rotor  force  by  the  beating  fluid-film.  In 
moat  cases,  it  is  only  necessary  to  consider  the  performance  of  a  simple,  single- 
disk  rotor  to  gain  sufficient  understanding  of  the  principles  associated  with 
each  effect.  These  results  cover  the  fundamental  system  critical  speed.  Where 
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information  la  needed  on  higher  critical  speeds,  the  rotor  profile  oust  possess  as 
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Each  rotor-bearing  system  possesses  a  number  of  critical  speeds,  but  theiaost  suit¬ 
able  method  for  calculating  a  given  case  varies  according  to  complexity  and  the 
accuracy  to  which  the  required  result  must  be  attained.  8eetton  4  consists  of  a 
discussion,  with  examples,  of  the  most  commonly-used  exact  and  approximate  methods 
for  Che  calculation  of  critical  speeds.  The  influence  of  system  damping,  shear, 
rotatory  Inertia  and  gyroscopic  effects  are  considered. 

The  stability  of  rotors  in  bearings  la  considered  In  Section  5.  Poliowing  an 
introductory  statement  on  the  nature  of  whirl  motions  and  their  basic  mechanics, 
the  stability  properties  of  elastic  rotor-bearing  systems  is  examined.  This  Is 
extended  to  the  case  of  an  elastic  rotor  in  flexible  bearings  subjected  to  both 
viscous  and  hysteretlc  friction.  The  stability  criterion  used  varies  from  case  to 
case.  In  simple  instances.  It  is  sufficient  to  check  the  rotor  whirl  amplitude 
equations  for  instability  indicated  by  positive,  real  time  exponents.  Others  may 
require  the  stability  condition  be  obtained  using  the  Routh-BurwiCx  criterion. 
Hydrodynamic  instability  is  Introduced  by  a  discussion  of  the  mechanics  of  fluid- 
film  whirl.  Prom  this,  the  method  of  stability  analysis  of  rotors  in  bearings  is 
developed  and  applied  in  turn  to  liquid  bearings,  gas  bearings,  rigid  rotors,  and 
elastic  rotors.  Results  for  several  bearing  types  are  included,  extending  through 
the  tvo-maas  rotor  in  damped,  flexible  supports. 

All  high-speed  rotors  pass  through  at  least  one  system  critical  speed  during  each 
cycle  of  operation.  The  dynamics  of  this  transition  are  discussed  in  Section  6 
for  the  cases  of  a  simple  rotor  in  rigid  bearings,  damped  rigid  bearing  rotor,  and 
for  flexible  bearings.  The  rotor  motion  includes  the  influence  of  the  transients 
induced  during  start-up,  and  the  interaction  between  the  transient  and  the  critical 
speed  amplitude  buildup  may  determine  the  performance  of  the  machine.  ^ 

Balancing  of  flexible  rotors  is  discussed  in  Section  7.  This  subject  is  the  least 
tangible  aspect  of  rotordynamics ,  and  at  present  it  may  not  be  reduced  to  an 
Identical  routine  even  between  rotors  of  the  seme  slse  and  shape  —  much  less 
eliminated  by-standard  design  practice.  The  need  and  technique  for  balancing  a 
rigid  rotor  statically  and  dynamically  are  stated,  and  the  distinction  between 


this  and  flexible  rotor  balancing  la  discussed.  Practical  aapecta  of  machine 
balancing  and  field  balancing  are  considered,  followed  by  a  discussion  of  the 
principles  of  balancing  machines,  and  the  determination  of  the  required  correction 
weights.  The  influence-coefficient  method  is  then  discussed  in  detail  as  applied 
to  the  balancing  of  high-speed  flexible  rotors.  The  example  of  a  small  high¬ 
speed  rotor  is  used  to  demonstrate  and  compare  the  effectiveness  of  sailtl-plane 
balancing  by  tha  influence-coefficient  method  with  rigid-rotor  two-plane  static- 
dynamic  balancing.  Finally,  the  levels  of  residual  unbalance  which  will  be 
acceptable  in  operation  is  discussed. 

Section  8,  the  final  section,  deals  with  additional  effects  such  as  the  axial 
and  torsional  motions  which  occur  most  comaonly  in  high-speed  stf chinery .  Sources, 
critical  speed  calculations ,  and  methods  of  suppression  for  both  torsional  and 
axial  vibrations  are  considered.  Axial  vibrations  of  a  fluid-film  thrust  bearing 
are  discusaed  in  detail  .  These  effects  are  drawn  together  by  conaiderlng  the 
influence  of  torsion  and  axial  motion  on  tha  bending  motions  during  whirling  for 
a  rotor  with  distributed  mass-elastic  properties. 

Considerable  specialized  knowledge  in  disciplines  other  than  rotor-bearing 
dynamics  is  drawn  on  in  the  text  and,  where  possible,  the  required  analytical 
procedure  haa  been  given  in  some  detail  to  make  the  particular  subject  self- 
contained.  Hydrodynamic  lubrication  is  a  subject  in  itself.  The  basic  steps 
from  Reynolds'  equation  of  three-dimensional  viscoua  lubricant  flow  to  pressure 
dletribution  load  capacity,  friction,  and  damping  and  alaatlc  properties  of  the 
fluid-film  ere  outlined  in  Appendix  A.  Appendix  B  presents  the  derivation  on 
various  equations  of  the  rotating  coordinates;  complex  plane,  vectorially,  rj 
coordinates,  r,  6  coordinates.  Appendix  C  is  the  bibliographical  listing  of 
the  published  references  cited  in  the  main  text. 

Sources  of  Text  Material 

The  references  lifted  in  Appendix  C  are  the  major  source  from  which  the  material 
of  this  book  has  been  drawn.  As  this  volume  is  unique  in  its  field,  no  other  texts 
were  available  for  comparison  -  with  tha  exception  of  Dimentberg  (Ref.  1).  This 
work  is  concerned  with  the  mathematical  analysis  of  rotor  motions  for  amplitude 
and  stability,  an  objective  which  it  accomplishes  with  elegance  and  thoroughness.^ 

1.  On  translation  from  Russian  to  English, < inadequate  proof-reading  has  permitted 
the  inclusion  of  a  great  number  of  algebraic  and  textual  errors. 
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Dimentberg  deals  with  elastic  rotor-bearing  systems,  but  omits  ell  reference  to 

fluid-  film  beirlno  a  And  fh*<r  mffmrt  An  rnfnr  nmMrtn*.  Th«  imlv  mt4«livw*«  m*a« 

-  -  #  «v 

vided  in  this  direction  concerns  s  relatively  simple  use  of  a  simple,  unbalanced , 
elastic  rotor  which  operates  in  bearings  having  identical  coordinate  stiffnesses!  -  ■■ 
that  ar-t  damped  in  one  direction.  The  emphasis  throughout  is  on  obtaining  analy¬ 
tical,  c.  osed-form  solutions  ro  the  problems  considered,  often  in  the. .face  of  ex¬ 
tremely  c;v-.  \tr.  and  tedious  .i'gebra.  No  use  is  made  of  the  digital  computer. 

Bearing  in  .Md  that  the  firet  satisfactory  solutions  to  the  lubrication  problem 
were  obtained  after  adapting  the  brsi-  equations  to  digital  computation,  it  is 
obvious  that  the  rotor  in  fluid-film  bceiirge  was  beyond  the  scope  of  Dimentberg's 
book.  Plnkus  and  Sternllcht  (Ref.  2)  contains  basic  hydrodynamic  theory,  plus  a 
chapter  on  hydrodynamic  instability .that  include*  an  analysis  of  eh*  balanced 
rotor  in  fluid-film  bearings.  This  work  is  the  only  reference  which  discusses 
bearing  stability  theory  in  its  modem  analytical  aspect.  The  numerical  result 
included  for  many  bearing  types  make  this  work  a  valuable  design  text.  Most  of 
the  techniques  and  applications  for  bearing  stability  cited  in  the  present  volume 
have  been  developed  since  the  publication  of  the  above  reference. 

Rotor-Beering  System  Analysis 

Th-oughout  this  work,  the  objective  of  all  analyses  is  to  obtain  e  knowledge  of 
the  dynamic  performance  of  the  entire  machine.  This  is  implied  by  the  term  "rotor¬ 
bearing  system'*,  in  which  the  basic  components  Involved  in  the  total  motion  are 
coupled  attalyjjJjidily  as  occurs  physically  in  the  machine.  Dynamic  considerations 
associated  witfa  rotor,  bearings,  and  foundation  are  discussed  in  Section  2.  This 
analytical  representation  is  possible  on  the  condition  that  the  motions  of  all 
components  are  small  allowing  the  system  equations  to  be  linearised.  The  dynamic 
properties  of  the  rotor  end  its  bearing  supports  may  then  be  determined  individually 
and  linked  together  through  the  boundary  conditions.  This  approach  applied  to 
liquid  and  gas  bearing  systems  has  been  very  successful  in  determining  the 
threshold  of  stability  since  the  stable,  balanced  state  from  which  instability  is 
approached  consists  of  small  motions  which  satisfy  the  snslytical  assumptions. 
However,  the  true  dynamic  response  of  s  fluid-film  bearing  is  highly  non- linear, 
and  so  relatively  little  work  has  been  done  on  the  ahalysis  of  systems  with  large 
amplitude  motions.  This  is  due  to  the  analytical  complexity  Involved  in  solving 
the  non-linear  response  equations.  Apart  from  certain  exploratory  studies,  the 
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practical  need  for  a  total  aolution  has  not  baan  pressing,  particularly  aa  it 
meant  that  a  separate  rotor-bearing  rtspcaae  analyaia  ia  required  for  each  bearing 
fyn*.  Pr«<<Meel  mnitdcratlaai .  therefore.  compel  the  iovaatlaetor  to  aeoarate 
the  rotor  and  the  bearing  and  to  represent  the  fluid- f i la  forces  by  linear 
gradients!  hermonic  motions ,  and  small  diepleceaMQte .  This  method  la  quite 
general  in  application,  and  is  veil-suited  to  the  preparation  of  a  general  cost* 
puter  program  in  which  the  rotor  becomee  a  discrete-mat e-elastic  system.  The 
effect  of  any  type  of  bearing  may  then  be  examined  for  which  the  dynamic  co¬ 
efficients  sre  available. 


The  Remaining  Problems  of  Rotor-Beering  Dynamics 

Remaining  problems  are  concerned  with:  1  Cl)  obtaining  a  batter  understanding  of 
the  mechanics  of  certain  system  processes,  such  as  hyataretic  damping  and 
tesonant  whipping,  and  (2)  with  obtaining  data  on  various  configurations  which 
inherently  possess  a  high  threshold  of  stability,  or  Induce  smell-amplitude 
whirl  motions  through  damping.  An  itemised  listing  of  the  most  significant  of 
these  problems  is  as  follows: 

Rotor 
-  • 

1.  Stiffness  characteristics  for  built-up  rotors. 

At  present,  experience  is  used  to  assign  practical  stiffness  values 
where  force  is  transmitted  between  components  across  a  friction  inter¬ 
face,  such  aa  a  shrunk-on  sleeve.  A  problem  ellsts  in  deciding  the 
effective  contact  area  and  variation  in  constant  pressure. 

2.  Stiffness  characteristics  for  rotor  with  abrupt  section  change. 

These  changes  do  not  allow  the  full  stiffness  of  the  section  to  be 
utilised  because  of  St.  Venaot'-exid  effects.  A  meaningful  gsneral 
evaluation  la  needed  for  guidance. 

3.  Refined  balancing  technique.  ^ 

Fester,  larger,  more  flexible  rotors  opsrate  between  higher,  critical 
speeds  and  must  have  smaller  unbalance  live la.  Further  information 
on  the  Influence  of  typical  unbalance  on  the  rotor-bearing  system  is 
needed  for  more  refined  balancing,  including  dynamic  pedestal  effects, 
the  influence  of  thermal  distortions  of  the  rotor  and  techniques  for 
overcoming  or  compensating,  and  the  effect  of  gravity. 

4.  Rotor  representation  as  a  simple  system. 

Where  a  simple  rotor  model  gives  adequate  dynamic  data,  the  problem 
of  accurate  representation  of  mass-elastic  data  from  a  complex  rotor, 
with  several  diaka  and  a  shaft,  exists.  Better  guidance  data  on  rotor 
model  specification  is  required. 
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5.  Effective  uii  of  e  submerged  rotor. 

Pump  rotor*  for  many  fluid*  including! liquid  metals  entrain  the  sur¬ 
rounding  medium  In  which  ch«  inertia  properties  contribute  to  the 
system  mesa  and,  hence ,  i^ynamlc  characteristic*. 

6.  Vertical  rotor  precession  and  nutation, 

Ultracentrlfug*  and  spin-test  rotors  Involve  these  effects.  Data  on  safe 
working  practice  and  gyroscopic  stability  boundaries  Is  needed. 


Bearing 

1.  Nor-linear  bearing  effects  on  rotor  motion. 

The  fubharmonic  and  superharmonic  properties  arising  from  large  ampli¬ 
tude  rotor  motions  are  little  known.  A  convenient  method  of  calculation 
Is  needed  which  Is  also  suitable  for  stability  analyses.  At  present, 
stability  calculations  are  baaed  on  small  displaceeent  stability  froei 
the  eteady-stete  position.  The  stability  of  the  whirl  orbit  Itself  Is 
unknown. 

2.  Acceleration  of  gee-beering  rotor  through  critical  speeds. 

These  systems  have  smell  clearances  end  low  damping  end  the  possibility 
of  touching  is  greeter  during  transition.  An  examination  of  the  simple 
rotor  in  e  damped  elastic  gas  bearing  is  needed  to  determine  amplitude 
buildup. 

3.  Resonant  whipping. 

An  examination  of  the  conditions  under  which  e  rotor  may  be  driven 
through  the  resonant  whipping  condition,  is  required  for  ultra-high 
speed  rotors  and  to  permit  lees  stringent  bearing’ stability  design 
requirements . 

4.  Shock,  impact,  end  random>vibretioa  response. 

The  performance  of  gee  end  fluid- film  bearings  under  shock  and  impact 
conditions  is  lacking,  although  recent  experiments  indicate  touhh  can 
be  survived  quite  readily,  and  that  the  bearing -may  not  be  the  limiting 
component.  Harmonic  load  component  performance  has  been  documented  and 
offers  an  introduction.  Random  vibration  studies  of  gee  bearings  are 
needed  to  establish  design  criteria  for  non-steady  environments. 

Rotor-bearing  system. 

1.  Shock,  impact  and  random  vibration  response. 

An  extension  of  beMtring  requirement  No.  4  to  a  system  study  is  needed, 
beginning  with  a  simple  rotor  in  fluid- film  bearings. 

2.  bending,  axial,  and  torsional  mode  coupling. 

Simultaneous  existence  of  several  nodes  of  vibration  can  result  in 
coupling.  Bending- torsional  system  studies  have  been  initiated  for 
geared  systems.  The  influence  on  the  mode  shape  end  the  critical 
speed  due  to  the  coupling  gears  contact  force*  bay  be  significant,' 
and  variable. 
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3.  Built-in  diapers. 

Possible  ettenuetlon  laprovessent  In  rotor  end  pedestal  notions  by 
built-in  dealers  and  tuners  designed  to  suit  the  system  nay  be 
achieved.  The  deeper  attenuation  studies  ere  required. 

4.  Systea  response  to  external  excitation. 

She  effect  on  the  systea  of  a  resonating  component  would  be  valuable 
In  determining  the  dynaalc  response  of  the  systea  to  turbine 
blade  vibrations,  disk  axial  vibrations ,  or  to  externally  lapressed 
high-frequency  forces. 

Stete-of- the- Art . 

The  ssiall-aaplltude  motions  of  the  aystea  ere  understood  with  sufficient 

e 

eccurecy  for  Immediate  practical  purpoaes.  The  analytical  tools  have  been 
developed  to  deal  with  these  problem.  More  data  Is  now  required  on  aany 
practical  aspects  of  dynamic  response  and  on  how  these  influence  the  system 
end  its  notions. 


ANALYTICAL  REPRESENTATION  OF  THE  ROTOR -BEARING  SYSTEM 


Dynamical  System  of  tha  Machine 

As  a  first  step  In  the  dynamical  analysis  of  sny  machine  it  is  necessary  to 
establish  from  the  proposed  machine  layout  those  components  which  will  act  to¬ 
gether  to  constitute  the  dynamical  system  of  the  machine.  In  most  instances, 
the  rigidity  of  the  bearing  housings  and  their  supports  reduces  notions  of 
these  components  to  a  minimum.  The  rotating  components  are,  in  general,  much 
more  able  to  respond  to  rotor  dynamic  forces,  and  so  the  dynamical  system  of 
any  machine  is  centered  around  tha  rotor  itaelf.  Zn  a  complex  system  the 
dynamical  constitution  of  che  rotor  may  be  different  for  different  types  of 
motion;  for  example,  in  the  geared  system  shown  in  Figure  2.01,  bending  motions 
of  each  shaft  are  unlikely  to  be  transmitted  to  say  significant  degree  through 
the  gear  meshes,  whereas  torsional  motions  will  be  both  transmitted  and 
'Influenced  by  the  gear  ratio.  If  the  shafts  shown  in  this  system  are  very 
flexible,  the  total  motion  may  contain  both  bending  and  torsional  component 
motions.  But  if  the  shafts  are  designed  to  transmit  power  and  to  raalst  bending 
deflection,  the  system  motions  are  unlikely  to  be  coupled,  and  the  equations 

i 

describing  both  types  of  motion  are  thereby  greatly  simplified.  The  most  com¬ 
monly-occurring  motions  in  any  machine  system  are: 

1.  Rigid  body  motions 

2.  Bending  motions  of  shafts 

3.  Torsional  motions 

4.  Axial  motions 

5.  Plate-mode  motions  of  impellers,  disks  and  gear  wheela 

Both  translatory  and  conical  rigid-body  intermodal  coupling,  and  rigid-body-bend¬ 
ing  coupling  are  conmon  in  rotordynamie  systems;  torsional  motions  with  some 
bending  motion  due  to  shaft  and  bearing  displacement  are  encountered  in  high¬ 
speed  gearboxes  and  other  transmission  systems.  The  influence  of  torsion  on 
bending  modes  has  been  considered  by  Johnson  (Ref.  3).  Axial-torsional  coupling 
may  occur  with  long  transmission-  and  propeller-shaft  systems,  where  the 
thrust  bearing  flexibility  allows  the  system  to  move  axially,  and  bending-axial 
motions  due  to  axial  thrust  in  turbomachinery  are  well  known..-  Where  the  shaft 


is  abort  and  light-weight,  it  say  participate  in  the  high-frequency  plate  mode 
vibrations  of  the  diake  or  gears  which  It  carries,  tech  of  thee-,  types  of 
notion  is  shown  diagranua tic ally  in  Figure  2.02. 

Generally  speaking.  the  possibility  of  coupling  will  be  indicated  If «  - 

culated  natural  frequency  of  any  of  the  above  simple,  uncoupled,  type a  of  so* 
tion  lias  close  to  the  natural  frequency  of  any  other  sinple  uncoupled  notion. 
Where  this  occurs,  an  analysis  of  the  coupled  notions  is  necessary  to  obtain 
the  true  natural  frequencies  and  mode  shapes. 

The  motions  with  which  this  report  is  mainly  concerned  ere  the  rigid-body  modes 
and  the  bending  modes  of  a  flexible  rotor  in  flexible  supports.  Analysis  of 
these  particular  motions  Is  an  Important  part  of  Che  design  of  all  rotating 
machinery.  The  other  types  of  motion  listed  above  also  occur  in  these 
systems,  but  their  effect  is  generally  speaking  more  straightforward,  and  ade¬ 
quate  treatments  are  available  in  the  subject  literature,  except  insofar  aa 
coupling,  particularly  bending  coupling,  is  concerned.  Section  8  deals  store 
specifically  with  the  Influence  of  axial  end  torsional  affects  on  the  system. 

In  order  to  establish  the  dynamic  system  it  is  necessary  to  anticipate  the 
extent  to  which  each  individual  mechanical  component  is  likely  to  enter  into 
the  system  motions.  The  rotor,  the  bearings,  end  the  foundation  era  three 
basic  component  groupings.  The  following  sections  review  the  make-up,  inter¬ 
action,  and  participation  of  these  items. 

The  Rotor 

Mechanically,  a  rotor  consists  of  s  number  of  components  whlch^are  rigidly 
attached,  forming  a  shaft  which  rotates  and  performs  useful  work.  Many 
rotors  consist  of  a  basic  shaft  upon  which  are  mounted  components  such  as 
bladed  turbine  wheels,  impellers,  drive  couplings,  electrical  armature  lami¬ 
nations  and  coil  windings,  gear  wheels,  and  so  on.  Figure  2.03.  The  shaft 
serves  to  locate  the  working  components  centrally  along  the  elastic  axle  of 
the  rotor.  They  may  also  be  attached  elsewhere,  perhaps  by  diek-to-disk 
bolting,  in  which  case  the  rotor  is  made  stlffer.  A  drum-type  rotor  may 
also  be  used  to  reduce  rotor  deflections  where  the  bearing  span  is  large. 
Figure  2.04.  This  type  of  construction  is  common  in  turbine  practice,  end 
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la  also  ua«d  for  high-apeed  guide  rolla  on  paper -waiting  machine*,  newsprint 
machlnea,  etc.  Other  rotor  types  are  short  in  length,  as  in  the  case  of 
helicopter  rotors.  One  end  of  the  shaft  ia  connected  through  a  ee arbor,  clutch, 
flywheel  and  universal  Joints  to  a  prise  mover ,  which  Itself  bee  either  a  crank- 
3haft  or  a  rotor.  The  other  end  of  the  ehaft  carries  a  propeller  consisting  of 
several  long  flexible  blades,  Figure  2.05.  The  ventilation  fan  unit  of  Flgura 
2.06  haa  a  similar  overall  construction.  In  aach  of  these  ceaes,  the  designer 
wishes  to  know:  How  will  the  stiffness  of  each  rotor  component  influence  the 
overall  motion  of  the  rotor  in  its  support*?  How  will  th#  mass  and  inartia 
properties  of  each  rotor  component  influence  this  motion? 


Dynamical  Representation  of  Rotor 

Dynamically,  a  rotor  is  the  aggregate  of  the  effective  mass-elastic  propartias 

of  its  constituent  mechanical  component*.  It  raaponda  as  such  In  proportion 

« 

to  the  variety  of  harmonic  Impulses  which  it  recalvas.  Frequently,  rotor 
motions  may  be  analyzed  directly  using  known  formulae,  due  to  the  simplicity  and 
symmetry  of  the  mechanical  system  which  they  represent.  Such  calculations  are 
often  possible  where  the  information  required  concerns  only  the  first  few 
critical  speeds.  As  the  speed  range  of  many  simple  machines  contains  only  one 
or,  at  the  most,  two  critical  speeds,  these  machines'  may  often  be  calculated 
quickly  and  conveniently.  The  rotor  elasticity  is  represented  by  a  simple 
equivalent  shaft,  and  the  rotor  oats  is  concentrated  at  aa  many  man-stations 
as  there  are  modes  to  be  calculated .  The  mass  arrangement  ia  datarmined  by  the 
actual  machine  layout.  Both  bending  and  torsional  oscillations  of  one-,  two-, 
and  three-span  machines  may  be  calculated  with  good  accuracy  with  such  s  re¬ 
presentation.  Very  frequently,  the  shaft  mass  la  ralatively  small  compared  with 
the  mass  of  the  gears,  impellers,  and  so  one,  carried  by  the  shaft,  and  the  mass 
elastic  layout  ia  established  directly.  Figure  2.07  shows  th#  analytical 
representation  of  several  mechanical  rotor  systems. 

More  complex  rotor  systems  cannot  be  evaluated  through  any  simple  method,  and 
an  adequate  mass-elastic  representation  often  requires  a  large  number  of  masses, 
joined  by  shafts  of  differing  stiffnesses.  Where  the  actual  rotor  is  a 
stepped  shaft, the  calculation  of  aa  equivalent  shaft  in  bending  is  tedioua, 
and  the  inconvenience  of  hand  calculations  may  warrant  the  use  of  a  computer  in 


this  Instance.  The  equivalent  torsional  shaft  nay  be  calculated  directly. 
Where  symmetry  la  absent  between  the  stiffnesses ,  or  between  tbs  Masses,  c< 
puter  calculation  usually  becomes  an  essential  tlMS-aaver. 


Large  rotating  disks  have  considerable  gyroscopic  sad  rotatory  inert**  a.  At: 
moderately-tilgh  speeds,  especially  where  large  anplltode  ei critical  notions 
occur,  the  Inclusion  of  the  forces  arising  iron  gyroscopic  and  rotetcry. 
affects  In.  the  equations  of  notion  Is  usually  necessary,  or  the  accuracy 
of  the  result  will  be  Impaired.  The  mass  and  the  stiffness  of  both  systems 
shown  in  Figure  2.08  are  equal;  the  critical  speeds  end  node  shapes  era 
not  equal,  because  the  end  Inertias  are  dissimilar.  Where  these  effects 
must  be  Included,  critical  speed  calculations  bacons  more  complicated  by  the; 
addition  of  another  degree  of  freedom  in  the  rotor  system  for  each  Bass’* 
station.  Theae  affects  ere  discussed  more  fully  in  Section  4.  , 


Computer  analysis  of  the  dynamic  performance  of  a  rotor  in  Its  bearings  al¬ 
lows  all  simplifying  assumptions  to  be  dispensed  with,  and  the  rotor  geometry 
may  then  be  faithfully  represented  in  the  calculation  input  date.  The  rotor 
profile  becomes  increasingly  complex  as  the  operational  demands  of  tha 
machine  in  which  it  operates  bacons  mors  stringent.  Smaller  slsa,  greater 
speed,  minimum  thermal  distortion,  and  volume, machine- and  function -optimise- 

i 

tlon  all  tend  toward  rotore  which  have  abrupt  profile  changes,  artnlmua- 
weight  sections,  dissimilar  materials  acting  in  composite  sections,  all  re¬ 
quire  an  optimised  distribution  of  mass-elastic  properties  to  achieve  the 
required  dynamic  performance  characteristics.  In  these  cases,  the  only  way 
to  obtain  meaningful  design  data  la  by  a  computerised  analysis.  In  this, 
the  rotor  is  first  divided  into  an  appropriate  number  of  sections  so  that 
its  mass-elastic  properties  may  be  represented  with  reasonable  accuracy  by 

the  system  shown  in  Figure  2.09.  Within  each  prescribed  section  of  the  rotor, 
w  r  2  21 

the  section  mass  —  I  dQ  -  JL  is  concentrated  at  ita  c.g.,  and  is  con¬ 
sidered  to  act  at  this  c.g.  throughout  the  motion  being  analyzed.  These  con¬ 
centrated  messes  are  further  assumed  to  be  linked  by  mass leas  elastic 
members  which  represent  the  transverse  flexural  beam  stiffness  over  the 
distance  between  the  rotor  masses.  This  is  the  basic  mass-elastic  re¬ 
presentation.  More  refined  programs  also  take  into  account  the  rotatory 
inertia  of  each  concentrated  mass,  and  the  gyroscopic  effect  arising  from 
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rotation  of  the  deflected  rotor  share.  Shear  affects  nay  also  be  1 Deluded  with 
banding  If  needed,  but  this  effect  is  generally  quite  minor. 

In  preparing  program  input,  the  rotor  mass  values  are  readily  obtained  froai  the 
proposed  layout,  Greater  difficulty  is  experienced  in  selecting  stiffness 
values  between  shaft  portions  ox  different  sections,  or  In  tapering  sections  of 
shaft.  One  method  of  overcoming  the  first  problem  Is  to  p^aea  a  'duaaey1 
station  of  saro  mass  at  the  junction  between  the  shaft  sactlona.  Tha  atlffnasa 
of  each  length  of  uniform  shaft  is  then  calculated,  overcoating  the  need  for 
determining  the  equivalent  second  moment  of  area  for  the  stepped  section.  Where 
the  shaft  la  tapered,  it  may  be  replaced  by  a  number  of  stepped  sections.  These 
are  then  Incorporated  using  the  above  method.  These  affects  are  shown  in 
Figure  2.10  . 

In  many  instances,  the  shaft  sections  ara  made  tubular  to  minimise  weight  or 
heat  transfer  and  rotor  thermal  expansion,  for  example,  between  a  turbine  dialc 
and  a  gaa  bearing.  The  flexural  stiffness  of  a  short  thin  tuba  may  be  calculated 
approximately  using  beam  theory,  but  the  actual  deflections  are  governed  by  the 
cylindrical  shell  equations  and  tha  particular  boundary  conditions  of  the  ap- 
plication.  No  actual  design  data  la  available  for  this  condition  vhlch  will 

clarify  the  extent  to  which  the  beam  theory  is  valid. 

The  reinforcing  effect  of  shrunk-on  disks  or  sleeves  is  also  incompletely  under¬ 
stood  at  present.  A  turbine  disk  shrunk-on  to  the  center  of  a  thin  flexible 
shaft  will  provide  little  additional  stiffness,  whereas  an  outer  coating  applied 
to  a  roll  may  stiffen  the  roll  considerably,  even  though  tha  stiffness  is  trans¬ 
mitted  by  contact  friction  between  tha  surfaces.  In  estimating  both  thaaa 
cases  the  experience  of  the  analyst  is  at  present  needed  to  allow  for  the 
stiffening.  It  la  customary  to  assume  that  the  effect  of  the  shrunk-on  section 
is  effective  over  the  length  of  the  disk  or  sleeve,  and  that  it  may  be  represented 
by  a  certain  Increase  in  diameter  of  the  basic  ahaft.  Similar  problems  occur  in 

the  representation  of  bolted  Joints./  Here,  the  true  stiffness  involves  the 

bolt  tension,  the  effectiveness  of  the  joint,  clearance  of  the  studs  in  their 
holes,  and  the  support  provided  by  other  mating  or  guide  surfaces  of  the  Joint. 
This  complexity  is  usually  avoided  In  analysis  by  assuming  a  rigid  joint  which 
has  the  stiffness  of  the  built-up  portion  of  the  rotor,  as  shown  in  Figure  2.11. 


The  above  remarks  on  analyala  of  complex  rotor  profllea  may  be  in— r f  aert  by 
■eying  that  when  .the  desired  ease  distribution  of  the  rotor  hea  bees  decided 
with  reference  to  complexity  end  the  number  of  anticipeted  bending  critical 
■beads  within  the  speed  range  to  be  investigated,  the  calculation  of  stiffness 
properties  of  the  rotor  between  the  various  stations  is  then  undertaken.  Com¬ 
plications  arise  where  changes  of  section  occur,  either  abruptly  or  by  taper. 
Usually  tapered  sections  may  be  adequately  represented  by  e  relatively  few 
stepped  sections.  Tbs  use  of  dumny  mass  stations  then  allows  uniform  beam 
analysis  to  be  applied,  through  the  computer  calculation  itself.  The 
stiffening  effect  of  shrunk-on  disks  and  slssvss  is  allowed  for  by  providing 
e  suitable  diameter  increase  for  the  basic  shaft  or  rotor  section,  baaed  on 
experience.  Bolted  joints  are  assumed  rigid  for  small  amplitude  motions. 

The  required  rotor  input  data  for  the  computer  program  is  then: 

For  each  mass  station: 

Between  each  mesa  station: 


Spaed  range  requirement: 

Torsional  Syateme 

4 

Aa  moment  of  lnertie  is  proportional  to  D  ,  the  Inertia  propartiea  of  torsional 
systems  are  usually  concentrated  in  the  large  disks  such  as  turbine  disks, 
impellers,  end  gears.  Where  the  shaft  inertia  la  important,  it  may  usually 
be  Included  ee  e  single  additional  mess  located  at  the  center  of  tech  abaft 
length.  A  more  difficult  problem  la  posed  in  determining  the  torsional 
stiffness  of  the  shafts  and  other  mechanical  elements  between  the  gears.  In 
any  torsional  system  experience  indicates  that  accurate  results  may  be  ob¬ 
tained  only  if  the  total  torsional  system  is  considered,  Including  the 
flexibility  of  all  gear  teeth,  shafts  of  varying  section,  splines,  keys, 
couplings,  bolted  connections,  stiffening  sleeves,  clutch  and  drive  mecha¬ 
nisms.  Data  on  these  effects  la  given  by  Neatoridei  (Kef.  4)  end  by 
Ker  Wilson  (Ref.  5).  The  predominant  effects  in  the  analytical  system  emerge 
when  the  total  system  is  prepared . 


mass  m 


polar  and  transverse  moments  of  intertle 


V  "ti- 


cross  section  area  A^, 
aacond  momant  of  area  1^; 
shaft  section  length 
modulus  of  elasticity  E. 
Speed  range  end  Increments. 
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Tha  analytic  of  complax  torsional  ayataas  is  raadily  parfornad  on  a  digital  coas- 
putar.  This  approach  again  allows  tha  raal  problaa  to  ba  investigated;  complexity 
la  no  longer  a  barrier  oftsn  requiring  unacceptable  simplification.  This  la 
particularly  important  where  branched  and  looped  torsional  systems  are  con¬ 
cerned  .  / 

/ 

The  end  result  of  a  torsional  vibration  analysis  is  the  natural  frequencies  of 
tha  systam,  and  the  associated  mods  ahapea.  The  torsional  damping  which  arlaaa 
from  elastic  hyatereais  and  bearing  and  gear  lubrication  is  usually  extrtmaly 
small,  and  unless  the  system  carries  a  fan  or  a  propeller,  the  amplitudes  of 
vibration  at  a  system  natural  frequency  may  ba  very  large.  In  thla  case  a 
torsional  vibration  damper,  such  aa  a  viscous  shear  damper,  a  pumping-chamber 
damper,  or  a  Coulomb  friction  damper  may  ba  required.  The  mode  shape  than 
allow*  tha  most  suitable  position  for  thla  damper  to  bm  aelactad.  In  general, 
tha  introduction  of  even  a  small  amount  of  damping  reduces  vibration  ampli¬ 
tudes  manyfold.  Optimum  damper  design  will  usually  make  tha  torsional  vibra¬ 
tions  of  a  machine  quite  negligible. 

Tha  Bearlnaa 

Bearings  support  and  constrain  tha  rotor.  Aa  mechanical  components,  they  serve 
a  variety  of  functions,  ranging  from  providing  a  means  of  low-friction  atatic 
load  support,  to  the  attenuation  of  rotor  amplitude,  transmitted  forca,  and 
■true ture -borne  noise  in  high-speed  rotating  machinery.  Because  of  their 
flexibility,  bearings  Influence  the  dynamic  performance  of  tha  rotor  which  they 
support,  by  determining  the  position  of  tha  system  critical  speeds,  along  with 
the  flexibility  of  the  rotor  itself.  For  thla  reason,  unleaa  tha  bearing 
stiffness  la  high  compared  with  the  rotor  stiffness,  calculated  value*  of  rigid- 
bearing  critical  speeds  may  differ  considerably  from  the  real  values.  Linn  and 
Prohl  (Ref.  6)  have  considered  the  influence  of  bearing  flexibility  on  critical 
speed  calculations,  and  recent  investigations  have  alao  included  the  Influence 
of  bearing  damping.  Thera  exists  a  wide  variety  of  bearing  typea,  and  the 
particular  choice  for  a  given  application  la  based  on  tha  range  of  performance 
requirements  which  must  be  fulfilled.  For  example,  where  high  load  capacity 
la  the  predominant  requirement,  an  externally-pressurised  (hydrostatic) 
bearing  may  be  needed;  and  if  low  bearing  power  loss  or  minimal  tamparatur# 
rise  is  alao  required,  tha  hydrostatic  bearing  may  have  to  be  gas  lubri¬ 
cated.  In  cases  where  rotor  stability  is  the  limiting  factor,  cylindrical 
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•elf-acting  (hydrodynamic)  bearings  era  known  to  have  a  low  stability 
threshold  speed,  whereas  hydrodynaalc  tilting' pad  journal  bearings  rr» 
hishlv  stable.  An  extensive  comparstlva  Its tine  of  bearing  types  with  ad* 
ventages  end  disadvantages  could  be  tvapored. 


Bearings  may  be  classified  in  the  following  ways: 

1.  Directional  Journal  Thrust  Combination 

2.  Type  Rolling  Element  Fluid-film. 

Fluid-film  bearings  may  be  further  classified: 

3.  Mechanism  of  Load  Support:  Hydrodynaalc  Hydrostatic  Hybrid 

4.  Lubricant  type:  Incompressible  Compressible 

3.  Lubricant  Laminar  Turbulent 

Most  machines  require  both  journal  and  thrust  bearings.  The  choice  between 
rolling  element  bearings  and  fluid-film  bearings  depends  upon  many  factors 
such  as  load,  speed,  temperature,  reliability,  stability,  durability,  sup-  Y 
port  equipment,  radioactive  environment,  corrosion,  and  other  factors.  In  . 
general,  where  moderate  operating  conditions  apply  throughout,  the  low  coat 
and  overall  convenience  of  rolling  element  bearings  offer  great  advantages 
in  a  design.  But  where  any  single  factor  becomes  overriding  in  the  design, 
such  as  extreme  load,  ultra-high  speed,  extremes  of  temperature,  or  either 
a  radioactive  or  corrosive  environment,  some  form  or  type  of  fluid-film 
bearing  exists  which  is  well-suited  to  the  overriding  factor,  and  this  type 
of  beaxing  is  then  selected  in  preference. 


Hydrodynamic  bearings  operate  by  creating  a  convergent  wedge  of  fluid  be¬ 
tween  the  bearing  surfaces  through  their  relative  motion.  The  resultant 
pressures  generated  by  the  motion  of  the  fluid  are  sufficient  to  support  the 
bearing  load.  A  number  of  hydrodynamic  bearing  types  are  shown  in  Figure 
2.12.  This  type  of  bearing  has  the  advantage  of  simplicity  of  operation 
with  a  minimum  of  supporting  apparatus.  Load  capacity  may  be  moderately  high, 
and  bearing  stiffness  may  be  made  fairly  high  by  design.  As  there  is  little 
associated  apparatus, dynamically  stable  hydrodynamic  bearings  ere  obtained 
by  selection  of  a  geometric  form  which  has  inherent  stability,  or  a  high 
threshold,  if  high  speeds  of  rotation  are  Involved,  or  the  Impressed  cyclic 
loading  of  the  machine  occurs  at  submultiples  of  the  speed  of  rotation. 
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As  stated  above,  plain  cylindrical  bearing*  have  a  low  stability  threshold; 
four -axial  groove,  elliptical,  segamnted  arc,  and  partial-arc  bearings ha«e  - 
inherently  ouch  higher  Instability  threshold  speeds;  and  tllting-pad  bearings 
are  Inherently  stable  up  to  pad  flutter  speeds,  l.e.,  es  long  as  the  pads  tend 
to  ‘'follow*  the  shaft  notions.  The  dynamic  stiffness  and  dsnping  characteristics 
of  moat  lnportant  hydrodynamic  bearing  types  have  been  obtained  for  usa  in  rotor 
dynamic  calculations.  The  influence  of  these  bearing  properties  oh  the  per¬ 
formance  of  a  rotor  ere  discussed  In  Sections  3  and  5. 

Hydrostatic  bearings  operate  by  supporting  the  applied  Journal  load  upon  a  film 
of  lubricant  which  is  fed  Into  the  bearing  under  pressure  from  some  external 
source,  such  at  a  pump.  This  principle  la  shown  in  Figure  2.13  for  a  hydro¬ 
static  journal  bearing.  The  flow  of  the  lubricant  is  restricted  (a)  by  restric¬ 
tions  within  tbs  bearing,  and  (b)  by  the  narrow  clearance  space.  Batter  con¬ 
trol  over  bearing  performance  is  obtained  by  adequate  restrictor  design.  Kxternal 
restrictors  may  bs  either  inlet  nosslea  feeding  into  the  clearance  space,  or 
capillary  feeders.  8ome  bearings  have  bean  designed  so  that  the  area  surround¬ 
ing  the  lubricant  inlet  holes  act  as  a  restrictor.  These  bearings  ere  said  to 
be  Inherently  compensated.  Soma  form  of  flow  restrictor  le  required  for  ell  \ 

i 

hydroatetlc  bearings.  The  critical  design  area  for  ell  types  of  hydrostatic 
bearings  la  ths  arts  surrounding  tha  inlet  reatrlctor  or  nossle,  the  diffuser 
or  pressure  chamber,  and  the  tone  where  the  lubricant  flow  sntsrs  tbs  clsarsnc* 
apse*.  This  area  controls  the  pressure  drop,  bearing  flow  end  dynamic  per* 
formence  of  the  bearing.  A  particular  problem  associated  with  hydrostatic 
bearings  is  pneumatic  hammer,  in  which  pressure  surges  cause  heavy  vibrations 
in  the  supply  lines  and  of  the  journal  within  the  housing.  Fneumetlc  hammer  is 
closely  eesoclated  with  the  depith  of  the  pressure  chamber.  Deep  chambers  in¬ 
crease  the  likelihood  of  thia  effect.  This  la  less  Important  with  a  multi-inlet 
bearing  using  diffusers  to  avoid  inherent  compensation.  Pneumatic  h sonar  may 
lead  to  lock-up  of  a  journal  against  its  bearing  in  certain  cease.  Dynamic 
atlffnees  and  damping  properties  have  been  obtained  by  Lund  (Ref.  7')  and  others  .for 
the  more  common  types  of  hydrostatic  bearings.  Hydrostatic  bearings  are  im¬ 
portant  where  either  high  load  capacity,  high  axial  or  radial  stiffness,  or 
accurate  control  of  position  or  concentricity  are  required. 
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Where  an  externally  pressurised  baa ring  it  used  in  a  high  speed  application, 
tha  pressures  ganaratad  by  the  rotation  inf luenca  tha  regular  hydrostatic 
praaaura  diatribution.  This  typa  ia  known  aa  a  hybrid  bearing,  and  tha  bear-, 
ing  load  capacity,  atlffnaaa  and  dynamic  reaponae  ara  >' if far ant  from  tha  pur fly 
hydrostatic  bearing.  Analyses  have  been  Bade  to  determine  the  extent  ©?  these 
affacta,  aaa  Lund  (Ref.  7). 

Bach  of  tha  bearing  types  discussed  above  have  bean  oparatad  on  both  Inc  on* 
pres alb la  and  conpreaaibla  lubricants.  Incompressible  lubricants  include : 
oil,  water,  kerosene,  mercury;  liquid  butane,  nitrogen,  and  other  liquified 
process  gases;  liquid  metals  such  as  sodium,  potassium,  NaK.  Compressible 
lubricants  lncluda:  air,  hydrogen,  helium,  nitrogen,  oxygen,  and  tha  inert 
gases;  butane  and  other  organic  vapors;  ammonia,  freon,  and  other  refrigerant 
gases;  and  ateam,  wet  and  superheated.  Where  the  lubricant  is  incompressible, 
the  major  property  governing  the  performance  of  the  bearing,  and  hence  the 
system,  is  the  viscosity.  This  is  principally  determined  by  the  operating  tem¬ 
perature  of  the  bearing,  which  depends  upon  the  bearing  friction;  It  le  slap 
govarned  to  a  leasar  extant  by  tha  opsratlng  pressures  of  tha  fluid.  Density 
la  not  a  factor  in  incompressible  lubrication,  axcapt  in  deterring  miss  flow. 
Mass  flow  may  be  important  where  the  lubricant  acta  as  a  bsarlng  coolant,  in 
which  tha  heat  transfer  coefficient  of  tha  lubricant  will  also  be  important. 
Thrust  bearing  designs  often  require  consideration  of  tha  heat  transfer 
characteristics.  Heavily  loaded  designs  may  ba  water  cooled  through  tha 
pedestals. 

For  compressible  lubricants  the  variation  of  density  with  preaaura  is  of  im¬ 
portance  in  determining  bearing  performance,  in  addition  to  viscosity.  For 
conventional  circumstances,  the  flow  of  ges  through  the  bearing  is  isothermal 
and  so  the  thermal  characteristics  of  these  bearings  ere  usually  unimportant. 
Both  compressibility  sad  visccrqlty  appear  in  the  compressible  Reynolds' 
equation,  as  indicated  in  Appendix  A.  Thu  load  capacity  conferred  by  e  com¬ 
pressible  lubricant  is  considerably  less  than  that  of  sn  incompressible  lubri- 
cant,  and  the  dyneaic  stiffness  and  damping  characteristics  are  likewise  such 
lower.  An  exception  exists  in  the  case  of  an  externally  pressurized  gas  bear¬ 
ing,  where  tha  bearing  stiffneaa  properties  may  be  made  comparable  with  those 
for  en  incompressible  lubricant. 


Conventional  bearing  operation  involve*  laminar  flow  of  the  lubricant,  but  ap¬ 
plication*  exlat  where  the  /low  le  turbulent.  High  speed  operation  with  low 
viscosity,  high  density  lubricants  promotes  turbulent  lubrication.  Closed  cycle 
space  power  plants  nay  operate  with  liquid  mercury  or  liquid  aatsls  as  the 
lubricant.  Water  lubricated  bearings  in  a  high  spaed  puap  nay  lead  to  turbulent 
operation.  Studies  in  turbulent  lubrication  were  initiated  by  Taylor  (kef.  8) , 
Wllcock  (kef.  9)  and  Snlth  and  Fuller  (kef.  10).  Constant lnescu  (kef.  11)  de- 
veloped  a  theoretical  analysis  based  on  ^randtl'e  nixing  length-hypothesis . 

The  basic  aquations  were  computer lied  by  Arvae,  Starnllcht  and  Wernlck  (kef. 12). 
keeulte  were  coopered  for  several  geometries  with  the  experimental  results  of 
Smith  end  Fuller  (kef.  10)  and  others.  The  unsatisfactory  comparison  lad  to 
the  development  of  a  new  approach  based  on  the  Bousslnesq-keicherd-klrod  'eddy- 
vlacosity'  concept  by  Hg  (kef.  13),  extended  to  finite  length  bearings  by 
kg  end  Pen  (kef.  14).  The  predictions  of  the  eddy-viscosity  theory  have  since 
been  verified  for  a  variety  of  bearing  types  by  Orcutt  (kefs.  13  and  16)  for 
both  static  and  dynamic  bearing  properties. 


sale  kepresentetion  of  the 


With  fluid-film  bearings,  rotor  response  is  Influenced  by  the  bearing  stiffness, 
and  by  ths  fluid-film  damping  properties.  Thsse  properties  ere  determined  by 
the  bearing  geometry  and  by  the  condition*  of  opsrstlon,  and  thair  derivation  is 
briefly  summarised  in  Appendix  A.  For  e  Journal  operating  with  eccentricity 
ratio  c  within  the  clearance,  any  additional  load  F'  applied  as  shown  glvea  rise 
to  a  displacement  x  In  the  direction  of  the  load,  plua  an  additional  displace¬ 
ment  y  at  right  angles  to  this  displacement.  In  addition,  ‘if  the  dlaplacaamnts 
era  applied  dynamically,  additional  reelstancee  arise  due  to  the  velocity  of 
load  application,  in  both  x  and  y  directions.  The  bearing  forces  resulting 
from  a  general  x.y  din placement  of  the  journal  In  the  x-  and  y-  directions  ere 
therefore 


P  -  K.  x  +  K  y  +  C  A  +  C  v 
x  xx  xy7  xx  xy7  (2.01) 

F-Kx  +  ky+Cx  +  Cy 
y  yx  yy7  yx  yy7 

The  coefficients  K  K  K _  K  ere  referred  to  as  the  bearing  stiffness  co- 
xx  xy  yx  yy 

efficients,  and  the  coefficients  C _  C  C  C  ere  the  bearing  damping  co- 

xx  xy  yx  yy 

efficients.  These  coefficients  depend  on  bearing  operating  eccentricity  •  vhicta 
for  any  given  bearing  type  le  a  function  of  Sonmerfeld  number  S  ■  (^jj^*)  (j?)  • 
Values  of  the  bearing  stiffneee  and  damping  coefficients  ere  listed  in  Table  2.01 
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for  the  plain  cylindrical  bearing,  the  four  axial-groove  beating,  and  for  the 
tilting- pad  bearing,  for  lncoatpreaeible  lubricant!. 

Squat iona  2.01  are  the  analytical  repreaentation  of  the  bearing  in  term*  of 
it«  dynamic  propertlea.  The  notions  of  a  rigid  rotor  operating  in  fluid* 
f lias  bear Inga  nay  be  lnveetlgated  using  these  expressions.  The  fluid-file 
danplng  ia  tbs  najor  source  of  deeping  in  such  ays tens,  and  its  Incorporation 
into  the  syaten  equation!  allow!  the  rotor  amplitude  and  transmitted  force 
to  be  calculated  at  the  critical  speeds.  When  the  rotor  is  displaced  frcmi 
its  equilibrium  operating  position,  the  dynami'.  forces  generated  by  the  fluid- 
film  act  upon  its  mass  and  tend  to  restore  it.  If  the  motions  are  In¬ 
duced  by  rotating  unbalance,  the  resulting  whirl  motions  involve  the  un¬ 
balance  force,  the  rotor  mate,  and.  the  dynamic  bearing  forces.  This  pro¬ 
blem  may  thus  be  formulated  for  analysis  using  these  expressions.  Unbalance  , 
response  of  e  rotor  in  fluid-film  bearings  la  discussed  in  Section  .3,  end 
the  stability  of  rotor  motion  is  considered  in  Section  3. 


The  Kachlna  Structure 

Soma  form  of  supporting  structure  le  required  to  carry  the  rotor-bearing 
system.  In  small  machines  such  as  motors  this  usually  takes  the  form  of  a 
casing,  whereas  in' a  larger  machine  such  as  a  steam  turbine,  the  rotor-bearing 
system  may  be  supported  on  pedestals  which  are  attached  directly  to  the 
foundations  of  the  building.  In  most  cases  these  supports  are  elastic  to 
some  discernible  degree,  and  thereby  participate  in  the  overall  motion  of  the 
system. 

Vlbretiona  of  motor  casings  as  rings  ire  discussed  by  Den  Hartog  (Ref.  17).  At 
certain  frequencies  within  the  machine  operating  spesd  range,  residual  un¬ 
balance  in  the  rotor  hea  been  known  to  excite  ring  modes  of  the  casing. 

These  vibrations  give  rise  to  noticeable  noise  (casing  hum)  which  must  be 
eliminated  by  design  changes,  or  by  the  inclusion  of  additional  damping  in 
the  casing.  Oscillations  of  turbine  platforms  are  discussed  by  Stodala(Ref . 18) 
and  by  Geiger (Ref.  19)  .both  of  whom  indicated  thkt  the. foundation  sway  flexi¬ 
bility  lowers  the  fundamental  bending  critical  spaed  of  the  turbine  set. 

In  small  compressors,  the  bearing  housings  are  often  attached  to  the  casing, 
and  may  possess  considerable  flexibility.  Figure  2.14  shows  a  daslgn  whare 


each  bearing  support  la  a  thin  diaphragm  to  provlda  maximum  angular  flexibility 
for  tha  bearings  to  follow  the  free-free  banding  mode  of  the  rotor  without  secri- 
fice  of  radial  support  stlffnasa. 

In  most  Instance*  it  1*  quit*  adequate  to  incorporate,  tha  *tif£naa*  and  deaping 
properties  of  a  bearing  housing  or  pedestal  by  the  addition  of  «  further  spring 
and  dashpot  connected  to  tha  housing  mass  as  shown  in  Figure  2.09.  These  af¬ 
fects  may  be  readily  incorporated  Into  a  general  computer  program  which  cal¬ 
culated  dynamic  response,  or  critical  spaed,  for  tha  mUlti-maas  rotor  discussed 
previously.  Pedestal  flexibility  may  significantly  affect  tha  dynamic  per¬ 
formance  of  a  machine  by  lowering  the  fundamental  bending  critical  epead,  If 
the  pedestal  spring  and  damping  propartias  are  comparable  In  value  to  bearing  or 
rotor  properties,  particularly  if  tha  pedestal  mass  la  large  and  capable  of  Join¬ 
ing  the  system  oscillations,  possibly  as  a  ssparats  pedestal  mods  in  which  the 
rotor  stands  still.  Certain  bearing  supports  have  bean  proposed  based  on  this 
principle  to  minimise  rotor  vibrations.  Tbs  arrangement,  consists  of  a  spring 
and  a  dashpot  of  soma  type  which  la  connected  to  tha  rotor,  backed  up  with  a 
second  spring,  as  shown  in  Figure  2.15,.  Tha  back-up  spring  is  considerably 
stiffar  than  the  other  spring.  When  the  rotor  speeds  ere  low,  dynamic  transmitted 
forces  ere  smell,  and  the  back-up  spring  la  effectively  rigid.  The  soft  spring 
restrains  tha  amplitudes  somewhat,  but  the  motions  srs  sufficient  to  causa  the 
dashpot  to  operate  and  dissipate  vibrational  energy.  At  high  speeds,  trans-  - 
mitted  forces  ere  much  higher,  and  the  stiff  spring  then  provides  attenuation 
not  available  with  a  rigid  foundation.  The  deehpot  is  considerably  stiffar,  In 
the  same  order  as  the  back-up  spring,  as  Its  resistance  forces  cx  depend  upon  ' 
the  velocity  of  motion.  The  soft  spring  here  has  negligible  effect,  and  the 
system  stlffnasa  is  thus  shared  between  the  dashpot  and  the  back-up  spring. 

Betwein  low  and  high  speeds  there  is  s  gradual  transition  between  these  two  con¬ 
ditions.  The  overall  effect  is  a  support  with  effectively  constant  Increase  In 
stiffness  and  damping.  Any  type  of  linear  dawhpot'vlll  give  thle  effect,  such 
as  an  orifice-  or  piston-dashpot . 

Force*  Acting  in  a  Rotor -Bearing  Svatam 

In  order  to  determine  the  notion  of  the  rotor  mesa  it  is  necessary  first  to  de¬ 
termine  the  nature  and  magnitude  of  the  forces  to  which  it  is  subjected.  Knowing 
the  forces  involved  allows  the  equation  of  motion  to  be  formulated  and  integrated 
to  give  the  required  rotor  dynamic  properties. 
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Forces  arias  from  Che  environment  In  which  the  rotor 'bearing  syatee  ojwratas, 
end  from  the  nature  of  the  system  itself.  A  useful  classification  of  forces 
in  mechanical  systems  has  been  given  by  Ziegler  (Isf.  20),  Table  2.02.  from 
the  classification  given  it  is  possible  to  infer  the  dynamic  characteristics 
of  particular  system  types. 

Table  2.03  classifies  the  forces  acting  on  a  rotor-bearing  ay item  in  terns 
of  the  nature  of  their  application,  together  with  exemplar  of  systems  where 
these  forces  occur. 

In  Table  2.03  the  forces  are  classified  as: 

1.  Kxternally-applled  forces  which  act  on  the  machine  as  a  whole,  from 
without.  They  ere  transmitted  to  the  rotor-bearing  eyetem  vie  the 
foundations  or  machine  casing.  Such  forces  are  experienced  In  aero- 
space  maneuvers.  In  explosion-proof,  blast-proof,  and  shock-proof, 
and  earthquake-proof  designs,  notably  power  planta  and  delicate 
measuring  apparatus.  The  impulsive  nature  of  the  loading  is 
attenuated  to  some  extent  by  the  rotor-supporting  structure,  in¬ 
cluding  the  bearings,  before  it  reaches  the  rotor.  The  effects  may 
range  from  transient-initiated  instabilities  in  the  motion  which 
either  ere  sustained  or  decay,  to  bearing  touching  accompanied  by 
shaft  deformation  followed  by  severe  unbalance  whirling.  A  knowledge  of 
the  forces  involved  in  shock  motions  is  lmpoitant  in  the  design 

of  all  delicate,  high-reliability,  and  accurate  position-control 
equipment. 

2.  Forces  gene- a ted  by  the  rotor  motion.  These  forces  are  absent  from 
the  environment  when  the  machine  is  not  operating.  In  each  Instance, 
the  specific  nature  of  the  equipment  determines  the  forces  involved. 
Usually,  a  number  of  theBe  forces  act  together.  The  overall  motion 
is  then  determined  by  their  relative  magnitudes.  Specific  effects 
are  discussed  in  derail  in  the  following  chapters,  and  methods  for 
overconing  related  problems  are  indicated. 

3.  Forces  applied  to  rotor.  These  forces  occur  during  operation,  and 
are  applied  by  the  system  in  which  the  rotor  operates.  These  in¬ 
clude  drive  torques;  steady,  accelerating,  oscillating,  or  tranclent; 
redial  or  tangential  rotor  forces  existing  from  drive  appl lean  ion 

or  transmission,  and  field  forces  either  gravity  or  electromagnetic  ; 

and  axial  or  normal  applied  forces  resulting  from  the  balance  of 
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prsasurse  required  for  the  Me bine  operational  functioning,  or  for  con* 
ponant  function  such  ee  high  load  accurate  position  hydrostatic  bearlapa. 

In  calculating  the  dynaalc  performance  of  a  rotor  in  bear Inga,  the  only  forces 
uauelly  required  are  the  rotor  unbalance  value,  lta  location,  and  the  bearing 
forcea  correapondlng  to  the  operating  eccentricity.  These  forces  alien  the 
amplitude  response  and  transmit tad  bearing  force,  and  ths  rotor •bearing  stability 
properties  to  be  calculated  for  the  system.  From  this  information  the  rotor  per¬ 
formance  characteristics  may  be  optimised  at  the  design  stage.  If  the  rotor 
encounters  operational  problems  such  an  half -frequency  whirl,  synchronous  whirl. 
Coulomb  friction  whirl,  or  resonant  whipping,  the  above  dynamic  performance 
date  allows  these  problems  to  ba  diagnosad,  providing  the  action  of  tbe  forcea 
which  promote  theaa  motions  la  clearly  understood.  A  detailed  knowledge  of 
all  the  forces  which  ect  on  a  rotor  is  not  required  for  design,  but  recognition 
of  the  significant  forcea  occurring  in  an  operational  environamnt  la  asaantlal 
for  the  diagnosis  of  rotor-bearing  system  problems.  Finally,  the  analytical 
formulation  of  any  rotor-bearing  problem  also  requires  an  appreciation  of  all 
the  forces  Involved  in  the  motion.  The  influence  of  the  forces  listed  in 
Table  2.03  on  rotor  motions  is  discussed  in  the  following  chapters. 
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Classification  of  Load* 
active  forces 
I 
1 

■  e 

unatatlooary  loads.  stationary  loads 

F  (q,  q»  O  t  (q,  q) 


1 

velocity— dap.  loads 

F  (q,  q,  ) 

1  * 

ve 

n 

locity — indep.  loads 

f  (q) 

_ L 

gyroscopic 

dW  -  0 

dissipative 

dV<0 

nonclrculatorv 

dW  -  -  dV 

circulatory 

dW  ft  -  dV 

Classification 

reactive 

of  Reactlona 
forces 

* 

workless  reactions 

dlsslpativs 

reactions 

dw  -  0  dW  <  0 


Table  2.02  Classification  of  Forces  and  of  Reaction 
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(a)  Gear  on  Shaft 


(b)  Fundamental  (Umbrella)  Mode 


Fig.  2.02  Plate  Mode  Vibrations.  Umbrella  and  Diameter  Modea 
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Rotor  Blada 


■■ 

■j 

1 

I 

m 

r] 

I 

Rotor  Blada 

Boar Ins 

Shaft 
Baarlng 

Unlvaraal  Joint 
Gaar  Box  and  Pownr  Plant 


Pig.  2.05  Halicoptar  Rotor.  Flaxibla  Bladaa  and  a  Flaxibla  Shaft 


Fig.  2.07  Representation  of  Actual  Rotor  by  Analytical  Model 


Section  A  Dummy  Station 


Actual  Rotor 
Subdlviaion 


Springs  1  2345  6 


Rotor  Model 


(s)  Representation  of  Abrupt  Section  Change  Using  Uniform  Shaft  Sections 
by  Introducing  a  Dummy  Mass  Station  At  3 


(b)  Representation  of  Conical  Section  b>  Two  Equivalent  Cylindrical  Sections 


Fig.  2.10  Methods  for  Representing  Rotor  Section  Changes 
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Diaphragm 


Fig.  2.15  Damped  Support  System  for  Attenuating  Vibrations 


Ill 


DYNAMIC  RESPONSE  OP  UNBALANCED  FLEXIBLE  ROTORS 
introductory  Remarks  on  the  Influence  of  Unbalance 

All  rotors  retain  some  degree  of  residual  unbalance.  The  purpose  of  thla  section 
is  to  discuss  the  effects  produced  by  unbalance  on  a  rotor-bearing  system.  Each 
system  has,  through  its  shape  or  construction,  a  number  of  specific  features  such 
as  shaft  cross-section,  friction,  bearing  properties,  pedestal  properties,  and  so 
on,  which  influence  the  rotor  motion.  The  effect  of  some  features  is  known  in 
advance,  at  least  qualitatively.  Here,  rotordynamic  analysis  seeks  to  make  these 
effects  predictable,  and  so  to  optimise  their  overall  contribution  to  system  per¬ 
formance.  Other  effects  such  as  high-speed  balancing  involve  several  system 
parameters  simultaneously,  and  so  may  not  be  predicted  readily  by  experience  or 
intuition.  In  these  cases,  systematic  investigation  of  parameter  Interaction  is 
provided.  This  is  accomplished  through  the  analysis  of  a  rotor-bearing  system 
which  contains  the  mechanical  features  required  to  simulate  the  effects  observed 
in  practice . 

Rotor  amplitude  and  transmitted  bearing  force  are  both  governed  by  rotor  un¬ 
balance  —  where  the  motion  is  stable.  When  the  variation  of  amplitude  with 
operating  speed  is  known  at  critical  stations  along  the  rotor  throughout  the  speed 
range,  it  is  then  possible  to  decide  on  other  aspects  of  the  mechanical  design, 
such  as:  degree  of  balance  necessary  for  machine  operation,  suitability  of  bearing 
design,  possibility  of  rotor  fatigue  and  creep- induced  permanent  bowing  at  high 
operating  temperatures,  and  others.  The  level  of  bearing- transmitted  force  may 
be  significantly  modified  by  the  type  of  bearing  used.  This,  in  turn,  influences 
the  rotor  motions,  and,  therefore,  may  determine  the  degree  of  balance  required 
for  operation  at  high  speeds.  Also,  by  attenuating  the  transmitted  force  through 
bear ing  design ,  the  structural  noise  level  is  reduced. 

Very  few  rotors  operate  in  "rigid"  bearings.  Heavily  loaded  hydrodynamic  bearings 
come  the  closest  to  this  condition,  but  even  these  bearings  possess  a  degree  of 
flexibility  and  damping  which  influences  the  motion,  particularly  the  critical 
speeds.  The  simple  vertical  rotor,  consisting  of  a  single  unbalanced  central 
disk  mounted  on  a  flexible  undamped  circular  shaft,  and  which  operates  in  short 
rigid  bearings,  has  been  considered  initially  in  order  to  simplify  the  analysis 
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of  certain  more  basic  effects  of  unbalance  on  rotor  whirl.  Later,  this  simple 
concept  is  modified  to  include  horizontal  operation,  the  bearing  properties,  and 
rotor  asymmetry.  The  gyroscopic  effect  is  considered  in  Section  4-  Criticel 
Speeds ,  since  its  main  effect  is  to  dynamically  stiffen  the  rotor  and  raise  the 
rotor  natural  frequency  in  bending.  Likewise,  certain  effects  of  friction  dnd 
of  rotor  shape,  which  concern  the  stability  of  rotor-bearing  motions,  are  dis¬ 
cussed  in  Section  5. 

The  distribution  of  the  unbalance  in  an  actual  machine  cannot  be  predicted  in 
advance.  It  is  known  through  its  effects  on  rotor  amplitude  and  bearing- 
transmitted  force.  These  effects  are ^comnonly  discussed  in  terms  of  "static" 
unbalance,  where  the  disturbing  faces  lie  in  a  single  plane;  and  "dynamic" 
unbalance,  where  there  may  be  several  disturbing  forces  —  each  acting  in  its  own 
plane.  Both  static  and  dynamic  unbalance  are  usually  present  in  a  given  machine. 
Unbalance  is  customarily  thought  of  as  being  the  whole  or  portion  of  the  rotor 
weight,  W,  acting  at  a  small  eccentricity,  a,  from  the  elastic  axis.  The  un¬ 
balance  is  thus  referred  to  as  W.a  oz.in.  in  each  plane.  This  is  shown  in 
Figure  3.01.  Balancing  of  rotors  is  more  fully  dealt  with  in  Section  7. 

Nature  of  Whirl  Motions 

During  its  rotation,  a  rotor  is  said  to  whirl  when  the  mass  center  of  any  por¬ 
tion  of  it  travels  around  a  circle  or  any  other  closed  curve  —  instead  of  re¬ 
maining  at  a  fixed  point.  If  identical  whirl  orbits  are  traced  out  with 
successive  rotations,  the  whirl  is  Bald  to  be  stable.  When  the  whirl  orbit  la 
growing  or  decaying,  the  whirl  is  transient  and  may  be  unstable.  Stable  whirls 
alone  are  discussed  in  this  section. 

Any  rotating  force  which  acts  on  the  rotor  will  induce  a  whirl.  If  the  rotor 
c.g.  is  eccentric  with  respect  to  the  axis  about  which  it  rotates,  s  radial  force 
will  exist  which  rotates  in  synchronism  with  the  rotor  during  operation.  This 
will  cause  the  rotor  to  assume  a  deflected  shape  in  the  direccion  of  the  rotating 
force,  and  this  shape  then  whirls  about  the  axis  of  rotation  at  all  speeds.  All 
forces  which  act  on  the  rotor,  including  applied  forces  and  those  induced  by  the 
whirl  motion,  contribute  to  the  overall  resultant  motion. 
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At  the  critlcel  speed,  che  viscous  friction  which  is  present  In  practical  rotor* 
beering  systems  sets  In  the  tsngentiel  direction  end  is  in  equilibrium  with  the 
rotor  unbelance  force.  The  system  is  then  stable.  This  is  shown  in  Figure  3.07. 
The  initial  phase  of  the.  motion  causes  a  transient  whirl  consisting  of  two  com* 
ponents  which  rotate  in  opposite  directions  with  a  frequency  equal  to  the  system 
natural  frequency.  In  systems  which  have  viscous  damping,  these  transients 
decay,  Irrespective  of  whether  the  rotor  operating  speed  la  above  or  below  the 
system  critical,  leaving  only  the  unbalance  whirl  motion.  For  systems  which 
have  hysteretic  damping,  the  whirl  motion  is  again  made  up  of  two  counter¬ 
rotating  transients  with  system  critical  frequency  together  with  a  steady 
synchronous  component.  Below  the  critical  speed  this  system  is  stable,  and  the 
transients  decay  with  time.  However,  above  the  critical  speed,  the  forward 
transient  component  becomes  e  sustained  whirl  of  increasing  amplitude,  and  the 
system  is  unstable.  This  is  caused  by  tha  friction  fores  which  changes  direction 
as  the  rotation  speed  exceeds  the  natural  frequency  of  the  system,  and  drives  the 
unbalance  motion  instead  of  opposing  it. 

A  rotor  which  has  different  lateral  stiffnesses  gives  rise  to  a  growing  transient 
within  the  speed  range  between  the  natural  frequencies  corresponding  to  the 
stiffnesses.  These  unstable  motions  become  stabilized  by  the  inclusion  of 
viscous  friction  damping,  but  may  be  worsened  by  the  presence  of  hysteretic 
damping,  for  operation  above  the  first  critical  speed. 

Flexibility  of  the  rotor  supports  and  foundations  does  not  itself  cause  whirling, 
but  it  may  greatly  modify  the  whirling  characteristics  of  the  system.  In  cases 
where  the  support  stiffnesses  are  dissimilar,  two  system  critical  speeds  exist 
and  the  rotor  exhibits  backward  precession  in  the  speed  range  between  them. 

These  motions  are  stable. 

A  rotor  which  is  supported  in  fluid-film  bearings  may  whirl  at  a  frequency 
around  half  the  operating  speed  of  the  machine  when  operating  in  the  order  of 
twice  the  system  critical  speed.  This  whirl  becomes  resonant  with  the  corre¬ 
sponding  system  critical  speed.  The  large  whirl  amplitude  which  develops  is 
known  as  resonant  whipping  and  is  a  self-sustained  motion  of  the  journal  within 
the  bearing.  For  further  Increases  in  speed,  the  whirl  frequency  continues  at 
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the  system  critical  frequency  end  the  large  amplitude  motions  usually  peraiat. 
Only  in  rare  cases  has  the  resonant  whipping  condition  been  passed  through  . 


Whirling  of  a  Simple  Undamped  Rotor 

The  simple  rotor  shown  in  Figure  3.01  consists  of  a  single  massive  disk  mounted 
on  a  flexible  circular  shaft.  The  disk  mass,  id,  is  concentrated  at  its  center  of 
gravity,  G,  which  is  distance  a  from  the  point  of  attachment,  E,  between  disk  and 
shaft.  The  shaft  has  stiffness,  k,  and  elastic  shaft  force  is  applied  to  the 
disk  at  E,  which  is  referred  to  as  the  elastic  center.  Any  outwardly-directed 
radial  displacement  of  the  shaft  from  its  position  of  equilibrium  causes  an 
opposing  radial  force,  Fg,  in  proportion  to  the  displacement.  In  the  case  of  a 
vertical  shaft,  the  static  equilibrium  position  is  the  bearing  axis,  OZ.  A 
horizontal  shaft  has  a  static  deflection  line  about  which  it  rotates.  In  both 
"«es,  the  bearing  axis  is  a  convenient  datum  from  which  dlaplacementa  will  be 
measured.  Gyroscopic  and  gravitational  influences  ere  excluded  from  the  rotor 
motion.  These  effects  are  considered  later. 

In  eatabllshing  the  beaic  features  of  the  rotor  motion,  a  rotor  without  friction 
will  be  considered  first.  Figure  3.02  shows  a  simple,  undamped  rotor  whirling 
about  its  static  equilibrium  position  under  the  effects  of  centrifugal  unbalance. 
The  whirl  motion  acts  in  synchronism  with  the  externally-applied  rotation,  to, 
which  drives  the  rotor.  Referring  this  motion  to  the  stationary  coordinates  x, 
y,  and  writing  the  displacement  coordinates  of  G  gives: 


x_  ■  x  +  a  cos 

0 

yG  ■  y  +  a  sin 

0 

(3.01) 

equations  of  motion 

of  the  disk  are: 

. .  2 
mx  +  kx  ■  mats 

cos 

0 

2 

my  +  ky  -  macu 

sin 

0 

IV  +  ka  sin 

0  - 

v  cos  0  ■  T 

J  0 

(3.02) 
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For  constant  speed  of  rotation  ♦  -  tut,  and  ♦  ■  T  -  0  since  there  is  no  anguLar 
acceleration  and  no  energy  dissipation.  From  this,  it  follows  that  for  harmonic 
notions  where  the  solution  to  the  above  equations  has  the  forte; 

x  »  A  cos  tut 


y  ■  B  sin  tot 


(3.03) 


The  moment  equation  shows  that: 

V 

“  tan  tut  »  tan  ♦ 
x 

which  indicates  that  OE  and  EG  fall  on  the  same  straight  radial  line  for  an 
undamped  rotor  which  is  whirling  about  its  static  equilibrium  position.  This 
indicates  that  the  rotor  whirl  frequency,  V,  la  the  same  as  the  rotor  speed,  cu, 
(i.e.,  the  whirl  is  in  synchronism  with  the  rotation).  Equations  3.02  are 
linearly  independent,  and  may  be  solved  individually  or  combined  by  recalling 
that  x  +  iy  ■  r,  1  ■ 1 ,  to  give  the  general  solution  for  the  whirl  radius, 
r,  of  the  elastic  center.  Writing: 


(3.04) 


where  cu^  is  the  frequency  of  the  natural  transverse  vibrations  of  the  system.  This 
allows  the  solution  to  be  written  as: 


.  ico  t  .  .  -ico  t  .  n 
x  -  A.e  c  +  A_e  c  +  - - 

1  *  i  -or 


_  icu  t  .  _  -ico  t  , 
y  ■  B^e  c  +  B2e  c  + 


a  cos  cut 


a  sin  cut 


(3-05) 


where  ft  ■  —  is  the  dimensionless  speed  ratio. 


The  general  solution  shows  that  the  total  motion  of  E  is  made  up  of  three 
component  motions.  The  first  and  second  terms  represent  counter-rotating 
transient  vibrations  in  the  radial  direction  which  rotate  along  with 
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with  Che  synchronous  vhirl(Flg..3fl3).The  frequency  of  vibration  Is  shown  by  the 
exponent  to  be  the  natural  frequency  of  the  rotor,  u>c>  and  Is  Independent  of  speed 
of  rotation.  The  transient  amplitude  is  determined  by  the  conditions  under  which 
the  motion  was  initiated.  Although  the  above  transients  are  sustained  by  the  ab¬ 
sence  of  friction,  this  condition  only  occurs  under  certain  conditions  in  practical 
rotors.  The  influence  of  friction  on  rotor  motion  including  transients  is  discussed 
in  the  following  sections.  The  third  term  describes  the  synchronous  whirling  of  the 
elastic  center,  E,  in  a  circular  orbit  about  0  due  to  unbalance.  The  orbit  radius, 
OE,  is  given  by: 

an2 

r  -  x  +  iy  *  - r 

i-n 


cos  cut  +  i  8  in  cut 


thus 

£ 

a 


(3.06) 


The  dimensionless  transmitted  force,  F,  depends  on  the  elastic  displacement  of  the 
rotor,  r,  and  is  therefore: 


Similarly,  the  orbit  radius  of  G  is  given  by: 


r 


G 


r  +  a  •• 


or 


a 


1 


i-n 


2 


(3.07) 


(3.08) 


Synchronous  whirl  radius  thus  depends  on  speed  and  eccentricity.  If  unbalance  can 
be  minimized  by  design  and  construction,  and  eliminated  by  accuraLe  balancing,  the 
whirl  must  disappear  for  all  speeda,  except  when  0  ■  1,  i.e.,  when  cu  ■  cu^.  At 
this  speed,  the  forcing  frequency,  cu,  of  the  whirl  becomes  resonant  with  the 
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transverse  natural  frequency,  u>c ,  of  the  rotor.  Sustained  reeonant  operation  nuet 
lead  to  the  buildup  of  large  whirl  amplitudes,  and  also  to  heavy  transmitted  forces 
at  cne  Deanngs  *s  can  De  seen  trom  aquation  3.07.  Inis  condition  is  known  ■■ 
"critical"  whirling,  and  the  ap'ed  at  which  it  takes  place  is  known  as  the  critical 
whirling  speed.  As  the  motion  is  characterised  by  bending  of  the  rotor  shaft,  this 
type  of  critical  whirl  is  commonly  referred  to  ea  the  flexural  or  bending  critical 
whirl  mode  of  the  rotor.  Sustained  operation  at  any  critical  speed  may  lead  to: 
large  whirl  amplitude  and  the  danger  of  rotor-stator  contact;  heavy  dynamic  bear¬ 
ing  loads,  touching  and  wear;  Increased  seal  wear;  and  undesirable  levels  of 
structure-borne  vibration  and  noise. 

Below  the  critical  speed,  the  static  equilibrium  position,  0,  the  elastic  center, 

E,  end  the  center  of  gravity,  G,  form  a  tingle,  straight  line  (KG,  aa  shown  in 
Figure  3.04  (a).  As  the  rotor  passes  through  the  critical  speed,  the  radius 
changes  from  positive  to  negative,  as  0  changes  from  <1  to  >1.  This  can  be 
concluded  from  Equation  3.06  and  corresponds  to  a  phase  change  of  180  degrees. 
Physically,  as  the  rotor  passes  steadily  through  the  critical  speed,  It  may  be 
seen  to  "shudder"  as  the  whirl  radius  changes  from  positive,  Figure  3.04  (a), 
through  the  critical  position  with  the  eccentricity  leading  the  radius  by  90 
degrees,  Figure  3.04  (b) ,  to  negative  where  the  elastic  center,  E,  whirls  at  a 
greater  radius  than  the  elastic  center.  For  undamped  motions  the  super-critical 
whirl  is  a  straight-line  0GE,  Figure  3.04  (c) . 

The  dimensionless  whirl  radius,  — ,  as  a  function  of  speed  ratio,  —  ,  is  shown 

in  Figure  3.05.  Negative—  values  for  03  >  U3  are  plotted  positive  for 

A  C 

convenience. 

Critical  Whirling  of  a  Simple.  Undamped  Rotor 

Although  Equations  (3.02)  apply  at  all  speeds,  the  solutions  (3.05)  are  Invalid 
at  U3  ■  to_.  Rewriting  the  equations  of  motion  for  this  case  as: 

2  2 

X*  +  03  X  •  a  03  COS  03  t 
c  c  c 

(3.02) 

2  2  t 

V  +  03  X  •  I  ffl  sin  03 
’  c  c  c 
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In  this  Instance,  Che  quasi  steady- state  solutions  sra: 


co  t 

x  -  a  -jf“  sin  u>  t 
2  c 

CD  t 

V  *-S  COS  CD  t 

2  c 


(3 .09) 


These  expressions  Indicate  that  the  whirl  radius  does  not  become  infinite  at  the 
instant  the  critical  speed  is  reached,  but  rather  it  grows  linearly  with  time  as 
the  shaft  continues  to  rotate  at  the  critical  speed.  Npte  that  this  result  is 
true  even  where  there  is  no  viscous  damping  in  the  system.  The  time-path  is  a 
growing  logarithmic  cycle  as  shown  in  Figure  3.06.  In  this  condition,  there  is 
a  phase  difference  of  90  degrees  as  the  centrifugal  unbalance  leads  the  whirl 
radius,  OB. 

The  complete  solution  to  Equations  (3.02)  also  includes  sustained  transient 
motions  to  which  the  previous  remarks  again  apply.  In  the  above  analysis,  the 
rate  of  growth  of  the  whirl  radius  is  assumed  to  be  small  so  that  the  motion  it 
not  significantly  influenced  by  Coriolis  forces.  A  rigorous  analysis  should 
include  these  effects  to  allow  all  growth  rates  to  be  investigated. 

Influence  of  Viscous  Friction  on  Rotor  Motion 

Viscous  friction  effects  in  a  rotor-bearing  system  may  arise  from  fluid-film 
action  in  the  bearings  and  from  the  drag  of  the  gas  or  liquid  In  which  tha 
machine  rotates.  For  the  present  it  is  convenient  to  represent  the  viscous 
friction  forces  as  being  linearly  dependent  on  velocity  with  a  coefficient,  c, 
and  in  the  case  of  the  single-disk  rotor  to  consider  their  effect  as  being  con¬ 
centrated  at  the  shaft  center,  0.  The  forces  which  act  on  tha  disk  are  than  as 
shown  in  Figure  3.07.  Gyroscopic  and  gravitational  effects  are  again  negligible 
in  the  motion  considered.  Again,  employing  the  coordinate  equations  (3.01)  for 
the  disk  c.g.  gives  the  equations  of  motion  for  a  damped,  elastic  rotor  operated 
at  constant  apeed,  <d,  as: 

...  2 
mx  +  cx  +  kx  “  mau)  cos  cut 

(3.10) 

2 

my  +  cy  +  ky  *  maw  sin  u>t 
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The  deaplng  force  oppoeee  the  coordinate  action.  Where  Motion  is  outward,  the 
damping  force  la  Inwardly  directed  and  vice  veraa.  Assuming  a  solution  of  the 
form: 


y.  ■  A  cos  (n*-a) 


y  ■  B  sin  (u>t-a) 


leads  to  the  coordinate  solutions: 


(3.11) 


x  -  Al  exp  exp  ^(qt+y^j  +  A2  exp  exp  [-iCqt+T^) 


2 

aoj  coi 


+  b2cu2 

y  "  Bi  exp  [“  S]  exp  +  »2  exp  [“  f|]  exp  [-i<qt+r2)] 


I  +  bo 


(3.12) 


where 


q  -  to 


’  (lS"fj  5  71’72  '  constant8.  5  1 


P  ■  srtan 


U) 

c 


c  T  m 


v*~ 

"  in 


The  first  two  terms  in  Equations  3.12  represent  damped  transient  vibrations  of 
the  rotor  in  the  radial  direction,  occurring  with  a  frequency,  q,  rad/ sec  ,  l.e., 
the  damped  natural  frequency  of  the  rotor  in  the  transverse  direction.  As  in 
the  previous  case,  these  transients  rotate  in  opposite  directions,  along  with 
the  main  unbalance  whirl,  until  damped  out.  The  actual  value  of  the  damping 
coefficient,  c,  need  not  be  large  enough  to  effect  a  rapid  decrease  in  vibration 
amplitude, and  also  a  siaable  change  in  the  amplitude  build-up  near  the  critical 
speed.  For  small  to  moderate  values  of  the  damping  coefficient,  c,  the  damped 
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natural  frequency,  q,  is  slightly  leaa  than  u>  .  The  aiae  and  significance  of 
these  transients  depends  on  the  Initial  conditions  of  the  notion.  This  faature 

im  (H  fn  fl*  /-  ►  4  A 


The  third  term  in  Squacions  3.12  is  the  synchronous  whirl  amplitude,  the  radius 

2  2  ^ 

(x  +  y  )  ,  or: 


of  which  is  given  by 


or 

r  _  fl2 _ 

*  -Ta-a1)1  +  4  oV  «■>»> 

where 

C  •  f“  5  efl  ■  2Vmk 

For  a  shaft  in  rigid  bearings  with  identical  lateral  stiffnesses,  the  whirl  is, 
therefore,  circular  about  the  static  equilibrium  position  with  radius  r.  The 
dimensionless  whirl  radius  (^)  depends  on  the  speed  ratio,  Cl,  and  the  damping 
ratio,  (J,  and  its  variation  with  both  these  factors  is  shown  In  Figure  3.08. 

Negative  (^)  values  occurring  whan  (l  >  1  ara  plotted  positive  for  convenience. 

The  whirl  radius  reaches  a  maximum,  but  finite  value  when: 

»  -VTTp 

u>  T  * 

c 

Damping,  therefore,  Increases  the  critical  speed  in  a  system  which  has  frequency- 
dependent  excitstlon. 

The  term, "critical  damping",  cc>  refers  to  the  degree  of  viscous  damping  required 

to  Just  permit  a  mass  to  return  to  its  initial  position  without  oscillation  following 

a  displacement.  The  dimensionless  damping  ratio,  £,  expresses  the  ratio  (actual- 

to-critical)  damping,  (c/c  ). 

c 
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The  phase  relationship  between  the  rotor  eccentricity,  a,  and  the  whirl 
radius  is  given  by: 

r  Co  1 


tan  0  “ 


(3.14) 


As  the  rotor  passes  through  the  critlcsl  speed,  the  phase  angle  again  changes 
as  shown  in  Figure  3.04,  but  with  damping  the  change  is  continuous  throughout 
the  speed  range.  With  low  damping  values,  the  abruptness  of  the  inversion  is 
similar  to  that  indicated  by  the  undamped  rotor  results.  Figure  3.09  shows 
the  relationship  between  speed,  damping  and  phase  angle. 

The  above  results  verify  that  practical  rotors  also  whirl  with  the  c.g.  situated 

beyond  the  point  of  attachment  between  disk  and  shaft  where  co  <  u>  ,  also  cds»<u  ,  the  c 

c  c 

occupies  a  position  between  the  point  of  attachment  and  the  whirl  center.  As 
the  speed  becomes  higher  and  higher,  the  c.g.  moves  still  closer  towards  0. 

Hence,  it  is  said  that  beyond  the  critical  speed  a  rotor  la  "self-balancing" 
and  that  it  tends  to  "whirl  about  its  c.g.".  Practical  rotors  possess  a  num¬ 
ber  of  critical  speeds  each  of  which  has  the  above  tendencies  to  some  degree. 

The  true  situation  in  a  given  case  is  a  matter  for  dynamic  analysis  of  the 
particular  rotor-bearing  system.  , * 


Force  Transmitted  from  an  Unbalanced  Rotor  with  Viscous  Damping 

Although  a  damped  rotor  whirls  rather  than  vibrates,  the  force  transmitted  to 
the  bearings  varies  cyclically  in  both  x-y  directions.  This  la  a  source  of 
both  structural  vibration  and  noise  generation,  as  well  aa  bearing  fatigue. 
The  magnitude  of  the  transmitted  force  in  any  direction  for  a  system  with  a 
rotating  unbalance  and  viscous  damping  is  given  by: 


2F  *  kx  +  cx 
x 

as  x  ■  r  cos  (tot  -a)  r  constant 

Hence 

2F  ■  r  »k^  +  ca?  .  cos  (ot-e) 
x 
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where 


The  amplitude  of  the  transmitted  force  in  the  x-directlon  is  therefore: 


2F  ■  mau>2  -\J  >  ,  i  .  cos  (o*-6)  >  (3.15) 

x  V  (i-n2)2  +  4?2fl2 


The  dimensionless  maximum  transmitted  force 


Is  plotted  as  a  function  of  speed  ratio  ft  in  Figure  3.10.  The  phase  angle,  0, 
is  shown  as  a  function  of  speed  and  damping  in  Figure  3.11. 


Influence  of  Internal  Friction  on  Rotor  Whirl  Motion 


The  lews  of  elastic  hysteresis  on  the  beale  of  existing  experimental  data  do  not 
permit  a  simple  formulation  suitable  for  analvsls  of  rotor  motions.  However,  by 
the  use  of  certain  approximations  it  is  possible  to  develop  a  rational  theory 
which  can  he  used  to  explain  the  rotor  behavior  where  internal  friction  forces 
are  present.  Internal  friction  effects  arise  from  elastic  hysteresis  of  the  rotor 
material,  and  from  any  interface  Coulomb  slippage  between  the  component!  of  e 
built-up  rotor.  In  both  instencea,  the  resulting  anargy  loss  gives  rise'  to  a 
tangential  force  acting  on  the  rotor.  When  the  rotor  epeed,  Ok,  ia  below  the  whirl 
speed,  v,  the  tangential  force  opposes  the  rotstion,  and  the  rotor  is  stable;  but, 
where  the  rotor  speed  exceeds  the  whirl  speed,  the  tangential  force  reveraea 
direction  and  tends  to  drive  the  rotor.  In  this  condition,  the  whirl  radius 
lncreasaa  with  time  unless  arrested  by  some  additional  system  fores.  The  stability 
of  this  system  Is  discussed  at  greater  length  in  Section  S. 

Investigators  from  Rowe tt  (Ref. 21)  to  Latan  (Ref. 22)  and  in  particular  Kimball 
(Ref. 23)  in  the  ease  of  rotors  have  found  that: 

1.  The  energy  loss  ia  independent  of  the  cyclic  frequency,  and 

2.  Energy  loss  Is  approximately  proportional  to  the  square  of  the  maximum 
.cyclic  amplitude,  for  a  steadily  vibrating  system  with  a  stabilised 

hysteresis  loop. 

Built-up  rotors,  where  there  ia  relative  slip  between  the  assembled  components, 
show  e  similar  cyclic  hysteresis  loss  of  energy,  resulting  from  interface  Coulomb 
\ friction.  A  typical  hysteresis  loop  Is  shown  In  Figure  3.12. 

The  loss  of  energy  arises  from  some  form  of  vibration  ,  and  not  from  the  stsedy 
whirl  motion  itself.  It  may  be  generated  through  the  transient  rotor  motions 
which,  as  stated  previously,  are  radial  vibrations  that  rotate  along  with  ths 
synchronous  whirl  motion;  another  source  is  the  deflected  rotor  shape^of  hori¬ 
zontal  rotors.  When  at  rest,  the  rotor  is  stressed  as  a  beam  by  gravity.  Unbalance 
whirling  about  this  static  equilibrium  position  results  in  a  eye  11c 'stressing  of 
the  rotor  material  and  leads  to  a  loss  of  energy  by  hysteresis.  Any  action  which 
disturbs  the  dynamic  equilibrium  of  the  rotor,  such  as  s  speed  change,  cyclic 
torque  variation,  or  an  external  impulse  or  a  blow,  may  init  ite  hysteretlc 
whirling  under  suitable  circumstances. 
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The  following  analysis  concerns  Che  dynamic  behavior  of  a  simple  rotor  In  rigid 
bearings  acted  on  by  Internal  friction.  The  lews  of  hyateretlc  damping  stated 
above  are  used  to  describe  the  energy  dissipation,  expressed  as 


Consider  the  rotor  whirl  configuration  shown  In  figure  3.13  In  which  the  x,  y 
axes  are  stationary,  and  tha  {,  tj  exes  rotate  with  the  eheft.  The  whirl  radius, 
r.  In  rotating  coordinates  Is  given  by: 

„  liOt 

r  “  £e  where  r  ■  x  +  iy 

Differentiation  gives 

f  ■  (C  +  lflOe1®1 
r  -  (i  +  2  iu<  -  <u2C> 

Substituting  these  expressions  into  Equations  3. 02  gives  the  equations  of  motion 
for  a  simple  undamped  rotor  In  rotating  coordinates: 

?  +  2iu<  +  <  £  ’  ®2  K  -  Ip  (3.16a) 

In  these  coordinates,  the  shaft  is  stationary  and  any  email  redial  motion  of  the 
shaft  due  to  the  rotating  unbalance  (similar  to  a  spring  with  an  eccentric  load 
rotating  at  velocity  w5»;  gives  rise  to  the  hyateretlc  damping  force  cj.  In¬ 
cluding  this  damping  force  In  the  above  system  equation  gives: 

C  +  (  f  ♦  210>K  +£<  S-«2X  -  ^ 


The  x,  y  coordinate  equations  are  now  obtained  as  follows: 


c 

a 

-lot 
re  ; 

i 

“  (f  - 

larje^06  ;  ■  (?  -  21oxr  -  m^r)e*a>t 
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From  the  above.  It  can  be  aeen  that  the  internal  friction  in  the  complex  equation 
for  r  in  atationary  coord inatea  la  characterised  by  the  term: 


The  total  integral  of  this  equation  is 

r  *  A  exp  +  B  exp  ^-iAjtj  +  *  ^  exP  [to?|  *  0  “  0*17) 


The  third  term  of  this  solution  describes  the  synchronous  whirling  of  the  shaft 
to  unbalance.  The  critical  speed  of  the  rotor  is  again  a>(  ,  as  may  be  seen 

from  the  form  of  the  denominator.  Internal  friction  does  not  influence  the  un- 
balance  whirl  motion  for  there  is  no  radial  oscillation  to  invoke  the  hysteretic 
damping  force.  For  this  reason,  internal  damping  canuot  limit  the  critical  speed 
resonant  whirl  amplitude,  and  so  a  system  which  has  hysteretic  damping  alone 
experiences  heavy  vibrations  if  the  passage  through  the  critical  speed  is  slow 
and  if  operation  at  the  critical  speed  or  in  its  vicinity  is  sustained,  the 
danger  of  rotor  damage  is  considerable.  Fortunately,  practical  rotors  usually 
possess  a  certain  amount  of  viscous  damping  due  to  their  environment.  The  vis¬ 
cous  drag  of  the  surrounding  medium,  and  of  the  bearings  acts  along  with  the 
unbalance  whirl  motions  to  inhibit  amplitude  build-up  and  transmitted  bearing 
force . 

The  first  two  terms  of  Equation  3.17  describe  the  transient  radial  vibrations 
which  arise  from  the  initial  conditions  of  the  motion,  or  from  a  radial  dis¬ 
turbance  as  discussed  above.  The  frequencies  of  vibration  Aj  are  deter¬ 
mined  from  the  roots  of  the  characteristic  equation: 


From  which: 


0 


(3.18) 


\t2  m  ±  +  ia1>2 


Where 


*  [  (1  -  *g2)  +  >/q  -  »g2>2  -I-  <>g2fl2  * 

c  L  2 
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a  - 


a> 

c 


as  previously 


The  above  expressions  for  Che  transient  vibration  frequencies  ^  were  ob¬ 
tained  by  Dlmentberg  (Ref.  1),  and  are  explained  as  follows:  The  complex 
nature  of  the  expressions  indicates  vibrations  in  which  the  amplitude  varies, 
according  to  the  amount  of  damping  present.  \  is  the  natural  frequency  which, 
for  small  values  of  £  is  equal  to  tu^.  This  is  then  the  hysteretic  whirl  fre¬ 
quency  of  the  rotor.  Ct^  and  are  the  variations  in  the  transient  amplitude. 

The  coefficient  0^  may  be  positive  or  negative,  and  to  the  transient  vibrations 
are  accompanied  by  damping  and  amplitude  variation  depending  on  whether  the  algn 
is  plus  or  minus.  Examining  the  formula  indicates  that  the  difference,  i.e.,  the 
sign  of  a  will  be  positive  when  co  <  a>  and  negative  when  »  >  .  The  physical 

meaning  of  this  result  is  that  the  motion  ia  stable  where  the  speed  of  rotation, 
u>,  is  less  than  the  critical  speed,  (u,  i.e.,  where  the  index  is  negative,  and 
that  the  motion  is  unstable  where  a>  la  greater  than  o>c .  In  this  latter  condition, 
the  friction  forces  will  increase  due  to  the  increasing  transient  vibration,  and 
their  direction  will  be  to  drive  the  rotor  and  thereby  increase  the  whirl  radius 
until  limited  by  some  other  external  constraint. 


Rotor  Dynamic  Characteristics  with  Viscous  and  Hvsteretlc  Damping 

The  results  of  the  two  previous  sections  are  that:  (1)  viscous  friction  tends 
to  promote  stable  operation  at  all  times,  with  finite  amplitudes  at  the 
critical  speed;  also,  that  the  whirl  is  synchronous  with  the  speed  of  rota¬ 
tion,  and  (2)  that  hysteretic  damping  causes  the  rotor  to  whirl  at  its  cri¬ 
tical  speed.  The  whirl  la  stable  below  the  critical  speed,  but  unstable 
above  it,  causing  the  whirl  amplitude  to  grow.  Several  questions  immediately 
arise:  How  does  a  practical  rotor  behave,  possessing  as  it  does  both  viscous 
and  hysteretic  damping!  What  are  the  condition*  under  which  the  viscous 
damping  will  maintain  stable  whirling  at  speeds  above  the  crlticalf  And,  at 
which  speed  will  the  rotor  whirl,  the  critical  speed  or  at  synchronous  apead; 
or  between! 
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The  equation*  of  motion  for  thi*  case  are  obtained  by  introducing  a  viscous 
damping  term  c,  with  the  hy*teretic  damping  term  into  the  coordinate  aqua* 
tiona  for  the  elastic' center ,  E.  Doing  thia  for  stationary  coordinate*  give#: 


mx  +  (c^  +  c2>  x  +  Itx  -f  c^oy 


mas  co*  eat 


my  +  (c^  +  c2)  y  +  k.y  -  c^tfc  ■  am"  *in  cot 

Considering  the  homogeneous  portion  of  these  equations,  and  reformulating  gives: 


(3.19) 


x  +  a^x  +  *2y  +  “  0 

y+*jy  -  *2x  +  *3y  -  0 


This  may  be  written  as 

■'x‘  +  2a1x*  +  (2*3  +  *^)  x  +  2»l  *2  x  +  («22  ♦  «3‘)  x  ■  0(3.20) 

The  primitive  ia  a  quar tic  polynomial  a*  found  on  substituting  x“  Ae  ’  with 
A  complex  e . g. , 

A4  »-A3A34-A2A2  +  A1A+A0  -  0 


where 


A3  -  2ax 


Cl  +  ^ 

2m 


A2  "  2,3  +  ‘l2  '  H2 


+  IA1A' 

*  L  4* 


A1  *  2*la3  ’ 

2  2 

A0  "  "2  +  a3 


.  c,  +  c 

2.1  2s 

®  (  —  <= - ) 

c  Si 

.  2  2 

m  4  ♦  (2LSJ 

c  16n? 


The  stability  of  the  system  may  be  examined  by  Routh's  criterion  which 
for  a  quartic  polynomial  requires 


A1  A2  A3  >  A1  +  A0  A3 

for  a  negative  real  part  in  A  ■  X  4*  ix.  This  condition  reduces  to  the 
stability  condition: 

“  <  “c  I*1  +  cT  1 


(3.21', 


Influence  of  Unsvmma  trical  Bearing  Stiffness  on  Kotor  Hot long 


A  large  proportion  of  practical  bearings  have  stiffness  properties  which  vary 
according  to  ths  radial  direction  from  which  the  bearing  load  la  applied.  This 
can  be  due  to:  (1)  ahaps  of  the  bearing,  for  example,  a  partial-arc  journal 
bearing  (2)  whether  the  rotor-bearing  system  operates  horizontally  or  vertically, 
or  (3)  differing  transverse  stiffness  properties  of  the  bearing  pedestal.  Rolling 
element  bearings,  vertical  cylindrical  Journal  bearings,  and  vertical  multi-pad 
journal  bearings  have  stiffness  symmetry. 

The  influence  of  unsymmetr leal  bearing  stiffness  on  ths  notion  of  the  rotor  which 
they  carry  is  as  follows.  Consider  again  a  simple  vertical  rotor  which  consists 
of  an  unbalanced  circular  disk  which  is  centrally  mounted  on  a  light,  flexible, 
circular  ohaft.  Tha  rotor  la  mounted  in  undamped  flexible  bearings  which  have 
different  stiffnesses  in  the  x,  y  directions.  The  principal  features  of  the  rotor 
beering  system  ere  shown  in  Figure  3.14  and  Figure  3.15  shows  the  displacement  of 
the  rotor  c.g  from  the  bearing  centerline  OZ. 

The  equerione  which  govern  the  treneletory  motions  ere: 

mx  +  k  (x  -  x  -  e  coe  cot)  ■  0 
o 

my  +  k  (y  -  yQ  -  e  ein  ©t)  «  0 

k  (xQ  -  x)  +  kx  «•  0 

k  (yQ  -  y)  +  k2  yQ  -  0  (3.22  ) 


Simplifying  these  expressions  end  introducing  the  expressions 


2kkx 

2kk2 

ql 

2kx+k 

q2  “  2k2+k 

leado  to 

the  equations 

mx 

+  qjX  -  q^  «  co*  ^ 

my 

+  “  q2  *  ,in 

<3.23  ) 
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•  TI ..  r=:  .. 


V  . '  ■■ 

■■■ 


This  shows  that  the  coordinate  motions  are  independent,  each  having  lta  own 
critical  apeed  at 

T  n,  1  i  '  r  a  1  k 

“i  “  J  ^  “  l“T“J 

Solving  Equation*  3.23  and  combining  their  steady-state  unbalance  whirl 
components  by  writing  r  ■  x  -fly  laada  to  the  following  expression  for  tha 
motion  of  G  about  Os: 


2  .  2 

2  2  ®1  +“2  2 
*1  **2  -  2  "  a  loot 

r  "  2  2  2  2  *® 

(OD^  -CD  )  (aij  -CD  ) 


2  2 

“a  -“l  2 

~"2"""  « 

t  2  2S.  2  2, 
(0^  -CD  )(CD2  -CD  ) 


The  motion  of  the  elastic  center  E  la  found  from: 


rg  “  r  *  •• 


r  2 

*2  +ml  2 

2  2  ~  m 

(id^-od2)  (oa^-d2) 


2  2 
CDj  -  CD^ 

2 

,  2  2W  2  2. 

(©j  -a)  )((Oj  -cd  ) 


(3..241) 


Equation  3.24  ahova  that  the  whirl  motion  relative  to  a  atationary  coordinate 
system  is  made  up  of  two  separate  whirls  which  rotate  In  opposite  directions 
with  angular  velocity  o>.  The  rotation  of  the  first  vector  conalsta  of  forward 
translatory  precession  of  the  disk  in  the  direction  of  shaft  rotation;  whereas, 
the  second  vector  represents  backward  precession  In  the  reverse  direction  to 
shaft  rotation.  The  length  of  each  whirl  vector  la  fixed  for  any  given  speed. 

2  2l  4 

a +  cug*  ’ 
co  -  - 2 - ■ 


However,  when  the  length  of  the  forvard  whirl  vector  becomes  ear o,  the  length 
of  the  backward  whirl  vector  becomes  ; 

4  4 

(coj4  -  «p  a 

2  2  2~  2 
(u^  -<d  )(®2  -a  ) 
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At  this  speed,  therefore,  tha  motion  will  b«  pur#  ravarsa  precession  of  tha  abaft 
cantar,  despite  tha  praaanca  of  excitation  by  the  unbalance  in  tha  forward  dlrac* 
tlon.  Thia  motion  la  auatalnad  up  to  tha  aacond  critical  apaad.  For  apaada  below 
tha  flrat  critical,  tha  firat  term  In  fh#  ahnv*  HTrir«««4  r>n  <■  1  rh*n  fK» 

aacond,  and  so  tha  forward  pracaaalon  whirl  dominate!  tha  motion;  alao,  for 
spaada  beyond  the  aacond  critical,  thia  cans  again  become*  predominant. 

The  praaanca  of  tha  two  critical  apaada,  and  tha  variation  in  whirl  direction 
between  forward  and  backyard  preceaalon  haa  been  examined  ualng  model#  by 
Dovnham  (Ref. 24  )  and  by  Hull  (Ref. 25  ).  Hull'*  reaulta  tra  ahown  in  Figure  3.16 
and  thia  author  dlscuases  the  phyalcal  origin  of  the  backward  whirl.  Thia  motion 
becomes  necessary  when  the  machine  ia  operating  above  tha  critical  apaed  in  one 
direction,  and  below  the  critical  apaad  in  tha  other,  due  to  tha  180  degree 
phaaa  shift  which  occurs  in  the  position  of  tha  disk  c.g.  in  one  plane,  but  not 
in  tha  othar . 


Whirling  of  a  Rotor  Having  Uneytaaatrlcal  Stlffnaaaaa 


Tha  moat  important  dynamic  faatura  of  a  rotor  which  has  dissimilar  transverse 
momenta  of  inertia  ia  tha  inherent  Instability  which  exists  at  apaada  which  lie 
between  tha  two  bending  critical  apaada  —  corresponding  to  tha  two  atiffnaeMat 
For  this  reason,  thia  section  ia  limited  to  a  brief  discussion  of  tha  rotor 
motion,  including  tha  derivation  of  tha  required  aquations  of  motion.  Tha 
stability  of  thia  motion  is  dlacusaad  in  Section 5. 


The  rotor  conslata  of  a  single,  maaeiva  disk  in  which  tha  c.g.  la  eccentric  from 
tha  elastic  axla  of  tha  shaft  by  an  amount,  a,  and  is  located  at  an  angle  8  to 
tha  atlffer  transverse  axis  of  tha  shaft.  Tha  shaft  oparataa  in  rigid  bearings 
and  haa  dissimilar  stiffnesses  in  the  tranrverse  direction.  Aligning  tha 
principal  inertia  axes  with  tha  rotating  coordinates  i|  u  ahown  in  Figure 
3.  17,  the  deflection  OK  -  of  the  whirling  elastic  axla  at  tha  disk  loca¬ 
tion  gives  rise  to  tha  deflecting  force  components  r^  cos  x  and  kg  r^  sin  x. 
Both  force  components  may  be  reaolvad  radially  and  tangentially  to  give  res¬ 
pectively  the  total  radial  force: 


'■iy; 
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2  2 

PR  "  rB  *1  cos  **  +  *2  ,ln  a 


.  J  «-t-  -  fc.fc.l  «.  _ _ _  .  *.i  .  1  tr 

»“  -  »*•  bWVMii  b«l|g«k|W4*i  i.  Vi 


?T  ”  rg  (kj  ‘  sin  Ct  cos  a 


writing 


<*2  *  kj)/2  and  q2  -  (Jtj  -  lc^/2 


and  substituting  in  the  sbove  givea 


FR  "  rE  (ql  '  q2  COB  2Q) 


Ft  -  rK  q2  tin  20 

A  viscous  damping  force  is  considered  to  set  opposing  the  whirl  et  the  elastic 
canter.  To  obtain  the  total  vector  deflecting  force  on  the  shaft  expressed 
in  terms  of  the  stationary  coordinate  system,  note  that  the  reflection  of 
Tg  about  the  rotating  axis  (  is  7g"  which  leads  Yg  by  angle  2£u ,  Thus,  ?g 
la  parallel  to,  but  opposite  in  direction  to,  the  vector  q^g  showing  in 
Figure  3.18..  The  vector  deflecting  force  in  rotating  coordinates  is, 
therefore,  (q^Fg  -  q^'  ).  Use  is  now  made  of  the  property  that  the  re¬ 
flection  of  7g  in  the  stationary  axis  x  is  Yg'  which  is  the  same  as  ?g  except 
for  a  phase  lead  of  Tout.  This  leads  to  the  relationship: 

r  »  _  7  .  i2tot 

rE  rK  * 

From  this,  the  force  exerted  on  the  disk  by  the  shaft  ia 


_  -  ,  i2tot 

-qjTg  +  q^tg1  • 


<3.26)1 


The  vector  damping  force  equation  is 


D  ■  -c  r. 


-  .i 

-  ■  - i  V  >-:  i  -  f  *" 

. ..  .  v . :  Cl  "d  ■■ 


The  aquation  of  motion  for  tha  shaft  cantar  nay  now  ba  written,  flratly 
naglactlng  the  Influence  of  gravity  for  simplicity.  Thia  step  ravaala 
uniquely  tha  influence  of  dissimilar  stiffness  on  tha  rotor  aotion,  which 


P  +  D 


?G  "  7K+  7 


rl  - 


i#i[®t  +  p] 


Thu  a, 


-  <2V  •'[“  +  S1 


=rE  +  crK  +  qxFE  -  q2rE'  a‘~~  -  aaco  a‘L“*  T  (3.27) 

which  ia  tha  equation  of  motion  of  a  damped  unbalanced  rotor  with  dlaalmilar 
atiffnaaaaa  in  atationary  coordinates. 

Aa  a  trial  solution,  select 

r,  -  S.‘« 

1  -  X  +  i  Y 

X'  ■  X  -  i  Y 

Hare,  X  and  Y  are  constant a  to  ba  evaluated  by  substitution.  Introducing  tha 

following  ratios  for  spaad,  damping  and  diasymmetry: 


T"  "  2Vv 


The  scalar  value  of  the  deflection  (or  half  amplitude)  rg  is  then  obtained  from 

f  2  2l1/2 

rE  “  lX  +  Y  J 


-  }  /  J  »  .vfc  , 


■  y  l-r-:  ’*•  — < 


Thus, 


rK  ^[(1-fl2)2  +  4Ccn2  +  f2  +  2  0  (l-n2)cos  20  +  4Cfi  Q0  sin  2  $]  ' 


2  2  2  2  2 
(1-iJ  >  +  rtf  -  e 

c 


The  phssa  angle  t  is  obtainsd  from 


can  i  a  ■  tsn  (• 


P)  m  1  m  CL-fl2  -  i>  sin  6  -  2Cf;fl.  cos  fl 
X  Jl-il2  +  6  )cos  0  +  2Cca  tin  0 


Thess  expressions  for  saplicuds  and  phasa  angla  aasuma  simpler  forms  vhara 
che  unbalance  angle  0  has  some  simple  numerical  values,  such  as  0,  30,  45, 
60,  90,  etc.,  degrees.  Further  aimplif ications  reault  from  zero  damping, 
and  aero  dissymmetry  leads  to  previously  obtained  solutions. 


(3. 


<1. 


The  critical  apeeda  of  the  system  occur  vhara  (r^/a)  la  a  maximum;  this 
condition  may  be  found  from 


Taylor  (Eef  8  )  has  obtained  an  approximate  result  for  tha  critical  speed 
condition  by  equaling  the  denominator  of  Equation  3.28  to  zero,  via., 

?1)2  -  (1  -  2C2)  +  Y§2  -  452  (1  +  C2) 

but  is  in  error  when  he  suggests  that  a  damped  critical  apead  may  have 
infinite  amplitude  and  also  vhen  he  attempts  to  obtain  it  by  the  above 
operation,  except  where  {  -  0.  In  this  easel 

*1,2  'V14  *  2 

which  leads  to : 
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For  modarata  damping,  {  la  small  and  tha  system  critical  speeds  vtll  fall 
cloaa  to  thaaa  valuaa.  Tha  quaation  of  atabillty  of  tha  motion  between  thaaa 
critical  apaada  ia  diacuaaad  in  8(ctionS. 

Tha or# t lea)  raaulta  for  avaraga  whirl  amplitude  r^  obtainad  by  Taylor  ara  shewn 
in  Figura  3. 19,  for  tha  caaa  of  a  abaft  with  modarata  dlasymmetry  H  -  0.05  and 
modarata  damping  $  •  0.035.  Rot#  that  tha  amplitude  la  finito  at  all  apaada. 

Tha  influanca  of  tha  phase  angle,  0,  landing  tha  rotor  motion  ia  to  cauaa  tha 
critical  apaed  to  occur  at  a  lower  apaed  ratio.  A  conaidarabla  lncraaaa  in 
amplitude  ia  aasociated  with  p  “  45°,  and  whara  5  "  “45  tha  rotor  amplitude  la 
lowest.  The  amplitude  build-up  for  a  circular  ahaft  la  in  keeping  with  the 
moderate  damping  prsaant,  r 

-  1/2  few  14. 

Figura  3.  20  ahows  tha  raaulta  for  larga  diaaymmotry  H  ■  0.09,  damping  again 
{J  ■  0.035.  Tha  graatar  diaaymmatry  haa  promoted  largar  whirl  amplltuda*  and 
also  widanad  tha  unatabla  apmad  ranga  batwaan  tha  two  critical  apaada.  Tha 
rotor  amplitude  in  thie  aone, however  large, ie,  in  feet,  finite  where  the  aystem 
posaeaaca  viacoua  damping.  Figure  3.21  praaenta  more  of  the  apeed  range  for 
aavarel  values  of  diaaymmmtry  H  -  0,  0.3  and  0.09  end  with  the  eama  damping  C. 

The  half  fraquancy  critical  apaad  ia  diacuaaad  in  the  following  section. 

^  aariea  of  experiments  were  made  to  confirm  the  above . findings  using  e  5300  lb. 
rotor,  66  in.  long  and  7.75  in.  in  diameter,  carrying  several  meases.  This  le 
ahown  in  Figure  3.22  together  with  results  obtained  for  e  circular  shaft,  Results 
for  an  unsywmetrical  ahaft  ara  ahown  in  Figure  3.23  for  a  range  of  unbalance 
weights  end  unbalance  angles.  The  critical  speed  amplitude  build-up  in  both  the 
horiaontal  direction  and  the  vertical  direction  were  detected  with  the  horlsontal 
propertlea  occurring  ea  usual  in  practice  at  e  somewhat  lower  apeed.  Results 
indicated  that  horiaontal  amplltuda  build-up  ia  alwaya  larger;  the  45  degree 
unbalance  angle  give*  the  greatest  amplltuda  build-up;  and  both  horiaontal  and 
vertical  amplitudes  era  finite,  though  large,  in  ell  ceaea.  Tha  damping  ratio 
5  was  0.07,  determined  experimentally,  and  due  mainly  to  the  fluid-film  bearing* 
used.  The  motion  of  e  rotor  which  hea  ite  maaa-alaetic  proper tiae  uniformly 
distributed  along  iti  length  and  dissimilar  lataral  stiffnesses  has  baen  studiad 
by  Kellanberger  (Ref. 26  ) 
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Subharmonic  Whirling 


During  run-up  and  run-down,  it  ia  noticad  with  cartain  machines  that  a  minor 
viHraHnn  r>f  the  machine  occura  at  oraciaa  sub-multiplea  of  tha  critical 
speed  Buchaaa>c/2,  c  /4 ,  and  ao  on.  Tha  m^/2  aubharmonic  amplitude  ia  noticad 
quita  frequently,  and  tha  other  cm liar  amplitude  subhareonlcs  are  seen  leas 
of tan.  Theac  motions  may  be  caused  by:  (1)  dissimilar  lateral  stiffness 
properties  of  the  rotor,  (2)  gravity  causing  a  twice-per-cycle  fluctuating 
torque  to  act  on  the  rotor  unbalance,  and  (3)  any  other  source  of  cyclic 
torque  fluctuation  in  the  rotor  drive  with  a  frequency  n  t toe a  ; the  rotor 
speed.  The  relative  significance  of  these  three  sources  was  evaluated  by 
Soderberg  (Ref. 271,  who,  with  a  linearised  solution  to  a  very  complex 
analysis,  established  that  the  predominant  effect  was  self fnasa  dissytmetry . 


The  influence  of  etlffneas  dissymmetry  and  gravity  may  be  considered  using 
tha  equations  developed  in  tha  pravioua  section,  as  follows:  Consider  tha 
rotor  to  be  perfectly  balanced  and  operating  in  the  horisontal  position. 
Hera  G  coincides  with  E,  and  tha  gravitational  force  vector  W  -  -Tmg  la 
included  into  tha  aquation  of  motion  to  give t 


F  +  D  +  W 


mr. 


Thus, 


mr«  ♦  “h  +  V.  -  Ve 


,*  '  .i2“  +1 


img 


(3-30) 


For  a  trail  solution,  assume  that  tha  vector  amplitude  F  consists  of  s 

.  .  —  A 

stationary  vector  C,  plus  a  double-frequency  vector  R,  or: 


r ’  ■  C  +  Rei2<ut 


where 


C 

R 


+  i  Y. 


+  T  Y. 
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By  aubatituting  in  Equation  3.30  the  valuai  of  Y^t  X^,  and  Y^  arc  obtainad. 
The  amplitude  of  tha  double-fraquancy  vector  &  ia  found  from: 


R 


1/2 


Employing  tha  aarne  dlmenalonlaaa  ratloa  fl,  (  and  0  given  pravioualy,  tin 
amplitude  R  ia  found  to  be: 


yl  •  y2 1  . 

(3.31) 

2  J 

,  ,r 

V(i  -  4n2  - 02)  +  i6C2(^ 

For  Q  ■  0,  R  ■  (y^  -  yp/2,  i.e.  tha  'atatic'  whirl  mentioned  by  Robertaon(Xaf  28 ) . 
Tha  amplitude  of  R  become*  infinite  by  large  where: 


a 

0  -  ~ 

®e 


0.5 


1  -  0 


For  email  damping 


SL 


0.5-y/i  -ef 


»  0.5 


for  email  0 ,  the  uaual  case.  Thin  explaina  the  half-critical  aubharmonic 
obaarved  in  almoat-aymmatrical  ayatema.  The  experimenta  conducted  by  Taylor 
alto  ahowed  the  half-critical  peaka  at  600  rpm  quite  prominently  (not  Included)  . 
Laffoon  and  Roae  (Ref.  29)  alao  ahev  reaulta  for  the  haif-crltlcal  apeed. 

The  lower  aubharmonica  do  not  appear  in  the  above  theoretical  reault.  They 

«.  <  2a£ 

were  excluded  by  tha  type  of  aolution  choaen,  R  They  are  revealed  in  a 

more  detailed  analyaia  which  included  non-linear  effecta.  Dee  Her tog  (Ref.  17) 
givea  en  introduction  to  thia  problem,  which  involvee  Mathieu'e  equation. 

The  aolution  of  Mathieu  equation*  ie  dlacuaeed  by  Stoker  (Ref.  30  and  McLaughlin 
(Ref.  3$. 
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aeration  oi 


in  Flul< 


The  motion*  of  a  flexible  rotor  which  operate*  In  fluid-film  bearing*  err  deter¬ 
mined  by  the  interaction  between  the  rotor  maaa-slastic  properties  and  bearing 
elastic-damping  properties.  The  bearing  characteristics  depend  on  geometry  and 
proportions  and  on  lubricant  viscosity,  rotor  operating  speed,  and  bearing  load . 
For  small  vibratory  movements  of  the  system,  thesa  characteristics  may  be 
linearised  to  represent  the  bearing  as  an  arrangement  of  springs  and  dashpots 
as  shown  In  Figure  3.24.  The  derivation  of  these  bearing  coefficients  is  given 
In  Appendix  A,  together  with  tables  of  values  fcr  several  bearing  types.  The 
same  general  besring  representation  applies  for  hydrodynamic  and  hydrostatic 
bearings,  liquid  or  gas  bearings,  and  laminar  or  turbulent  bearing  operation. 

\ 

Aa  in  the  ease  of  the  elastically  supported  rotor  considered  previously,  the 
elasticity  of  the  fluid  film  contributes  to  the  overall  system  flexibility, 
and  the  critical  speeds  of  the  aye';am  occur  at  lower  speeds  of  rotation. 
Critical  whirl  amplitudes  of  the  rotor  ara  reduced  aa  a  result  of  the  damping 
properties  of  the  fluid-film,  but  for  higher  speeds  the  damping  causes  larger 
whirl  amplitude*.  As  the  bearing  stiffness  and  damping  coefficients  vary  With 
speed,  due  to  changes  In  beering  operating  eccentricity,  one  of  the  problems 
in  designing  high-speed  machinery  it  to  select  the  bearing  properties  so  that 
the  critical  speed  occurs  within  the  most  suitable  range,  and  th*  maximum 
attenuation  of  transmitted  fores  occurs  at  the  critical  spaed.  Force 
attenuation  depends  on  bearing  flexibility,  but  so  doe*  whirl  amplitude.  A 
compromise  solution  must,  therefore,  be  found  in  which  the  transmitted  force 
la  minimised  in  keeping  with  journal  whirl  amplitudes  of  practical  magnitude 
for  a  given  level  of  unbalance.  Attempts  to  optimise  rotor-hearing  attenuation 
usually  Involve  a  lower  system  critical  speed,  and  the  machine  operating  rang* 
Is  often  such  that  two  or  mora  critical  speeds  may  ba  involved.  Minimum  forca 
transmission  at  the  operating  speed  may  then  result  in  large  amplitudes  and 
forces  at  the  critical*  which  lie  within  the  range.  In  the  following  analyses, 
the  design  problems  of  the  flexible,  high-speed  rotors  in  damped,  flexible 
bearings  are  dlecuased  in  detail.  A  vertical  unbalanced  rotor  with  uniform 
elastic  properties  la  assumed  In  all  cases  in  order  to  consider  the  problems 
associated  with  unbalance  synchronous  whirl  in  fluid-film  machinery.  The 
stability  of  rotors  in  fluid- film  bearings  1«  discussed  In  Section  5. 


'i*1* 
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Singla-Dlak  Elaatic  Rotor  In  Fluid-Film  Bear  Inga 


Lund  and  Sternlicht  (Kef, 32)  hava  examinad  tha  rotor  dynamic  performance 

nf  rh«  almpla  elastic  rntnr  n»r«r(fl»  In  fluid-film  Haarlnee  thram  In 

Figure  3,25.  Tha  affact  of  rotor  maaa  ia  taken  to  b«  concantratad  at 
aid-apan  and  locatad  at  G,  which  ia  accantric  from  tha  ahaft  canter,  E, 
by  a.  Tha  ahaft  ia  maaalaaa  and  hat  aysnatrical  alaatlc  propertiea  but  no 
damping.  Tha  bearinga  pc ate at  both  alaatic  and  damping  proper tiaa  which 
are  linear  for  amall  diaplacamenta .  Both  aupportlng  pedeatala  are  rigid. 
Thua,  the  rotor  whirla  at  thovn  about  0  in  aynchronitm  with  tha  ahaft 
rotation,  m.  The  equationa  of  motion  for  G  are 
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or  in  dtmenaionleaa  fora 


(3.32) 


where  S  la  the  bearing  number.  Taking  the  eolutlon  to  the  above  equations 
In  the  form 


x  -  A  cos  at  +  B  sin  cut 


X  m 
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(3.33) 


y  “  E  cos  cot  +  F  sin  cot 
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(3.34) 


Substituting  Equations  (3.  33)  and  (3.  34  )  into  (3.  32  )  yields  a  matrix  in 
terms  of  the  eight  bearing  coefficients  which  may  be  reduced  to  a  matrix  of 
the  same  form  as  the  one  for  a  rotor  without  cross-coupling  terms.  Such  a 
rotor  has  only  four  spring  and  damping  coefficients  denoted  by  C^,  and 
C  .  The  reduced  matrix  ia: 
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_A_  _B_  _C_  _D_ 
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(3.35: 


The  relationship  between  the  above  four  bearing  coefficients  and  the  original 
eight  coefficients  is: 
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Solving  Equations  3.35  for  the  coefficients  A,  B,  I  and  T  gives 


*  *««  ~ 10 
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X  X 
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(3.38) 


These  expressions  allow  the  rotor  whirl  coordinates  to  be  obtained  froa  Equation 
3.33  and  3.34.  The  whirl  path  of  G  is  an  ellipse  (Figure  3.26)  and  the 
motion  may  be  comprehended  more  concisely  by  determining  the  geometric 
proportions  of  this  orbit.  These  are  found  to  be 
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Angle  of  inclination 
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The  force  transmitted  to  the  bearing  pedeical  li  given  by 


Fv  ■  K  *  +  C  x 

X  x  o  x  o 


F  ■  K  y  +  C  y 
y  y  o  y  ° 


Introducing  Equation!  3.38  and  3.39  and  simplifying  gives 
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where 


The  force  transmitted  to  the  bearing  pedestals  also  varies  in  an  elliptical 
manner  with  the  maximum  and  minimum  values  corresponding  to  the  Major  and  Minor 
axes  of  tha  force  ellipse.  These  values  nay  be  found  in  a  similar  manner  to 
that  described  for  calculating  the  whirl  ellipse  proportions. 

Tha  above  analysis  has  bean  applied  in  the  case  of  several  important  bearing 
profiles  to  determine  the  effect  of  tha  fluid  film  on  rotor  whirl  amplitude 
and  bearing  transmitted  force.  Results  ars  given  la  Flgarea  3.27  and  3.26  for 
the  cylindrical  journal  baaring  and  tha  four-amlal-groove  bearing,  for  a  range 
of  bearing  accentricity  ratios.  Tha  aingla  rotor-bearing  system  critical  spead, 
qc  ,  follows  directly  from  the  simple  rotor-bearing  model  considered. 
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The  results  of  eh*  previou «  analysis  ici  limited  is  their  iffUmitt  fco  th*  j 
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vicinity  of  th*  fund— ental  critical  speed  of  th*  roeor-bea ring  *y*t— .  9m 
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operating  speed  ranf*  of  —ay  high-speed  machines  include#  imtil  £Titl€#I 

f-‘  .  J*  I'JT 

•p**d«,  and  in  ord*r  to  obtain  adequate  daaiga  information  for  thaoa  cases, 

It  la  nacaaaary  to  consider  a  rotor  which  ha*  aavoral  degress  of  freedom  la 
tranalatory  Motion. 


A  two-naaa  rotor  naa  been  analyaed  by  Warner  and  Thoaan  (Ref. 33)  using  bearing 
data  obtained  by  Warner  (Ref. 34)  for  150-degree  partial-arc  bearing*.  This  rotor 
is  ahown  in  Figur*  3.29  ,  and  certain  results  for  tranaadttad  fore*  amt  rot^r 
aoplltud*  are  given  in  Figure  3.30  (a)(b)(c)  And  (d).  The  results  given  in  tfc&r ^ 
paper  cover  maximum  tranaaitted  bearing  fores,  f  ■  t  aanlaun  journal  ’’ 

displacement,  ,  and  maxiaun  mats  displacement  _i  ,  over  a  speed  range. 


,  0.05  to  5.00,  and  for  a  range  of  bearing  operating  eccentricity,  r),  froa 


0.05  through  0.95.  By  means  of  a  device,  {,  th*  charts  apply  to  either  the 
fundamental  mode  or  to  the  second  node  -  according  to  th*  value  of  (,  used  id 
the  dinenslonless  system  parameters.  For  mode  1,  {  <■  1.00.  and  the  rotor  is  in 
a  state  of  "static"  unbalance  In  which  th*  eccentric  Masses  act  in  phase.  For 
mode  2, 

t  m  distance  from  canter  of  discrete  mass  to  center  of  span 
*  half  span  length 


and  the  rotor  is  in  a  state  of  "dynamic"  unbalance  in  which  the  two  eccentric 
maeaea  act  in  anti-phase,  180  degrees  apart,  as  lndicatad  in  Figure  3.29. 

The  results  given  in  thia  paper  cover  a  very  vide  range  of  machine  proportions 
and  operating  conditions,  and  are  directly  applicable  to  high-speed  rotor 
design.  In  discussing  this  paper,  Lund  (Ref.  35)  has  shown  hov  the  results 
may  be  condensed  into  e  single  diagram  by  s  different  choice  of  paraaetars. 

The  basic  equations  given  by  Warner  and  Thoman  are 


fx,  -  lx„  1  ■  K  x.  +  B  x 

a  Jil  ’  2  x  2  xx 


Dx  Y2  *  Bxy  *2 


l  fy,  *  !y„  1  - 


D  x„  +  B  x„  +  K  Y„  +  B 


0.4  3) 


i 


Plotting  the  transacted  fore«  as  a  function  of  k  reduces  tha  figures  to  a 

WU 

single  curve,  eliminating  the  parameter  -  r*  The.same  la  true  for  the 
»*2 

Journal  amplitude  — ,  but  not 


“ ^  .  figure  3.31  la  baaed  on  thaaa  para 


atari  and  unifies  the  Warnar-Thoman  data  into  one  curve  -  Including  the  varia¬ 
tion  of  eccentricity  ratio  t)  with  apaed.  The  physical  significance  of  t  it 
given  by 


K  m 


ci!= 

Wa 


•uch  that  *  is  the  diaenalonless  transmitted  force  when  the  bearings  are  rigid." 
This  nay  be  seen  fro*  figure  3 .31 •  .  The  ratio  between  the  diaenslonlef*  trana- 
aitted  force  and  S  is,  therafore,  a  measure  of  tha  force  attenuetlon  due  to  tjka 
bearings . 


It  is  of  interest  to  note  that  whan  •  1,  *  ■  o»,  and  It  thui  independant 

C  <*2 

-j*  -  i  and  - 


of  the  rotor  parameter,  for  thla  case, 


■1,  ao  that  the 


journal  whirl  path  is  circular  and  tha  maximum  displacement  is  180  degress 
out-of -phase  with  the  unbalance,  independent  of  the  bearing  eccentricity  ratio. 


Jfolfon  ig£gi  lladfeii  femiau 

The  results  of  Lund  and  Stsrnllcht  allow  an  op-rating  eccentricity  to  be  chosen 
so  that  attenuation  of  the  bearing  transmitted- force  is  s  maximum,  in  the 
vicinity  of  the  flrat  critical  spaed.  General  rotor  operating  characteristics 
including  attenuation  ware  investigated  by  Rieger  (Ref.  36)  for  speed  ratios, 


up  to  25.  The  results  obtained  cover  the  operating  speed  range  for  ell 


but  the  most  exotic  machines.  A  uniform  elastic  rotor  with  distributed  mass 
operating  in  cylindrical  fluid-film  bearings  and  having  s  rotating  unbalance 
located  at  aome  point  along  its  length  vas  considered.  The  Influence  of: 
atlffneaa  ratio,  v,  (shsft/b string) ,  bearing  eccentricity  ratio,  T),  and  unbalance 
position  o^on  transmitted  force,  rotor  diaplacaaent ,  and  journal  displacement 


■] 


ry 


wee  lnveetlgated  throughout  the  apeed  rang*.  Typical  raiulta  for  i)  ■  0*7  with 
a  caatral  unbalance  -0.5  arc  ahown  in  Figure:  3.32  CO(b)j'afSi  <e) .  Thi* 
atatlc  unbalance  condition  givaa  rise  to  eymaMtrical  condition  givaa  riaa  to 
eymmetricel  nodes  alone,  due  to  symmetry .  guperpoaition  of  two  unbalance  eolu* 
tiona  with  a  180  degree  phaae  difference  between  the  unbalance  load a  situated 
at  ■  0,4*  arid  yC"  0.55  correaponda  to  a  dynamic  unbalance  condition*  Kaaulta 
are  given  in  figure  3.33  00  and  (b)  Mode  ahapee  for  atatic  unbalance  ate 
al.own  in  Figure  3.  34  and  fox-  dynamic  unha  lance 'in  Figure  3.  35  . 

Since  th?  maea  and  elasticity  of  the  rotor  are  uniformly  diatributed  along  ita 
length,  the  aolutiona  obtained  include  the  Influence  of  all  rotor  modes  on  each 
particular  motion  directly.  The  rotor-bearing  ayetem  doe a  not  apply  to  any 
apeclfic  machine  configuration.  The  reaulta  obtained  bripg  out  the  relative 
influence  of  each  parameter  on  the  motion  for  a  wide  rangea  of  the  varlablea 
choaen. 

In  general,  the  reaulta  ahov  that  rotor  motione  are  principally  determined  by 
the  interaction  between  rotor  atlffnaaa  and  bearing  atlffneaa  and  by  tha  type 
of  unbalance  (atatic  or  dynamic)  which  la  present  in  the  ay a tea.  A  flexible 
rotor  tenda  to  adopt  a  whirl  configuration  which  la  determined  by  the  rigidity 
of  the  bearing!.  A  rigid  rotor  whirla  aa  a  rigid  body  within  ita  bearing!  at 
low  apeeda;  but,  at  higher  apaeda  where  bending  effecta  predominate  ita  mo tiona 
are  eimilar  to  thoaa  of  a  free-free  beam.  The  operating  eccentricity  correa- 
pondlng  to  maximum  tranamitted  force  attenuation  depende  on  the  ayatem  etiff- 
neaa  ratio,  v,1  the  nature  of  the  unbalance  (atatic  or  dynamic),  and  on  the 
apeed  of  operation.  .  Zn  the  low  apeed  range,  tj  -  0.5  gives  the  greateat 
attenuation;  however,  at  higher  apeeda,  the  condition  for  optimum  operation 
muat  be  aelected  to  ault  each  caae  individually  and  dapenda  on  the  machine 
operating  requirement! .  A  different  eccentricity  vlll  be  required  for  beat 
overall  performance  throughout  the  epeed  range  aa  oppoaed  to  minimum  trana¬ 
mitted  force  at  a  apeclfic  operating  apeed. 


1.  The  notation  of  thla  reference. 
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Present  understanding  of  the  operation  of  cotori  in  bearings  It  bawd  on  a  long  .  ] 
idc  arduous  development.  Tha  copioua  aubjact  lltaratura  raflacta  both  tba  vide 
rang#  of  applications  requiring  consideration  and  tha  dlfiflatiitlaa  whisk  '  ;liv 
hava  baan  surmountad  la  obtaining  tha  peasant  laval  of  eaehnolegleil  devehopmast  • 

The  praaant  aaction  la  lntandad  aaa  guida  to  tba  mors  important  of  than# 
lll;?ritura  contribution*.  A  complete  discussion  would  require  a  special  voluam. 

Tha  meet  necessary  purpoaa  will  ba  aarvad  by  indicating  thoaa  works  which  hava 
plonaarad  further  developments ,  and  also  by  mentioning  a  number  of  other  works 
which  contain  either  erroneous  or  misguiding  information.  Tha  baalc  mechanics 
of  savaral  aspects  of  tba  aubjact  have  given  rise  to  controversial  dabgga, ;  mt  _  r  , 
tha  fretiU  reader  until  near  has  baan  laft  to  find  tha  resolution  of  each  aspect  ^ 
without  guidance.  “oK 


Rotor  dynamic  analyala  was  initiated  by  Rankin*  (Kef. 37},  who  studied  the  us* 
damped  radial  motion  of  a  flexible  abaft.  From  this  work  It  waa  concluded 
erroneously  that  no  rotor  could  survive  tha  sustained  inf initely-large  astpli-.  ' 
tude  build-up  caused  by  the  fundamental  transverse  natural  frequency  of  tbs 
shaft,  the  'critical'apead.  This  result  limited  tha  daalgn  of  rotating 
machinery  until  DeLaval  in  1889  demonstrated  experimentally  that  stable 
operation  beyond  the  critical  speed  waa  possible,  and  that  tha  supposed  in¬ 
stability  threshold  was  manifest  only  aa  a  tone  of  large  amplitude.  Rankins' a 
analysis  was  extended  by  Foppl  (Ref .  38)  who  demonstrated  that  dynamic  equilibrium 
waa  restored  beyond  the  critical  speed  by  tha  inversion  of  tha  rotor,  e.g. 
between  the  elastic  and  the  wheel  axis.  Graanhill  (Ref. 39)  investigated  tha 
elaatlc  stability  of  a  rotating  shaft  subjected  to  i  combination  of  axial  thrust 
end  applied  torque,  and  obtained  critical  speed  formulas  for  savaral  kinds  of 
end  support.  The  extenalv*  investigation  of  systems  and  methods  of  calculation 
for  critical  speeds  made  by  Dunkerley  (Ref.  40)  emphasised  the  analytical  com¬ 
plexity  involved  with  all  but  uniform  rotors  with  the  simplest  layout*.  Tha 
question  of  applicability  and  accuracy  of  tha  simple  method  suggested  by  Dunkerley 
was  soon  taken  up  by  eminent  analysts  auch  as  Chraa  (Ref.  41),  Jaffcott  (Ref. 42), 
and  Morley  (Ref .  43)  .  At  that  time,  analysis  of  rotor  critical  spaed  phenomena 
as  stated  by  Chraa  wee  baaed  on  the  fallacious  elastic  stability  concept  wherein 
the  action  of  the  rotor  centrifugal  forces  la  to  raducs  tha  elastic  restoring 
forces  to  sero,  so  that  at  the  critical  spead  the  natural  frequency  of  tha 


tr'fS  ■- 


•haft  diminishes  to  s«ro. 


Tula  tiunvapi.  anuiuiil;  |«v«  cih  co  ■  vigorous  conrrovarsy  v'oao  wt 
published  theoretical  and  experimental  critical  speed  raaulta  for  two  machines 
which  could  not  b«  reconciled.  Although  the  disagreement  now  mm  to  have 
bean  due  to  noglacting  the  dynamic  bearing  properties,  it  re-opened  the 
question  of  the  Mechanics  of  rotor  behavior,  sod  received  attention  from 
Chrre  (Ref .44),  Stodola  (Ref .44),  and  Jeffcott  (Ref. 44),  amongst  several 
others.  Jeffcott  (Raf.42)  finally  resolved  the  controversy  by  considering  an 
eccentric  unbalance  as  the  exciting  force,  and  ihcluded  the  effect  of  vlscoue(velo 
cityydaaping  in  hie  ana lypie. Thus  the  redial  and  tangential  effects  were  com* 
•idsred  simultaneously.  This  analysis  foru  the  basis  of  tbs  rotor  dynamic 
theory  given  in  the  present  chapter.  Jeffcott’ •  basic  eo&eept  of  a  rotor 
which  whirled  about  its  static  equilibrium  position  wss  rsststsd  end  extended 
by  Rogsrs  (Ref.  45)  in  discussing  the  existence  of  the  critical  speeds  of  aje/2 
(Stodola)  and  at  a>c/V2  (Karr).  This  lattar  critical  is  ths  result  of  an  in- 
corrsct  phyal  al  concept  in  which  ths  alastlcally  unstsbls  rotor  is  assumed  to 
whirl  about  the  bearing  axis.  Howland  (Raf.  46)  also  discussed  these  critical 
speeds,  but  In  attempting  to  derive  ths  basic  equations  in  rotating  coordinates 
he  omitted  Coriolis  affects,  thus  invalidating  the  subsequent  analytical  con¬ 
clusion,  as  indicated  by  Robertson  (Ref.  47).  In  a  ■ arise  of  classical  papers, 
Robertson  diacusaed  the  nature  and  occurrence  of  shaft  whirling  phenomena 
(Ref.  48),  analyzed  the  static  and  dynamic  aspects  of  shafts  with  dissimilar 
lateral  stiffnesses  (Ref.  28),  collated  the  existing  data  on  shaft  hysterstlc 
whirling  (Raf.  49),  analysed  ths  nature  of  transient  whirl  motions  arising  from 
a  disturbance  of  dynamic  equilibrium  with  supporting  experiments  and  developed 
a  graphical  method  of  analysis  (Ref.  50),  discussed  the  influence  of  speed 
oacJ llationa  on  inducing  shaft  whirling  (Raf.  51),  and  established,  without 
solving,  the  basic  aquations  of  an  infinitely  long  rigid  rotor  in  a  full 
cylindrical  Journal  bearing,  using  Sommsrrsld' a  lubrication  theory  (Raf.  52). 

In  the  course  of  development  of  a  high-speed  turbo-blower,  Newkirk  and  Kimball 
encountered  large  amplitude  whirling  motions  which  could  not  be  eliminated  by 
more  refined  rotor  balancing.  The  rotora  operated  in  rolling-element  above 
their  bending  critical  speed,  and  it  was  noted  that  although  the  whirl  notion 
was  synchronous  with  the  rotstion,  at  speeds  beyond  the  critical,  the  rotor 
whirl  was  constant  st  the  critical  rotor  speed,  and  the  rotor  amplitude  grew 


to  dangerously  large  proportions,  Klabell  (Ref .  23 )  (Kef,  S3)*  focal  tfcat  1 
•hr  Ink- fitted  assemblies  with  load  aqua  t  a  cost  act  pressure  gave  rlM  to  •  eyeift* 
energy  lota,  and  ahovad  that  thla  loaa  generated  a  tangential  rw:*«a,  which,  a* 
apaada  above  tha  critical,  ravaraad  la  dlraetlon  to  prometa  an  unstable  whirl 
notion  of  increaaing  amplitude.  Tiwid lately  following  thla  dig  cowry*  j  apagqj  . 


outbreak  of  rotor  inatability  occurred  la  tha 


■acklaa  works  to  kfcicjk 


refined  balance  nor  iaproved  shrink-fit  doaign  made  any  Improvaant .  Further 
experiments  conducted  by  Newkirk  (tef.  54)  established  that  tlila  taaomd  type  of- 
whirling  cooaancad  at  apaada  in  tha  ordar  of  twice  tha  bending  critical  •pood,-' 
and  that  at  atill  hlghar  apaada  tha  whirling  peraiatad  accowpanied  by  very  large  v 
amplitudea  of  the  rotor  within  tha  fluid- film  bearing*.  Moreover,  tha  whirl 
frequency  waa  again  tha  rotor  banding  critical  frequaney,  whlth  lead  to  tbo  ^  , 

aarllar  (incorrect)  auppoaition  that  thla  waa  a  furthar  caaa  of  hyat arctic  • .  ^  > 
whirling.  Hewkirk  end  Taylor  (Kef.  55)  aubaoquontly  noted  tiat  thin  aeeond  tjft 
of  whirl  vaa  pradomlnantly  hydrodynamic  In  natura  and  could  bo  aupproaaoe  by  : 
dimlniahlng  tha  bearing  c lea re nee, and  by  inoreaaing  tha  viacoalty  of  the  lubri- 
eating  oil.  Rotor  mot Iona  of  thla  typa  caaa  to  ba  known  aa  resonant  whipping* 
Newkirk  and  Orobel  (Ref,  56)  experimented  with  tha  geometry  of  the  bearing  esffree 
to  davelop  a  cooplax  "non-whirling"  bearing.  Although  valuable  experimental  work 
waa  dona  on  hydrodynamic  whirl  during  thia  period,  tha  only  significant  analytical 
achievement  waa  the  rigid-rotor  full-bearing  work  of  Robertaon  (Ref,  52  )  who 
inferred  (correctly)  for  the  caaa  conaldered  that  the  full  Journal  bearing  wee 


inherently  unatabla,  without  solving  the  aquations  which  had  boen  derived.  Theae 
development*  war*  reviewed  by  Newkirk  (Ref.  57)  and  later  by  Newkirk  (Rqf .  56). 

At  the  acme  time  Swift  (Ref,  59^  end  late*  iaf 60) . had> analysed: the  in-( 
fluance  of  higher  harmonic  component*  on  tha  infinitely- long  full  journal  bearing 
uaing  the  Sooner f eld  theory,  in  connection  with  crankshaft  wrist-pin  lubrication, 
Thla  work  led  to  tha  important  observation  that  the  load-carrying  capacity  of  the 
oil-film  vanishes  when  the  frequency  of  the  applied  force  ia  axactly  twice  the 
rotational  frequency.  Thia  finding  corroborated  the  result*  of  Newkirk  for  the 
onaet  of  reaonant  whipping  at  tvlea  the  critical  speed.  The  level  of  knowledge 
waa  greatly  extended  by  Buxvall  (Rtf.  61) (Kef.  62) (Ref.  63  )  and  Shawki  (Ref.  64) 
(Ref.  65)(Ref.  66),  both  of  whom  conducted  more  detailed  experimental  and 
theoretical  analytes  of  thia  problem,  including  the  application  of  the  digital, 
computer  to  the  solution  of  tha  hydrodynamic  equation  with  time- dependant 
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forces. 
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For  a  Lmg  time  tha  principal  rotor  dynamic  charactariatic  of  any  system  wi 
fundamental  flexural  critical  speed  and  calculation*  vara  baaad  on  methods 
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•anted  in  detail  in  Stodola  (Kaf.  18).  Critical  apaad  calculation*  for  com- 
plea  rotor*  vara  don*  In  rare  caeca  by  hand  calculation  until  Frohl  (lef.  68) 
developed  tii*  discrete  me a*  rigid  bearing  analysis  and  prepared  it  firat  for 
punch  card  machine  calculation.  Myklestad  (Ref.  69)  gave  a  siaULar  method 
at  approximately  tha  a  erne  time .  These  nathods  are  adaptations  of  tha  Bolter 
method  ot  vibration  analysis,  for  nasalv*  flexible  beam*,  end  include  the 
effects  of  bending  gyroscopic  moments  end  where  necessary,  sheer.  Further 
work  using  this  discrete  mass  approach  was  carried  out  by  Lund  (kaf.  70)  who 
developed  an  unbalance  amplitude  and  transmitted  force  response  program  for  a 
generalised  rotor  in  damped  flexible  bearings*  The  effeete  of  pedestal  stiff¬ 
ness  and  damping  are  also  included.  A  sub-program  ot  this  analysis  gives 
critical  speeds.  Thus,  at  present  It  is  possible  to  calculate  accurately 
the  dynamic  response  to  any  specified  unbalance  for  any  rotor  which  can  be 
represented  by  an  equivalent  dlscrate  suae  system,  operating  in  bearing a  of 
known  dynamic  characteristics. 


Where  rotor  performance  is  significantly  affected  by  the  bearing  characteris¬ 
tics,  these  properties  must  be  known  in  advance.  The  first  data  was  obtained 
by  8todola  (Ref.  18)  and  mors  refined  values  vara  given  by  Hagg  (Xsf.  71)  Hagg 
end  Varner  (Ref.  72),  Hagg  and  Sankay  (Ref.  73),  end  when  the  digital  computer 
was  applied  to  the  bearing  problem  during  the  1950' s,  Sternlicht  (Erf.  74) 
obtained  complete  elastic  and  damping  coefficients  fob  the  cylindrical  bearing. 
Lund  end  Sternlicht  (Ref.  32)  obtained  similar  properties  for  other  bearing 
types.  These  properties  also  allowed  rotor  bearing  analyses  to  b*  mads  for 
simple  rotors  on  damped  elastic  bearings  end  the  results  of  such  analyse*  ware 
than  presented  as  non-dimensional  charts  for  amplitude  response,  transaUtted 
force  snd  rotor  stability.  Recently,  Warner  and  Thoman  (Ref.  33)  hsva  investi¬ 
gated  the  dynamic  response  of  a  two-mess  rotor  in  partial-arc  bearings  and 
given  daalgn  charts.  For  a  similar  rotor,  Lund  (Ref.  75)  hi*  extand*d  the 
analyais  to  Include  pedestal  mesa,  stiffness  and  damping,  again  in  cherts  from 
which  the  dynamic  characteristics  of  the  rotor  may  ba  determined  directly. 
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Whirling  and  Instability  arising  fro*  dissimilar  lateral  stiffnesses  of  a  rotor 
hava  baen  troublesome,  and  investigation  to  determine  tba  dynamic  performance 
uaVa  t««u  mm*  u j  *■/  IwL  (»Q1.  .  /  V  /  g  ,  rVL^LIIlJ  «OU  J1  \*mi  .  77), 
Kallanburger  (Ref.  26)  and  Dime  .tbarg  (Raf.  1  ).  Although  tha  rotor  aodala 
need  vara  a  Lap la  to  facllltata  analysis,  tha  raaulta  ate  genaral  and  provide 
a  guide  for  daaign,  and  also  for  diagnoaia  of  troublesuias  rotor  whirling  for 
which  the  cauaa  la  to  ba  determined. 

Rotors  which  operate  beyond  their  binding  critical  apaeJa  are  auaceptlbla  to 
large  amplitude  build-up  on  passing  through  the  critical  speed.  Although  it 
was  recognised  towards  tba  and  of  laat  century  that  operation  in  toe  poet- 
critical  range  vaa  pcsaible,  tha  first  detailed  study  o'  transition  of  a  rotor 
through  its  critical  spaed  was  made  by  Lewis  (Ref.  78).  After  solving  the 
aquations  of  motion  by  a  graphical  aafched,  raaulta  waro  obtained  far  various 
rates  of  transition,  and  for  various  amounts  of  heaping  present  in  the  iystta. 
More  recently,  Diaentberg  (Ref.  1  )  has  investigated  this  problaa  *ora  completely 
using  an  analytical  method  baaed  on  Fresnel  Integrals,  including  daaplng  and 
flexible  bearings.  This  method  is  discussed  In  detail  in  Chapter  6  and  tha 
analytics!  reaulta  are  compered  with  experimentally  obtained  data,  indicating 
good  correlation. 
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rig.  3.04(a)  8 lap la  tuijr  whirl  Qacetttry  Balov  Critical  Speed 
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Rotor  Movement 


Fig.  3.04(c)  Simple  Rotor  Whirl  Geometry  Above  Critical  Spaed 


Fig.  3.05  Dapsndtnco  of  Whirl  Radius  on  Rotor  Spod 
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Fig.  3.09  Amplitude  Phis*  Angl*  Versus  Speed 


Reprinted  from  FUNDAMENTALS  OF  VIBRATION  ANALYSIS, 
Fig.  9-4,  by  N.  0.  Myklestsd.  McGrsv-Hlll  Co. 

Nev  York,  N.Y.  1956 


Fig.  3.10  Force  Tranrais (Utility  Ratio  Versus  Spaed 
for  Rotating  Unbalance  Load 

Reprinted  from  FUNDAMENTALS  OF  VIBRATION  ANALYSIS 
Fig.  11-5,  by  N.  0.  Myklestad.  McGraw-Hill  Co. 
New  York,  N.Y.  1956 
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Fig.  3.11  Fore*  Ph**«  Angla  Varaui  Spaad 

Rtprintad  from  FUNDAMENTALS  OF  VIBRATION  ANALYSIS, 
Fig.  11-3,  by  N.  0.  Hyklaatad.  McGraw-Hill  Co. 

N«w  York,  N.Y.  1956 


Vertical  and  Horieontal  Dlaplacaaant  versua  Shaft  Spaad  Sysanatrlcal 
Shaft  in  Unayanatrlcal  Stlffnaaa  Baaringa 

Raprintad  from  SHAFT  WHIRLING  AS  INFLUENCED  BY  STIFFNESS  ASY>MTRY, 
Fig.  3,  by  5.  H.  Hull.  Journal  of  Inginaarlng  for  Induatry.  May  1961 


Fit •  3*19  Uioatnei  Curvti  for  Shaft  with  Modarata  Itiffnaaa  Atynaatry 

laprletad  from  C3LITI CAL* SPUD  BlHAVIOt  07  UN8YMTKICAL  SHUTS, 
fig.  4,  by  H.  D.  Taylor.  Journal  of  Appliad  Machanioa,  juna  1H0 


Pi*.  3  .21  Effect*  of  Stiffnais  Aaeyninatry  on  Amplitude 

Reprinted  from  CRITICAL-SPEED  BEHAVIOR  OP  ITN  SYMMETRICAL  SHAPTS, 
Pig.  7,  by  H.  D,  Taylor.  Journal  of  Applied  Mechanic).  June  1940 
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Fig.  3.22  Test  Rotor  with  Round  Shift  And  Amplitude-Speed  Results 

Reprinted  from  CRITICAL-SPEED  BEHAVIOR  OP  UN SYMMETRICAL  SHAFTS 
Figs.  8  end  9,  by  H.  D.  Taylor.  Journal  of  Applied  Mechanics. 
June  1940. 


Fig. 


3.23  Amplitude-Speed  Response  of  Test  Rotor  with  Flats  Cut  on  Shai't 

Reprinted  from  CRITICAL-SPEED  BEHAVIOR  OF  UK SYMMETRICAL  SHAFTS, 

Fig.  10,  by  H.  D.  Taylor.  Journal  of  Applied  Mechanics.  June  1940 
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Fig.  3.27  Dimensionless  Transmitted  Force  in  Vertical  Direction  Versus  Speed 
Ratio,  Plain  Cylindrical  Be.aring  L/D  ■  1/2 


Reprinted  from  ROTOR- BEARING  DYNAMICS  WITH  EMPHASIS  ON  ATTENUATION, 
Fig.  2,  by  J,  W.  Lund  anc  B.  Sternlicht.  ASME  Paper  No.  61-WA-68 


(a)  Static  Unbalance 


(b)  Dynamic  Unbalance 


Fig.  3.29  Two-Mass  Rotor.  Static  ana  Dynamic  Unbalance 


Properties 


K 
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Reprinted  from  ATTENUATION  OF  BEARING  TRANSMITTED  NOISE.  Vol.  2,  Figures  17  end  24. 

AuguBt  1964  .  Performed  in  conjunction  with  Subcontractor  Mechanical  Technology  Incorporated 
in  fulfillment  of  Contract  No.  NOBS-86914.  Bureau  of  Ships.  Department  of  Navy .  United 
States  of  America .  Meetinghouse  Electric  Corporation.  Lester,  Pennsylvania 


Mode  Shapes  for  Asymmetr leal  Unbalance.  Uniform  Elastic  Rotor 

Reprinted  from  ATTENUATION  OF  BEARING  TRANSMITTED  NOISE,  Vol.  2, 

Fig.  27,  August  1964.  Performed  in  conjunction  with  Subcontractor 
Mechanical  Technology  Incorporated  in  f u If i 1 Imen r.  of  Contract  No. 
NOBS-86914.  Bureau  of  Ships.  Department  of  Navy,  United  States 
of  America.  Vestinghouse  Electric  Co rpora t ior ,  Lester,  Pennsylvania 
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CRITICAL  SPEED 

Calculation  of  Critical  Speed 

Critical  spaed*  are  of  great  importance  aince  in  ary  mode  they  correspond  to 
zones  in  which  the  rotcr  amplitude  buildup  and  transmitted  bearing  forces  era 
at  a  local  maximum.  Once  the  critical  speeds  of  a  particular  machine  layout 
are  known,  other  design  aspects  influenced  by  amplitude  and  transmitted  force 
may  be  considered.  Good  dynamic  design  requires  the  critical  speeds  to  be 
removed  from  speeds  at  which  sustained  operation  takes  place.  To  achieve  this 
may  require  substantial  modifications  in  the  layout  of  rotor -bear j ng  st'ffnesB 
ano  mass  —  leading  to  component  redesign.  Synchronous  whirl  amplitude,  rotor 
balance,  bearing  dynamic  forces,  atructure-borne  noise,  and  the  threshold  of 
resonant  whipping  are  all  determined  by  the  critical  speed  of  the  machine. 

Where  the  rotating  unbalance  has  been  minimized  and  adequate  damping  haa  been 
provided,  the  machine  critical  speeds  may  often  be  passed  through  unnoticed,  and 
non-critical  operation  is  very  smooth. 

Whirling  Modes  of  Elastic  Systems 

A  rotor  which  is  whirling  at  a  critical  speed  adopts  the  characteristic  deflected 
mode  shape  associated  with  that  particular  whirl  mode.  The  operating  speed 
range  of  a  given  machine  may  contain  a  number  of  critical  speeds  —  each  corresponding 
to  a  different  mode  shape.  All  whirling  modes  are  potentially  dangerous  to 
machine  operation  because  of  the  large  transverse  displacements  involved.  The 
occurrence  of  any  mode  is  determined  by  the  prevailing  speed  and  the  dynamical 
constants  of  the  system  (such  as  inertia,  stiffness  and  damping),  which  are 
usually  speed  dependent,  Several  commonly-occurring  modes  are  shown  in  Figure 
4.01.  The  most  important  transverse  rotor  modes  are:  the  so-called  rigid-body 
modes,  translatory  and  conical;  and  the  bending  modes,  of  which  f.-.u  r..u;  be 
several.  Axial  and  torsional  rotor  motions  also  occur,  These  are  dealt  with 
in  Section  8. 
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The  extent  to  which  the  mode*  shown  in  Figure  4.01  occur  in  the  actual  rotor 
motion  depends  on  the  relationship  between  rotor  flexural  stiffness  and  bearing 
radial  stiffness,  at  a  particular  speed.  For  example,  pure  rigid-body  modes 
occur  where  the  rotor  is  relatively  stiff  compared  with  the  bearings.  This  is 
the  case  with  gas  -  film  bearings.  Alternatively,  where  the  bearings  are  stiff 
compared  with  the  rotor,  pure  bending  modes  with  nodes  at  the  beerings  may  occur, 

This  is  the  case  with  radially-preloaded  rolling  element  bearings  or  with  extremely 
stiff  externally-pressurized,  fluid-film  bearings.  At  very  high  speeds,  the 
rotor  may  have  a  bending  critical  speed  corresponding  to  its  free-free  mode  if  the 
bearing  radial  forces  are  relatively  small  at  these  speeds. 

In  general,  there  is  considerable  overlap,  or  coupling,  between  the  various  modes, 
where  the  rotor  and  bearing  stiffnesses  are  of  comparable  magnitude.  Any  difference* 
between  the  bearing  stiffnesses,  or  axial  me  as -elastic  variation,  tends  to 
reinforce  the  tendency  toward  modal  coupling.  The  influence  of  coupling  is  included 
in  the  solution  of  any  system  in  which  the  number  of  degrees  of  freedom  prescribed 
for  the  analytical  rotor-bearing  model  are  adequate  to  describe  all  modes 
anticipated  within  the  operating  speed  range. 

Influence  of  Rotor-Bearing  Properties  on  Critical  Speed 

The  important  dynamic  properties  of  the  rotor  and  its  bearings  have  been  diacuiaed 
in  Section  2.  This  section  discusses  the  manner  in  which  these  properties 
affect  the  various  critical  speed  modes. 

1.  Rotor 

In  most  instances,  accurate  values  for  critical  speeds  can  be  obtained  using  analy¬ 
tical  representations  of  the  rotor  which  are  simpler  than  the  actual  component. 
Suitable  rotor  formulation  depends  on  anticipation  of  the  number  of  critical 
speedB  which  the  speed  range  will  contain.  For  a  discrete-mass  rotor  representation, 
the  number  of  masses  into  which  the  rotor  is  subdivided  may  not  be  less  than  the 
number  of  critical  speeds  to  be  calculated,  and  preferably  should  be  somewhat 
greater  to  preserve  accuracy.  Where  the  critical  speed  occurs  in  the  low-speed 
range,  gyroscopic  effects  may  be  neglected  except  where  these  have  an  obviously 
strong  influence  on  the  motion.  Shear  deformations  of  the  rotor  may  be  ignored 
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except  for  the  most  refined  calculations  on  short,  stubby  rotors  at  very 
high  speeds. 


Both  hysteretic  and  viscous  damping  are  present  in  actual  rotors;  but,  invariably 
the  magnitude  is  small  enough  to  have  little  effect  on  the  value  of  the  calculated 
critical  speed. 

2.  Bearing 

Both  radial  and  tangential  stiffness  and  velocity-damping  properties  influence 
the  critical  speed.  Rolling-element  bearings  and  gas -lubricated  bearingB  possess 
little  damping,  and  so  it  is  customary  to  calculate  the  critical  speed  of  such 
systems  considering  the  radial  stiffness  alone.  A  procedure  for  calculating  rolling 
element  bearing  radial  stiffness  has  been  given  by  Palmgren  (Ref. 79),  (and  la.-ilso 
part  of  the  present  program)  which  Includes  speed,  preload,  and  applied  load 
effects.  For  rolling-element  bearings,  the  stiffness  will  vary  little  dee  changes 
in  the  machine  gpsad.  antf< appliad  load  conditions,  and  so  the  critical  speed  may 
be  calculated  directly  from  a  frequency  equation.  But,  with  gas-  and  liquid- 
lubricated  bearings,  the  radial  stiffness  is  a  function  of  speed, and  so  the  critical 
speed  1b  also  speed-dependent.  In  this  case  a  preliminary  estimate  may  be  used 
to  locate  the  critical  speeds.  Specific  stiffnesses  corresponding  to  each  approximate 
critical  speed  may  then  be  used  to  refine  the  calculations.  The  need  for  refine¬ 
ment  depends  on  the  stiffness  change ,' initial1  to 'ref  ined1,  and  on  the  extent  to 
which  the  bearing  stiffness  determine*  the  system  motion.  This  extent  is  greater 
for  rigid-body  criticals  than  for  bending  critical*.  Frequently,  a  plot  is  made 
of  critical  speed  versus  bearing  stiffness,  and  of  bearing  stiffness  versus  speed. 
Using  bearing  stiffness  as  a  common  abcissa,  the  point  where  the  two  curves  inter¬ 
sect  determines  the  critical  speed,  This  procedure  is  shown  in  Figure  4.02. 

The  influence  of  bearing  flexibility  on  mode  shape  is  shown  dtagrammatically  in 
Figure  4.03  .  This  diagram  shows  how  the  fundamental  critical  speed  of  a  rigid- 
rotor  flexible-bearing  combination  may  be  raised  by  stiffening  the  bearings. 

Zero  stiffness  bearings  induce  a  rigid-rotor  critical  at  zero  rpm.  With  stiffer 
bearings,  the  rotor  bends  and  the  critical  speed  is  raised.  Further  stiffening 
eventually  leads  to  rigid-bearings,  for  which  the  fundamental  critical  speed- 
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In  the  second  whirl  mode,  the  influence  oi  u  *£fening  from  zero  to  rigid  changes 

the  conical  whirl  at  zero  speed  to  the  second  rigid  bearing  critical  mode.  The 

rotor  whirls  with  a  mid- span  node,  as  shown.  The  zero  stiffness  third  critical 

is  the  fundamental  free-free  bending  mode  of  the  rotor.  Stiffening  the  bearings 

eventually  constrains  thn  rotor  to  whirl  In  its  third  rigid  bear ing  mode .  These 

properties  are  presented  quantitatively  in  Figure  4.04  in  terms  of  the  critical 

speed  ratio  (N/N  )  for  the  uniform  elastic  rotor  in  elastic  undamped  bearings. 

C  1/2 

The  abcissa  (N£/ 1000) ( 1000W/K)  represents  Increased  bearing  flexibility. 

Where  the  bearing  pedestals  are  n„t  massless,  their  effect  is  to  replace  the 

original  critical  speed  with  two  critical  speeds,  one  above  and  one  below  the 

former  value.  Motions  of  the  Bystem  shown  are  similar  to  those  of  a  tuned  vibration 

absorber.  The  rotor  la  considered  to  be  uniform  and  rigid,  with  flexibility 

included  in  which  also  includes  the  bearing  stiffness.  The  pedestal  (or 

foundation)  flexibility  is  Ke , 

s 

natural  frequency  is  N  ■  187.7 

O 

K  if  expressed  by: 


and  Wc  is  the  pedestal  weight.  The  pedestal 

fh 

—  .  For  convenience  the  overall  flexibility 
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(4.01) 


For  N  <  1,  K  is  positive;  for  N  >  1  the  second  term  is  negative  and  for  a  flexible 
support  may  make  K  negative.  Figure  4.05  again  expresses  the  critical  speed 
ratio  N  for  positive  K;  for  negative  K.  Figure  4,04  should  be  used.  The  effect  of 
a  negative  K  value  is  the  same  as  adding  a  mass  1/2  m  to  each  end  of  the  rotor, 
where  m a?  ■  K. 


In  calculating  the  free-free  mode  of  a  rotor  in  its  bearings,  account  should  be 
taken  of  the  bearing  angular  stiffness,  in  addition  to  radial  stiffness.  An 
estimate  of  angular  stiffness  has  been  made  by  Lund  (Ref,  7). 
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3.  Foundation 


Types  of  foundation  range  from  steam  turbine  pedestals,  supported  on  a  structural 


MV  4  ^ 

©‘ - - 


aulated  pump.  Foundation  flexibility  may  Influence  the  motions  of  the  rotor  If 
ita  magnitude  la  comparable  to  that  of  the  pedestal,  lubricant  film  (If  any),  or 
the  rotor.  The  method  discussed  above  may  also  be  used  to  determine  the  Influence 
of  foundation  flexibility  on  the  lowest  system  critical  speed.  Frequently,  the 
foundation  coordinate  stiffnesses  are  dissimilar.  This  induces  an  elliptical 
whirl  orbit,  and  may  promote  two  critical  speeds  if  the  difference  is  great. 

The  stiffness  of  a  lightweight  foundation  acts  in  series  with  the  pedestal, 
lubricant  film,  and  rotor.  If  the  Inertia  effects  are  large,  the  system  equations 
must  include  this  effect.  Stodola  (Ref. 18)  discussed  the  problem  of  foundation 
flexibility  and  ita  effect  on  the  critical  speed  of  a  flexible  rotor.  He  concluded 
that  the  system  acted  as  a  doubla  pendulum  with  critical  speeds  away  from  the 
rigid  foundation  rasonance.  Geiger  (Ref.  19)  also  consider  this  problem  for  « 
rigid  rotor.  Tondl  (Ref. 80)  has'obtained  experimental  and  theoretical  results 
for  a  flexible  rotor  in  oil  bearings,  and  Lund  (Ref.  75)  has  considered  the 
dynamic  response  and  stability  of  a  flexible  rotor  in  gas  bearings,  seeking  the 
conditions  of  optimum  attenuation,  with  the  foundation  mass  as  e  variable.  In 
instances  where  a  high  fundamental  bending  critical  speed  is  desired,  the  rotor 
may  be  designed  to  assume  its  free-free  mode.  From  Figure  4.03  this  requires 
very  low  bearing  angular  stiffness.  Where  stiff  bearings  are  needed  for  stability, 
a  very  flexible  foundation  in  the  form  of  a  diaphragm  may  be  used  to  give  the 
same  eftect,  with  low  inertia  bearing  shells.  Aside  from  metal  fatigue  contidara- 
ions,  the  ability  of  the  bearing  shell  to  follow  the  rotor  whirl  is  an  important 
design  feature  in  which  low  diaphragm  angular  stiffness  is  moat  important.  Anti¬ 
phase  resonance  across  a  gas  film  is  a  highly  dangerous  condition  which  must  be  avoided 


4.  Damping 

Rotor  damping  may  be  viscous,  hysteretlc,  or  Coulomb.  In  general,  although  tha 
basic  rubbing  or  slipping  mechanism  may  be  sufficient  for  fretting  corrosion  to 
occur,  and  the  damping  may  be  sufficient  to  limit  rotor  resonant  amplitudes  to 
safe  values,  it  is  still  too  small  to  influence  the  actual  spaed  at  which  tha 
critical  whirl  takes  place.  Common  damping  ratio  values  for  rotor  materials 
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y. 


rang*  fro*  (J  ■>  0.005  to  0.010.  For  a  alngla  dlak  rotor,  a>c  »  aTy  1  ♦  .  !•*•« 

a  maxima  lncraaaa  of  0.5  percent.  Lunina  tad  rotora  occur  In  alactrlcal  machinery, 
and  where  tha  operating  apeed  differ*  from  tha  vhirl  apead  char*  can  ba  conaidarabla 
internal  hyataratic  damping  praaant.  Thla  affect  la  diacuaaad  in  Section  5. 

Other  rotora  auch  aa  thoaa  of  turbomachlnary ,  and  certain  ship  propeller  ahafta, 
operate  Immersed  in  a  procaaa  fluid,  and  due  to  entrainment  of  tha  fluid  during 
rotation,  conaidarabla  vlacoua  damping  ie  introduced  into  the  ayatem.  Stodola 
(Ref. 18)  noted  that  the  critical  apeed  of  a  long  ahaft  remained  unchanged  deaplte 
tctal  inner a  ion  in  water,  but  that  tha  water  reduced  the  whirl  amplitude  to 
negligible  proportions.  Bearing  damping  depends  on  speed,  lubricant,  operating 
geometry,  and  bearing  type.  Rolling-element  bearings  operating  efficiently  have 
extremely  low  demping  veluea,  even  when  very  heavily  loaded.  However,  lubricant 
flooding  greatly  increaeea  the  power  lose  end  damping  preeent.  Hydrodynamic 
gas  bearinga  have  e  email  inherent  damping  capacity.  Hydro* tatic  gas  bearings 
have  somewhat  higher  properties.  Moderate  unbalance  end  low  eccentricity 
correspond  to  maximum  fluid-film  damping  capacity  which  is  due  to  both  aqueexe- 
filtn  end  rotational  effect.  The  demping  in  liquid -lubricated  bearings  may  reach 
critical -damping  proportion*  when  the  Sommerfeld  number  (sec/min)  exceeds  100, 
as  shown  by  Hagg  and  Sankey  (Ref.  73)  and  Lund  (Ref.  81)  for  a  variety  of  common 
bearing  types.  Critical  damping  condition*  are  to  be  anticipated  in  lightly- 
loaded  (particularly  vertical)  high-speed  rotors.  Under  these  circumstance!, 
the  usual  critical  speed  amplitude  buildup  is  suppressed,  and  the  'critical'  speed 
disappears,  as  shown  in  Figure  4.06.. 

Pedestal  end  foundation  damping  for  small  motions  is  usually  taken  as  being 
proportional  to  velocity.  The  magnitude  depends  on  foundation  type,  ranging  from 
g  -  0.005  to  0.010  for  *  structural  gridvovk,  with  a  minimum  of  bolted  construction 
to  induce  Coulomb  damping,  through  5  “  0.010  to  0.100  for  monolithic  concrete, 
to  £  *  0.100  to  0.5  or  more  for  clay-soil  foundations.  For  accurate  values 
under  the  latter  condition,  site  test  values  are  needed. 

In  summery,  damping  may  be  neglected  in  the  case  of  solid  rotors  in  rolling- 
element  or  gas  bearings  operating  in  e  gas  or  a  vacuum,  and  the  calculated 
critical  speeds  will  still  be  accurate.  However,  care  is  required  in  the  case 
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of  liquid-film  bearings,  particularly  In  th«  caa*  of  lightly-loaded  high-speed 
rotors  which  may  generate  critical  damping  under  certain  circumstances.  If  the 
damping  la  shown  to  be  high,  it  should  be  allowed  for  by  either  a  supplementary 
spring  force  In  parallel  or  bv  the  actual  effect  expressed  as  viscous  daaoina 
in  the  calculations.  A  lower  limit  only  will  be  obtained  for  the  critical  speed 
of  a  rotor  whan  significant  system  damping  is  ignored. 

Exact  Methods 

Simple  rotors  are  characterized  by  uniform  prismatic  shape,  few  disks,  and  simple 
support  conditions.  These  features  are  readily  handled  mathematically,  and  so 
there  are  available  a  large  number  of  formulae  for  the  calculation  of  critical 
speeds  of  simple  rotor-bear ing  systems.  Insofar  as  the  mathematical  conditions 
represent  the  rotor,  these  solutions  are  both  exact  end  free  from  method 
inaccuracies. 

Exact  methods  discussed  In  the  following  sections  are  of  two  types.:  (1)  discrete 
mass  systems  which  operate  by  breaking  down  the  rotor  into  a  suitable  number  of 
constituent  masses  which  are  linked  by  massless  flexible  shafts;  and  (2)  con- 
tinous  systems  in  which  the  distribution  of  mass-elastic  properties  may  be 
either  constant  or  uniformly  varying  along  the  rotor  length.  Theee  methods 
formulate  the  critical  speed  problem  from  the  basic  equations,  and  result  in  a 
critical  speed  or  frequency  equation  which  may  be  polynomial  or  transcendmntai- 
The  discussion  which  follows  is  more  concerned  with  the  techniques  and  their 
capabilities,  application  and  limitations,  than  in  the  solution  of  the  frequency 
equation. 

The  exact  method  has  the  advantage  that  it  also  allows  the  higher  critical  speeds 
of  the  system  to  be  calculated  from  the  bssic  frequency  equation.  Rite's  method 
Is  the  only  approximate  method  which  determines  harmonic  critical  speeds  with  good 
accuracy.  With  the  aid  of  a  computer,  the  labor  of  solving  a  complicated  system 
determinant  is  removed;  Instead,  a  computer  program  must  be  written  and  checked 
out.  High-speed  machines  which  pass  through  several  critical  speeds  must  be 
analyzed  according  to  this  procedure,  whereas  low-speed  machines  may  often  be 
analysed  by  some  lets-lnvolved  technique. 
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Discrete-Mass  Systems 


A  rotor  which  carries  a  number  of  maaeiva  dlaka  on  a  flexible  a ha ft  may  often  be 

represented  by  a  discrete -macs  ayarem,  Figure  i.u7  .  The  calculation  or  inn  critical 

speeds  of  such  a  system  la  performed  as  follows.  The  maas,  m^  of  each  disk  la 

assumed  to  be  concentrated  at  Its  c.g.,  and  rotor  flexural  stiffness  la  wholly 

due  to  the  aggregate  stiffness  of  the  shaft  sections,  k^,  between  the  diska. 

Where  the  motions  are  free  of  gyroscopic  and  torsional  influences,  the  equations 

of  motion  for  an  n*mans  system  without  damping  are: 

•  •  2 

m.x,  +  k,,x,  +  k.  -x.  + .  +  k,  x  ■  m,a,ui  cos(u)t  +  c.) 

11  11  l  Lt  i.  in  n  l  i  1 

“2*2  ♦  *21*1  +  *22*2  + .  *  k2„xn  "  'l'F  «*<«*  *  *1> 

,  ,  ,  ,  ,  ,  .  ■ 

2 

V2  +  knlXl  +  kmX2  +  .  +  knnXn  “  V»®  C0i({0t  +  V 

Vl  +  kllyl  +  k12y2  +  .  +  klnyn  "  Vi®*  •ln(“>t  +  «l> 

"2y2  +  k21yl  +  k22y2  +  .  +  V.n  ’.Vf2,.ln(<#t  +  ,2) 

. .  »**..«* 

V»  +  knlyl  +k„2y2  +  .  +  kn.'n  '  w”  ,i"<*  4  *2>  <4'02) 

writing 

rl  "  xi  +  iyi 

and  noting  that 

#i(*t  +  e  L)  _ 

leads  to  the  system 


lent  U,  iu)t 

e  •  e  a  •  e 


of  equations 
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(4.03) 
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Selecting  solutions  of  the  form 

r.  -  A,  eltut 
i  i 


leads  to 


(kxl  -  ) 


21 


12 


(k9,  -  m2o)  ) 


nl 


n2 


In 


2n 


mn<B 


/  \ 

A1 

ai®iai 

< 

a2 

CD2  < 

a2m2*2  l 

k3 

ami 
^  n  n  n  • 

\ 

or  in  matrix  notation 


[k]  -  u>2  [ij  [m]  {A}  -  u>2  -[cana} 


(4.04) 


where  1  ia  the  unit  diagonal  matrix.  The  complex  amplitudes  A^  are  obtained 
from  the  above  expression,  excep'h'where  the  denominator 


M  •  “2  H  H  •  0 


(4.05) 


For  a  given  system  j K j  and  |m|  are  fixed  and  so  the  shove  condition  la  satisfied 
by  particular  values  of  cu2,  corresponding  to  tha  critical  speeds  of  the  system. 
For  an  n-mass  system  there  are  n  critical  speeds.  Equation  4.05  is  independant 
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of  the  right-hand  column  matrix,  Indicating  that  tha  critical  speeds  occur 
independently  of  tha  unbalanca  propart laa  of  any  dlak. 

Methods  ot  Solution 

If  tha  ay stem  lnvolvua  relatively  fav  masses,  Equation  4.03  may  ba  expanded 

and  aolved:  (1)  exactly  by  a  atandard  algebraic  method,  (2)  graphically,  by 

aubatltution  ualng  Newton's  method,  or  (3)  numerically,  by  Graffa'a  method, 

or  by  tha  technique  given  In  Duncan  and  Collar  (Ref.  82).  Where  many  maaaea 

are  involved,  a  digital  computer  la  uaually  required  to  faciliate  tha  matrix 

2 

algebra,  at  least  for  computing  values  of  the  matrix  over  a  range  of  <u  for 
graphical  solution,  and  preferably  with  a  program  which  seeks  out  the  eigenvalues 
automatically. 

Example  1;  Single  dlak.  flexible  shaft,  rigid  bearings 

The  simple  rotor  shown  consists  of  a  single  thin  dlak  mounted  centrally  on  a 
massless  flexible  shaft,  Figure  4.08.  The  equation  of  motion  derives  from 
Equation  4. 05  and  la: 

m?  +  kr  ■  amative1,0*  (4.06) 

As  above,  the  critical  speed  la  obtained  from  the  homogeneous  equation,  and  is 


For  inelastic  bearings  the  syotem  flexibility  is  the  flexibility  of  the  shaft. 
In  the  present  case, 

k  .  aja  • 


The  critical  speed  ia  therefore: 


(A. 07) 


Furthermore,  note  that  the  atatic  defection  &a  of  the  rotor  c.g.  under  the  action 
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of  gravity  !• 


8 


s 


WL 

48EI 


Substituting  in  Equation  4.07  and  writing  U  »  mg,  givaa 


Substituting  the  appropriate  units  leads  to  the  expression: 


N 


c 


187.3 


where  Nc  is  the  rotor  critical  speed  in  rpm,  and  &a  is  the  static  deflection 
of  the  disk  c.g.  in  inches.  This  formula  may  be  used  to  find  the  critical 
speed  of  any  single  mass  system,  in  rigid  or  flexible  bearings,  once  &a  la 
known ,  * 


Example  2:  Unaymmatrical  rotor,  single  disk,  flexible  bearings 

Figure  4.09  shows  the  deflection  geometry  of  this  system.  The  shaft  deflection 
la 


.  3  E1L 

8  “ 

Web 


The  effective  bearing  displacement  at  the  rotor  is 

6b  *  (kJ  (l)  [  +(f)  fe  '  kj  •  *)] 


The  total  displacement  of  the  rotor  c.g.  due  to  system  flexibility  is 


1. 


In  the  case  of  a  uniform  shaft  with  a  uniformly  distributed  load,  it  may 
be  shown  from  fundamentals  that  the  lowest  critical  speed  is  given  by 


«  221.8 
j  Nc  -  tv- 

For  simple  supported  ends, 


5 

384 


wL 

El 


For  a  cantilever  shaft, 


Continuous  Syitwi 


Rotors  which  have  thsir  mass-elastic  properties  distributed  uniformly  along 

►  1  annhVi  r>r  naff  (nn  a  f  4  f  «nau  el  4a  K  a  tra  fKrn  <  f  rg  1  N  ^4 1  Pill  flfgH 

exactly.  In  these  cases,  the  basic  equation  governing  the  whirling  motion  is: 


a2 

3T 


wA  ^R 
*  dt2 


F(t) 


where 

R  -  X  +  iY 


i  -V^T 


(4.09) 


For  a  uniform  shaft  free  from  external  forces,  F(t) 
equations  have  solutions  of  the  form: 


X  ■  x(z)  e 


lxut 


0,  and  the  x,y,  coordinate 


*  -  y(z)  elajt  (4.10) 

where  x(c),  y(z)  are  functions  of  length  and  frequency  of  vibration  only. 
Substituting  leads  to  the  solutions: 


k(z)  »  A  cos  A  z  +  B  sin  Az  +  C  cosh  Az  D  sinh  At 

y(t)  “  E  cos  A  z  +  F  sin  Az  +  G  cosh  As  +  H  sinh  Az  (4.11) 


where  A,  B,  C,  D,  E,  F,  G,  H,  are  integration  constants  to  be  determined  from 
the  boundary  conditions  of  particular  cases,  and: 

.4  |  wAuj2  I 

x  '  linj 


Continuous  systems  have  an  infinite  number  of  degrees  of  freedom,  and  so  there 
exists  an  infinite  number  of  AL  solutions  (eigenvalues)  to  the  characteristic 
equations  listed  in  Table  4.01  •  Each  eigenvalue  corresponds  to  a  particular 
critical  whirling  mode. 
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Example  1:  Uniform  rotor  In  rigid  supports 

The  cherecterlttlc  equation  mey  be  determined  through  either  x(t)  or  jr(t) . 


luvkewu*  ait  vu«  p  imits ,  wav  i/uurua  i  y  vv 


At  z  -  0: 


At  2  ■  L: 


(y)  -  EI(A  )  “  0 

dr 

(y)  -  EI<44  )  “  0 

dz 


(4.12) 


Substituting  and  reducing  leads  to  the  frequency  equation  for  thla  case: 


sin  \L  ■  0 


(4.13) 


The  corresponding  eigenvalues  in  this  case  ere  0,  « ,  2x,  ...  nn,  n  integer. 

Example  2;  Uniform  rotor,  rigid  supports,  with  overhang  (Figure  4.11 

Again  conalderlng  motions  in  the  x-s  plane,  the  rotor  aquation  must  be  integrated 

separately  In  the  two  domains  0  <  *1  -  ^1  '  0  <  <  ^2*  leading  to 

eight  Integration  constants.  The  boundary  cond  tiona  for  these  two  domains  are: 


At  -  0: 


*1  *  Li: 


Z2  •  0: 


«2  -  L2: 


Substituting  into  the  solutions: 


(4.14) 


x(z^)  ■  A^  cos  Az^  +  sin  \z^  +  Cj  cosh  \z^  +  sinh  \  r^ 


,  \ 


L 


[: 

D 

E 

E 

E 


E 

E 


i: 

r 

r 

L' 

[ 


x(r2)  *  Aj  coa  «in  \a2  +  coeh  X*2  +  »lnh  \*2 


es  i  j  .  i  .  .  i  ..  .  J  ...»  .  i  i  «  »  i  •  m.  .  m  .  .  l  • 

Uiuu4iiah4ii5  a  nu  a<bwuwjlh£  ^cau  ■  iu  wus  •  y  ■  wmm  l  l  «i|Uflbiuui 

[coefcXL^  ain  XL^  -  sinh  XL^  cos  XLjj  ^cosh  XL^  sin  XLj  -  sinh  XL2  coe  XL^j 

2  elnh  \L^  ain  XL^  [l  +  coah  XL^  coa  XLj]  ■  0  (**15) 

Solutions  to  this  transcendental  may  be  obtained  by  writing: 


XL, 


L  •  XL, 


(4.16) 


’■i  •'j 

esa 


where 


L  -  (L2/L1) 

Plotting  valuaa  of  Equation  4. IS  against  XL^  leads  to  tha  required 
eigenvalues.  Alternatively,  an  analytic  solution  may  be  achieved  by  perturbing 
on  an  approximate  known  solution  (XL)1.  Writing: 


XL, 


(XL) 1  +  e  ; 


XL, 


[(XL) '  +  «] 


mm 


where  c  la  small  and  unknown.  Substituting,  expanding,  and  rejecting  powers 
higher  than  the  first  leads  to  an  expression  for  c,  end  hence,  allows  the  required 
XL^  values  to  be  calculated.  Table  4.02 contains  results  given  by  Dunkelsy 
(kef. 40)  for  the  fundamental  mode  of  this  esse. 

It  is  apparent  that  the  exact  solution  of  continuous  systems  rapidly  become 
complicated  in  both  derivation  and  solution  for  all  but  the  simplest  systems. 

A  number  of  methods  exist  for  overcoming  this, of  which  the  Acceptance  method  is 
presently  the  moat  highly  developed  in  its  application  to  beam  and  rotor  problems. 
A  set  of  'receptance'  functions  has  been  prepared,  corresponding  to  ceYtaln 
basic  beam  vibration  caaea.  The  deelred  properties  of  mere  complex  systems 
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TABLE  4,01  li 


Frequency  Equations.  Uniform  Rotor.  Vat  tout  End  Condition* 


[) 


Frequency  Ka u*t Ion 


End  Condition 

Sliding-Sliding 

Pinned-Pinned 

C lamped -C lamped 

Clemped-Free 

C leaped -Pinned 

Clamped-Sliding 

Free-Free 


•  in 

KL 

o 

1 

a  in 

KL 

o 

■ 

coa 

KL 

coah 

KL 

O 

O 

• 

KL 

coah 

KL 

coa 

KL 

■  inh 

KL 

coa 

KL 

ainh 

KL 

coa 

KL 

r.oah 

KL 

1  -  0 
i  -  e 

tin  \L  coah  \L  ■  0 
•in  \L  coah  \L  •  0 
i  -  0 


U 

[] 

L: 


TABU  4.02 


Value  of  a ■  Function  of  L.  Fundamental  Mode 


Ratio  L 

*1 

1.00 

1.506 

0.75 

1.902 

0.50 

2,507 

0.33 

2.905 

0.25 

3.009 

0.20 

3.044 

0.163 

3.060 

0.143 

3.069 

0.125 

3.071 

0.111 

3.073 

0.100 

3.073 

0 

3.143 
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including  frequency  equations  say  be  obtained  by  combining  these  functions 
according  to  certain  lavs.  This  procedure  is  described  by  Bishop  (Raf.83) 
ana  has  been  applied  to  flexible  rotors  by  Gleuwell  auu  aisltup  (nsf.  34 


proximate  Method a 


Many  practical  syatema  cannot  be  adequately  represented  by  a  simple  mathe¬ 
matical  rotor  model  for  which  an  exact  solution  Is  available.  In  these 
instances,  such  a  representation  gives  only  an  estimate  of  the  critical 
speed.  Vhere  an  exact  solution  would  require  an  inordinate  amount  of 
effort,  an  approximate  calculation  using  one  of  the  methods  outlined  in 
the  present  section  will  usually  yitld  a  result  of  acceptable  or  good 
accuracy  in  a  fraction  of  the  calculation  tins. 


The  moat  useful  approximate  methods  employed  In  rotor-bearing  dynamics 

ara : 

1.  Rayleigh' »  Method  A  general  calculation  method  baaed 

on  the  energy  principle.  The  results 
ara  always  high. 

2.  Kits 'a  Method  A  refinement  of  Kayleigh'a  method 

giving  more  exact  resulta,  based  on 
the  minimum  principle. 

3.  Stodols's  Method  An  Iterative  tachniqua  baaed  on 

recalculations  of  the  deflection 
curve,  and  hence  the  critical  speed. 

4.  Morley'a  Method  Another  Iterative  technique  with  more 

rapid  conva genes  than  Stodola  involving 
comparison  of  the  mean  deflection  curve. 

5.  Southwell's  Method  Give*  a  lower  frequency  limit  for 

specific  systems  subjected  to  number 
of  separata  external  influences. 

6.  Dunkar lay's  Method  The  critical  speed  is  obtained  by 

subdividing  the  system  into  a  number 
of  simple  standard  cases,  and  summing 
those  effects  in  accordance  with  a 
special  formula. 


In  all  cases,  the  fundamental  banding  critical  speed  alone  is  calculated. 
Certain  methods  exist  for  the  calculation  of  harmonica,  and  several  of 
the  given  methods  may  be  adapted  to  harmonics.  In  general,  however,  the 
accuracy  la  considerably  lass  for  the  calculation  of  harmonicc  than  for  the 
fundamental  mode,  and  it  become*  worse  as  the  modes  become  higher. 


The  following  section*  discuss  each  of  the  sbove  methods  in  detail,  indicating 
the  principle  on  which  the  method  is  based,  tha  theoretical  background 
necessary  for  its  application,  and  giving  axatnplas  of  importance  using  Che 
method  for  further  clarification.  The  references  cited  apply  to  the  original 
sources  or  eo  convenient ly-available  explanations  of  it.  Important  instances 
of  special  application  are  also  mentioned. 

Rayleigh's  Method 

The  fundamental  critical  speed  of  an  elastic  rotor-bearing  system  may  be 
obtained  from  the  energy  properties  of  the  system.  A  method  for  doing  this 
was  developed  by  Rayleigh  and  is  based  on  tha  fact  that  the  distribution 
of  the  kinetic  and  potential  energies  in  tha  fundamental  mods  of  vibration  is 
•uch  es  to  make  tha  frequency  e  minimum.  The  great  practical  utility  of 
this  method  is  due  to  the  relatively  small  arrors  which  art  introduced 
by  assuming  any  similar  deflection  profile  for  the  modal  fora  in  order  to 
simplify  tha  analysis.  As  the  method  appliee  to  the  fundamental  mods  alone, 
the  true  a»dal  fora  may  be  readily  visualised.  An  approximate  analytic 
representation  may  then  be  praacribed. 

For  a  multi-mass  system,  such  as  a  shaft  carrying  saver a  1  massive  disks, 
tha  configuration  of  the  system  at  any  instant  is  completely  speolflad  by 
tha  values  of  a  finite  set  of  coordinates  q^,  q2>  . ..q^,  measured  from  some 
equilibrium  datum  such  aa  tha  undeflacted  shaft  centerline.  Tha  elastic 
restoring  forca  is  proportional  to  these  coordinates,  and  so  the  potential 
energy, V  ,  of  the  deflected  shaft  la  s  quadratic  function  of  displacement,  i.e, 

V  -  I  (k^2  +  k2q22  +....  +  k^2)  (4.17) 

where  k^,  kj,  . . .  kn  era  the  ayatem  atlffnaasaa  corresponding  to  each  dis¬ 
placement.  Tha  kinetic  energy  T  is  a  function  of  the  coordinate  velocities 
and  takes  the  form 

T  -  ■|(®1q12  +  n2^22  + .  +  Bn^n^  (4.18) 
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For  harmonic  motions,  tha  coordinate  displactaer ta  and  velocities  may  ba 
written  as 


qk  -  ^  co.  (fl^t  +  «k) 


k  -  1,  2,  - n 


*k  ’  ‘  “k  %  ,ln  “V  +  «k> 

As  tha  aystam  la  conaarvatlva ,  tha  potantlal  and  kinatie  energies  over  a 
cycle  are  equal  in  steady  motion.  Considering  any  mode  of  frequency,  a), 
the  mean  values  of  the  kinetic  and  potential  energies  are 

V  -  |  (kjXj2  ♦  k2x22  +  .  +  knxn2) 


r  12,  2  2  .  2. 

1  "  4*  <*!*!  +  ®2X2  + . +  Vn  ) 


Tha  frequency  is  thus  obtained  from 


2  \Xl  *  k2X2  * . *  knXn 

®  ■  2  2  2 

*1*1  tk2*2  *  .  *V. 


(4.19) 


and  la  a  function  of  the  amplitudes  of  the  motion.  If  the  gravity  deflection 
curve  is  chosen  to  represent  the  modal  form,  7^  *  "  o^g,  and  hence 


(mlXl  4  *2X2  +  •••’•  +  anXn> 
(m1x12+  m2x22+ . +  mQXtt2) 


In  the  case  of  a  shaft  vith  distributed  mass  and  elasticity  where  I(i)  and 
v(s)  are  functions  of  x,  the  potential  energy  dua  to  bending  is  given  by 


i  1  a 2  \2 

7  -  2  /;  *«•>  H  "* 

da 


(4.20) 


and  the  kinetic  energy  is 


2  i 


T  -  | -  {  v(«)  xZ  ds 


(4.21) 


•  -  L?Ur;--  't  -■  . 

W-  ••  *%  ;•  *-T  ‘  •  -  --- 


.  rr. r--*u  yT  >-••• i •  jt-  • : • 

•  ,•  •  V  '  .  'V*  C  >y 


In  addition,  both  and  thrust  P  and  torque  Tmey  act  on  the  theft.  The  throat 
cauaai  a  reduction  in  the  potential  energy  of 


whereas  the  torque  lncraaaea  the  potential  energy  by  amount 

*2  ■  t  «  {  n  2  ■*«  <»•“> 


in  which  C  is  the  toraional  rigidity  of  the  croaa  aaction  and  ♦  it  the  an^le 
of  twist  per  unit  length.  The  preaanea  of  torque  in  the  ay a tern  conatralnta 
gives  riae  to  the  additional  bending  momenta 


Mx 


on  the  elemental  length,  as  shown  in  Figure  4.12  . 


The  corresponding  strain^ 


(4.24) 


In  this  case,  the  system  must  be  solved  in  both  coordinate  dlractlona  simil- 
taneoualy . 


The  effect  of  'imposing1  an  approximate  deflection  curve  on  the  rotor  causes 
it  to  conform  to  an  additional  constraint,  end  the  implied  stiffening  causes 
the  critical  speed  as  calculated  by  the  Rayleigh  Method  to  always  be  a,  faw 
percent  in  excess  of  the  true  value.  The  assumption  of  the  gravity  deflection 
line,  although  quite  close,  never  exactly  simulates  the  dynamic  deflection 
line  In  the  fundamental  mode.  This  may  be  seen  from  the  following: 


The  static  daflaction  la  governad  by  tha  aquation 


St 


d4x 


a.2v» 


da 


For  a  a  Imply  supported  shaft  under  uniform  load,  this  laada  to 


16 


5  *1 


2  L 


+  f! 


(4.26) 


where  x^  la  tha  canter  daflaction.  Tha  dynamic  daflactlona  are  obtained  from 


the  equation 


SI 


d4x 


da 


J  a>2y 


For  tha  aarna  alaply-aupportad  uniform  ahaft  tha  daflaction  aquation  la 


.  ** 

x  -  x:  aln  — 


comparison  between  tha  two  profllea  will  reveal  their  similarity  and  thmir 
dlffarance.  Both  theory  and  engineering  application  of  Rayleigh1*  a* thod 
are  dlacuaaad  in  tha  book  by  Temple  and  Blcklay  (Rtf.  85  ).  Several  examplea 
will  now  be  given  to  praaant  tha  application  and  scope  of  laylalgh'a  Method. 


Sxamola  1:  Cantilever  rotor  with  end  maaa 

Tha  cantilever  rotor  and  ita  fundamental  mode  shape  are  shown  in  Figure  4.13 
Tha  modal  form  may  be  raprasantad  by  tha  daflaction  aquation: 


i  «* 

1  *  008  2L 


(4.27) 


This  axpreasion  satisfies  tha  boundary  conditions  of  x  ■  0  at  i  ■  0  and  x  ■  x£ 
at  t  ■  L. 


Potential  energy: 


1  * 

_  1  2  X 

2  lli  *0  2L 


coa 


da 
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Kinetic  energy; 

2  i 

*  ■  5  / 

2  2 
“*0 


1  -  coe 


0.226  wL  +  W 


«i] 

2L 


da 


2  2 
Wax 
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Rayleigh  formula: 

rl  11.2  . 

2  fe  8I(*  )  dl  3.04 

“  "  8  rt  2  "  1  +  §7226  9 

i  w  x  dz 

If  v(t)  -  0,  che  critical  ipaed  formula  reduces  to 


Hi 

VL3 


2i 

W 


(D 


3.04 

WL 


From  discrete  mees  methods  the  exact  formula  is 
.2  .  ..  Big 


3.00 


(4.28) 


(4.29) 


WL 


representing  «  difference  of  1.3  percent  between  the  tvo  methods. 

Example  2;  8 imply  supported  rotor  with  end  thruet 

The  simple  uniform  rotor  in  rigid  bearings  has  a  central  disk,  W,  distributed 
shaft  weight,  w,  per  unit  length  and  an  end  thrust,  F.  Its  mode  shape  la 
slnuaoidal,  similar  to  the  deflection  line  under  gravity  load,  i.e., 


.  ns 

x  ■  xi  ,ln  T 


where  x^  is  the  deflection  at  the  central  disk. 


(4.30) 


Potential  energy.  Bending 
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1  r  2  I  n  \  4  .  2  Ike 

2  81  i  X1  (l)  ,in  (T 
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End  thrust 
V,  - 


■  2  P  /  X1J 
2 


R  2  2  RX  . 
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.  I  1 


2  2 
VaTx. 


'  -  5  l  V  |?|  •  *  *  -it 


V  +  0.5  vL 


Rayleigh's  formula: 

2  ll  BI  (x11)2  di  -  P  ^  (x1)2 
flQ  * - - - ■  —  ■  ■  ■ 

i  «  d* 

which  simplifies  to 


,.-4,  i.M 

2WI  [l  +  0.5  W  J  c  L  *  *  I 


(4.31) 


In  cases  where  the  end  thrust  is  a  significant  portion  of  the  Kuler  buckling 
load  of  the  shaft,  the  critical  speed  nay  be  lowered  considerably.  Dili  nay 
become  an  important  design  feature  of  single  disk,  their  flexible  shaft  machines 
in  which  the  critical  spaed  la  naturally  fairly  low.  Where  P  -  0  the  critical 
speed  formula  for  a  massive  disk  on  a  uniform  heavy  shaft  is  obtained: 


1  +  0.5  V 


(4.32) 


If  the  shaft  weight  is  small  compared  with  the  disk  weight,  the  critical  apeed 
formula  becomes 


2  _  48.7  BI 

CO  m  m 


(4.33) 


The  critical  apaed-daflection  formula  a  ■  g/ft  derived  previously  gives 
2  48BIg 

®  “  - 3 

VL 


for  this  caie,  a  difference  of  1.4  percent. and  approximate 


methods . 


135 


3:  Uniform  rotor  with  section  change 

The  atepped-sectlon  rotor  ah  own  In  Figure  4.14  la  a  common  type,  but  the  aacClon 
change  makes  exact  critical  spied  analyaia  cumber aotaa.  An  approximate  critical 
apead  may  ba  obtained  by  assuming  a  deflected  profile  of  the  fora: 


x  -  xx  ainT 


<4.34) 


which  haa  tha  effect  of  ignoring  tha  additional  rotor  deflection  which  reaulta 
from  the  greater  flexibility  of  the  end  eertlona.  Thia  flexibility  may  be 
included  by  adding  a  second  term  to  the  above  er.preaalon,  e.g., 


,  xx  .  .  3xe 

•in  T  +  X3  iin  “T 


(4.33) 


Superpoaitlon  of  theae  curves,  togetner  with  suitable  coefficients  x^,  Xj 
leads  to  a  good  representation  of  the  deflection  lines  of  actual  cases.  Where 
tha  deflection  line  is  known,  tha  critical  speed  may  be  found  directly  from  tha 


Rayleigh  formula  obtained  from  tha  second  expression 


(4.36) 


Where  the  deflection  line  must  be  calculated,  the  graphical  area-moment  method 
is  well-suited  to  rotors  with  changes  of  section.  A  numerical  example  will 
illustrate  this. 


A  rotor  of  Figure  4.14  has  the  dimensions  shown.  Region  1  refers  to  the  small 
diameter  end  section.  Region  2  refers  to  the  central  tube.  Both  bearings 
srs  rigid  and  tha  span  betwoan  chtm  is  168  Inches.  The  tube  0.0.  is  10.23 
inches,  and  the  wall  thickness  is  0.5  inches.  The  material  is  steel  throughout. 


Calculations  based  on  these  dimensions  give: 

-  2.348  lb/in,  w^  ■  4.334  lb/ln 

-  5.47  in4;  I2  -  182  •  47  in4 
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0 


Dividing  tha  beam  into  the  eaction  ahovn  and  calculating  tha  diagram  dua 
to  tha  gravity,  Figure  4.15  ,  load  allova  tha  deflection  curva  tv  ba  calculatad 
baaad  on  tha  moment  of  tha  araaa  about  tha  laf  t-hand:  ttd.  'Tba  Eaylelgh  lebla  baaad 
on  tha  daflactlon  at  tha  cantroid  of  aach  aaetion  la  ihovn  balow. 


Section 

W 

lb.vt. 

yjxio4 

in. 

y  2xl08 
in2 

Wytxl04 
lb.vt . In. 

Wy^xlO8 
lb.vt. in2 

1 

14.08 

8.69 

75.55 

122.44 

1,064.34 

2 

14.08 

23.92 

572.37 

337.00 

8,062.54 

3 

26.00 

33.88 

1148.03 

881.12 

29,855.00 

4 

26.00 

42.54 

1810.18 

1106.42 

47,074.30 

5 

26.00 

50.78 

2578.88 

1320.61 

67,064.54 

6 

26.00 

58.48 

3420.36 

1520.99 

88,960.43 

7 

26.00 

65.57 

4299.43 

1705.16 

111,807.89 

8 

26.00 

71.94 

5176.28 

1870.98 

134,610.58 

9 

26.00 

77.54 

6013.27 

2016.58 

156,376.70 

10 

26.00 

82.30 

6774.14 

2140.36 

176,163.45 

11 

26.00 

86.17 

7426.10 

2240.99 

198,117.89 

12 

26.00 

89.11 

7941.15 

2317.41 

206,511.93 

13 

26.00 

91.08 

8297.24 

2368.79 

215,771.96 

14 

26.00 

92.06 

8475.44 

•2394.10 

220,407.55 

■  2179  rpm 

Curvaa  for  tha  calculation  of  critical  tpaada  of  atappad  ahafta  ara  givan  by  Elagar  in 
Ref.  86  .  Thaaa  curvaa  give  N,.  -  2166  rpm  vhen  applied  to  the  above  example. 
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/ 


Substitution  of  deflection  values  obtained  fre 

in  Equation  4.36  gives  Nc  ■  2167  rpm  by  that  method. 


the  above  calculation 


Elti'i  Method 

An  extension  of  Rayleigh's  method  made  by  Kits  diminishes  the  inaccuracy  intro¬ 
duced  by  che  assumed  deflection  curve  not  exactly  matching  the  trus  whirling 

form  of  the  rotor  at  a  critical  speed,  as  follows:  Let  *1(s),  Sj(*) . 

♦n(t)  be  a  set  of  n  linearly  independent  functions  each  of  which  satisfies 
the  boundary  conditions  of  a  given  case,  Combine  these  functions  in  the  form 


X(z)  -  «1*1(*)  +  *2*2^  + 


a  n 


(*.37) 


to  represent  the  deflection  curve  of  the  rotor,  in  which  the  *^»  a^,  ....  sq 
are  coefficients.  The  essential  feature  of  Kits's  method  is  that  these  coeffi¬ 
cients  are  to  be  selected  in  such  a  manner  is  to  make  the  calculated  frequency 
a  minimum. 

In  the  case  of  a  whirling  shaft  subjected  to  bending  and  centrifugal  forces  alone, 
the  frequency  equation,  baaed  on  energy  considerations  and  incorporating 
the  above  expreaslon,  is: 

i  ..  2 

/  KKeXx11)  ds  .2 

SZ  ■  g  •  .■  ■■  . x11  m  (4.38) 

{  w(x)  A  (x)2  ds  d* 


(4.3«) 


The  Rite  minimum  condition  will  be  aatlafied  if 

/  11  z 
$  {  I  <«)(*)  ds 

-J - - -  .  0  ‘ 

I  A  (•)(«/  it 


Reforming  the  differentiation  gives 


i,  2,  . .  .  n 


l  A(t) (x) 2  ds  ■  /<>I(s)(xll)d*  -  /<I(s)(x11)ds  *  (  A(*)(x)2d*  -  0 


(4.39) 
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But  frou  tha  Rayleigh  frequency  aquation 


i 

r 

i 


.  .  .  11. ' 

) 


at 


2 

eg  m 

gT 


4 


...  2. 


da 


VW.TW/ 


Thia  laada  to  the  minimum  expression 


5 

371 


T/  \  /  Hv  2 

I(*)(x  ) 


dt 


0 


(4.41) 


In  application  equating  the  above  expressions  to  saco  laada  to  n  linear 
homogeneous  equations  in  s^,  a^,  •••  a  .  When  the  determinant  of  thaaa 
coafficlenta  la  equated  to  aero,  tha  frequaney  aquation  far  tha  ayacaai  13 
obtained.  Actual  values  of  tha  coefficients  a^  are  not  required  ineettiiag 
up  the  frequency  aquation.  Tha  baaic  requirement  is  that  each  tens  in  the 
original  aariaa  eatijfiaa  the  boundary  conditions  of  the  problee  being 
considered.  In  tha  case  of  a  a  leap  la -supported  rotor,  a  trlgeacmetrlc  aariaa 

.  nt  .  .  3* a  ,  .  Sea  , 

x  ■  a^  ain  njj*  +  a ^  tin  — +  a^  a  in  +  ... . 

fulfills  thia  requirement.  Likewise,  a  cantilever  rotor  say  be  investigated 
using  a  cosine  trigonometric  aeries,  or  with  a  polynomial  expression 


** 

2  +  f 

1-7 

2 

4-  a. 

k)2 

1  -  7 

1  “  L 

2  L 

L 

3 

1LI 

L 

The  complete  Fourier  aeriea  may  be  applied  to  more  complicated  caaas.  Thia 
method  of  critical  speed  analysis  has  bean  discussed  by  Inglia  (laf.  87). 


The  Rita  method  requires  that  the  boundary  conditions  should  be  satisfied  by 
all  terms  Individually  in  the  aeries.  It  has  been  applied  with  excellent 
accuracy  to  rotors  of  both  constant  and  smoothly  varying  cross  sections. 
However,  with  a  rotor  in  which  the  section  ctimgei  abruptly,  i&e  method  fails 
when  a  series  satisfying  the  end  conditions  alone  is  chosen,  because  the 
smoothly  varying  deflection  line  feils  to  fteejt  a  moment  and  shear  require¬ 
ments  at  the  abrupt  section  variations. 
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Iterative  Hathods 

Stodola  (laf.  18  )  describes  a  aathod  which  allows  accurata  rsealts  t»  be 
obcainad  for  tha  fundamental  soda  using  a  s lapis  iterative  prossdata ,  aa  follawa: 

1.  Assume  *n  initial  do flee tod  form  for  tha  shaft.  This  Is  fr aquas tly 
tha  gravity  daflaction  curve,  datanalnad  analytically  or  graphically, 
but  it  asy  ba  any  fora  which  satisfies  tha  and  conditions. 

2.  From  this  daflaction  curva,  obtain  daflaction  valuas  x^,  x^,  ... 
corresponding  to  tha  distribution  of  weight  carried  by  tha  rotor  w^ 

«2 >  •••  a  •  Rotors  with  uniformly  distributed  weight  may  ba  broken 
down  into  an  appropriate  number  of  discrete  weight#. 

3.  As  luma  an  angular  velocity,  to.  This  may  be  any  value  whatsoever. 

It  ii  simply  required  for  calculation. 

4.  Calculate  ths  centrifugal  force  acting  on  each  weight  w^  doe  to  the 
whirl  radlua  x  ,  at  assumed  speed,  oc. 

5.  Calculate  a  second  daflaction  curve,  due  to  tha  centrifugal  'forces 

acting  as  static  loads  on  tha  shaft.  Tha  daflaction#  st  e,  ..  - 

w„  will  than  ba  denoted  x.' ,  xi,  ...  x'  for  this  curva. 
n  i  l  n 

6.  Calculate  the  critical  spaed  ca,  from  tha  ratio  of  tha  aaauaed  deflection 

to  the  calculated  deflection  x^1,  i*s., 


The  validity  of  the  abova  formula  is  due  to  tha  fact  that  if  tha  centrifugal 
for  .  is  were  now  recalculated  using  inataad  of  cd,  these  forces  would  ba 
Increased  in  the  ratio  x^/x^'  and  the  static-centrifugal  deflection  curva 
would  also  be  increased  in  amplitude  by  this  mount.  If  this  daflaction  curve, 
thus  enlarged,  la  exact  it  will  praclsely  match  the  initially  assumed  deflection 
curve.  This  may  only  occur  where  the  calculated  speed  is  the  true  critical 
whirling  speed  at  which  the  centrifugal  forcer  are  in  fact  sufficient  to 
retain  the  whirling  form  of  the  shaft  against  elastic  restoring  forces.  / 
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If  tha  curv*a  do  not  Bitch,  the  calculated  critical  apaad  ia  cot  the  tm 
valua,  and  tha  procedure  auac  ba  continued,  aa  follow*: 


7.  Uainf  tha  at* tic-centrifugal  daflaction  eurva,  celoalata  a  aaeaad 
aat  of  centrifugal  forcas  corraaponding  to  V^,  tad  s. 

0.  Apply in*  tbaaa  amend  centrifugal  forcaa  to  tha  ahaft,  r oca law lata 

tha  daflaction  cura.  Tha  daflactiona  will  than  ba  corracpsnrtlng 

to  Wi. 

9,  Calculate  the  critical  apaad  cd  f r oc 


*1 

®c  “ 


Thia  procadura  stay  ba  continued  until  tha  dlffaranea  between  euceassiwa  value* 

of  m  i>  aa  small  as  daaired.  Ixperience  haa  ahown  thia  method  to  be  rapidly 

convergent,  conalatant  with  laylaigh ' a  principle  that  a  considerable  arrow 

in  tha  daflactad  for®  introducaa  but  a  aaall  arror  Is  tha  value  of  e  .  Bta 

c 

aat bed  it  widely  uaed  and  ia  quit*  general;  it  aay  ba  applied  to  a  rotor  for 
which  a  raatonabla,  approximate  rapxaaantatlos  of  tha  deflected  profile 
in  tha  fundamental  mods  may  ba  obtained.  Borowlc*  (laf.M)  haa  lnveetlgatad 
tha  application  of  thli  method  to  tha  critical  tpeeda  of  multl-apan  rotora. 
Morlay  (Raf.89)  haa  givon  a  ainilar  ltaratlva  method  for  which  v<jy  rapid 
convergence  ia  claimed.  From  tha  exact  formula  for  tha  critical  apaad  of  tha 
fundamental  mode, 


(4.42) 


where  x  ia  tha  mean  deflection  valua.  But,  for  an  arDitrarily  aaamced 
to 

deflection  profile,  x' ,  the  above  formula  ia  an  approximation  juitified  in 
application  by  Rayleigh'a  principle.  If  it  ia  aaaumed  that  x  haa  valuaa  x' 
proportional  to  thoaa  produced  by  gravity,  tha  formula  bacnooaa 


(®c'> 


iZ  Vx’ 


L  W(x ' ) ‘ 


(4.43) 


I?* 


t. 
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where 


I 


<*-*> 


.  Lllil2 

t  «(*’): 


A  raera  value  of  the  deflections,  xr.  wad  is 

x  in  Iquatiun(4.42) ,  and  so  to  1  it  a  firat 

■  c 

Bletrlbuted  load*  may  be  included  using.  the 


a  first  appTueftiaa  tm  tto  «e ka 
approximation  to  the  value 
carre speodlng  formula* 

(443) 


The  method  is  as  follows: 


1.  As 


a  deflected  profile  for  the  rotor  with  a 


dA  fleet  ion  *_ 


Calculate  a  ire 
c 


Squat  ion  (4.42). 


3. 


4. 


Calculate  the  centrifugal  force  for  each  rotor  weight  corresponding 

to  the  assumed  deflection  x. ,  at  the  calculated speed  eo  . 

1  o 

Calculate  the  shaft  deflection  profile  corresponding  to  these  centri¬ 
fugal  forces  acting  statically  on  the  rotor.  Call  the  deflection 
in  this  case. 

Recalculate  the  critical  speed  corresponding  to  new  deflcctione. 

Here, 


<D 


iZ  Stx,' 

I  V^x^)5 


5.  If  the  difference  between  tc,  and  ®c '  is  too  great,  the  above  procedure 
is  repeated,  recalculating  the  centrifugal  fores,  the  deflection  curve, 
and  so  the  centrifugal  force  oo.ll. 


The  convergence  of  the  above  procedure  is  claimed  to  be  very  rapid,  and  vary 
fsw  cycles  are  necessary.  This  la  dua  to  using  the  mean  deflection,  x 

IQ 

(Rqua  tion  4  M)  rs  ther  than  comparing  the  deflection  at  a  slngla  point 

®c '  “  ®  cVI.  as  in  Stodola'a  mathod.  Mora  computation  la  required  at 

each  step,  but  tha  convergence  is  more  rapid. 
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Southwell* a  method 

Where  two  or  more  external  effects  contribute  to  the  overall  motion  of  the 
fundamental  mode,  a  method  due  to  Southwell  may  be  used  to  determine  appro¬ 
ximately  the  net  effect  on  the  critical  speed  of  the  system.  This  method 
states  that  if  Cl^,  d^,  ...  are  the  eigenvalues  for  each  of  the  effects  acting 
separately,  the  eigenvalue  for  all  effects  acting  together  satisfies  the 
inequality 


a  > 


+  a2  + 


(4.46) 


The  inequality  sign  indicates  that  the  critical  speed  obtained  by  this  method 
may  be  lower  than  the  true  value;  in  practice  this  is  usually  the  case. 

The  proof  of  this  inequality  is  given  in  Southwell  (Ref.  90). 


It  has  been  demonstrated  that  this  method  gives  accurate  results  in  cases 

where  the  vibrating  structure  itself  remains  unaltered,  but  where  this  structure  is 

subjected  to  several  types  of  loading,  e.g.  centrifugal  force,  torque,  shear 

end  load,  gyroscopic  loading.  Substantial  inaccuracies  may  result  where  the 

system  itself  changes,  such  as  adding  a  discrete  mass  to  a  distributed  mass 

to  form  a  system.  This  is  due  to  the  nature  of  the  method  which  is  based 

on  synthesis  of  potential  energy. 
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By  Southwell's  theorem: 


°  2  °l  *  a2 

or 

oo^  >  co^  +  a>2^  (4.47) 

The  critical  speed  with  both  effects  acting  together  is  therefore: 

0,2  >  +  2LE|  (4.48) 

wL  w  i 


In  the  case  of  end  thrust,  where  p  is  negative, 

2.>  Al*  .  ^ 

-  4  , 2 


which  may  be  written 


00 

2 

a. 


2 


>  1 


(4.49) 


(4.50) 


where  cd  is  the  critical  speed  of  the  shaft  without  end  load  and  P  is  the 
c  c 

Euler ian  critical  thrust. 


Temple  and  Bickley  (Ref. 85)  have  drawn  attention  to  the  generality  of  the  form 
of  the  above  inequality,  indicating  that  where  a  system  has  several  critical 


numbers,  such  as  end  thrust  £— 


applied  torque 


flexural  critical  speed 


2  c  c 
—  and  so  on,  the  general  result  may  always  be  presented  in  the  form  of 


an  equality  of  the  above  type. 

P  T  1  2 

1  <  f  ♦  f  + 

c  c 


Thus , 


00 


loo 


(4.51) 


applies  to  the  above  system,  agreeing  with  the  results  of  Southwell  and 
Gough  (Ref.  91)  for  this  case.  The  following  formulas  have  been  obtained  by 
Greenhill  (Ref.  39)  for  the  critical  torque: 

Shaft  of  length  running  in  two  short  end  ..curings;  T£  =  2xEI/L 
Shaft  of  length  -2,  running  in  two  long  end  bearings;  Tc  =  2C  EI/L 


s 


[ 

l 

[ 

[ 

[ 
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where 


.rtr*^  '“4.493 

Using  Soutth»*41*s  method  together  with  Rayleigh's  method  allows  the  critical 
speed  to  he  established  within  specific  bounds. 

Dunkerley's  Method 

A  convenient  method  for  the  fundamental  critical  speed  calculation  of  systems 

which  consist  of  a  number  of  components  such  as  gears,  compressor  or  turbine 

/ 

disks,  flywheels,  etc.,  mounted  on  a  basic  shaft  has  been  presented  by  Dunkerley 
(Ref .40).  The  method  consists  of  reducing  the  actual  system  into  a  number  of 
simple  sub-systems,  each  of  which  may  be  calculated  directly  by  standard 

formulae.  The  critical  speeds  cn^,  o^j  . <£>n  theycombine  according  to  the 

law 


(4.52) 


to  give  the  actual  critical  speed  cu  of  the  system.  ‘  In  the  above,  may  be  the 
critical  speed  of  an;  unloaded  shaft  in  its  bearings.whileo^,  o>2,  ..✓.  'represent 
the  critical  speeds  of  the  various  loads,  ignoring  the  mass  of  the  shaft. 

The  approximation  is  usually  very  close,  for  shafts  which  are  mounted  in  two 
bearings,  especially  where  there  is  no  overhang. 


Example  1:  Uniform  cantilever  shaft  with  end  mass 
For  the  unloaded  shafts: 


CD, 


2 


12.36  SiS 
vL4 


Massless  shaft,  with  end 
2  „  „„  Elg 


CD„ 


-  3.00 


WL' 


mass 


By  Dunkerley's  rule 


1 

12.36 


_W 

Wi 
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/ 


Thus, 


12.36 


1  +  4.12K 


1I& 

wL4 


_W_ 
w l 


(4.53) 


This  may  be  compared  with  the  result  obtained  previously  by  Rayleigh's  method, 
i.e.. 


EI& 

wL4 


In  general,  results  of  good  accuracy  may  be  obtained  by  following  the  above 
procedure.  Any  number  of  masses  may  be  considered,  and  the  shaft  section  may 
vary  although  this  introduces  the  analytical  complications  associated  with 
stepped  shafts  discussed  earlier.  Where  rotating  inertia  and  gyroscopic  forces 
appear  likely  to  influence  the  motion,  these  factors  should  be  Included  in  the 
sub-system  calculations.  The  formulae  for  simple  cases  have  been  corrected  for 
rotatory  inertia  (but  omitting  the  gyroscopic  effect)  by  Morley  (Ref.  43). 
Dunkerley  used  two  exact  methods  and  the  above  approximate  method  to  calculate 
a  wide  variety  of  systems.  Various  end  conditions  were  examined  for  one-, 
two-,  and  three-span  shafts.  One-  and  two-pulley  shaft  systems  were  examined. 

An  extensive  series  of  experiments  was  conducted  to  verify  the  analytical 
findings.  The  apparatus  consisted  of  long  thin  shafts  carrying  heavy  pulleys, 
mounted  in  short  oil- lubricated  bearings.  Maximum  error  found  using  the  empiri¬ 
cal  method  was  4.6  percent,  for  an  extreme  case.  The  general  order  of  accuracy 
was  around  2.0  percent  high.  Several  analyses  by  other  authors,  notably  Chree 
(Ref.  41),  Morley  (Ref.  43),  and  Jeffcott  (Refs.  92  and  93),  have  discussed  both 
the  accuracy  and  the  applicability  of  Dunkerley' s  method.  Morley 's  findings  are 
disci jsed  in  the  following  section. 


Effect  of  Disk  Gyroscopic  Action  on  Critical  Speed 

When  the  diameter  of  a  disk  is  large  in  relation  to  its  thickness,  it  is  neces¬ 
sary  to  include  the  influence  of  gyroscopic  action  in  calculating  the  critical 
speeds  of  the  system.  Where  this  inertia  is  sufficiently  large,  it  may  give 
rise  to  a  number  of  critical  speeds.  Stodola  (Ref.  18)  discussed  both  positive  and 
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and  negative  synchronous  Recession:  of  a  staple  cantilever  rotor.  Bis  results 
were  confirmed  by  Foppl  (Ref. 94).  A  discussion  of  the  gyroscopic  effects  in 
a  number  of  rigid-bearing  rotors  has  been  given  by  Green  (Ref. 95). 


Consider  a  thin  balanced  disk  mounted  on  a  flexible  massless  shaft  which  rotates 
at  speed  ©  about  the  OZ  axis  as  shown  in  Figure  4.16  .  As  the  shaft  whirls, 
the  inclination  of  the  disk  changes  cyclicclly.  This  causes  a  gyroscopic 
moment  to  act  in  opposition  to  the  radial  whirl  forces ,  tending  to  reduce  rotor 
deflections.  The  instantaneous  small  angles  of  inclination  p,  7  in  the 
x-y  and  y-z  planes  each  brings  about  an  angular  momentum  component,  the  rate  of 
change  of  which  causes  the  gyroscopic  moments  M  and  M  .  One  principal  inertia 

y  * 

axis  of  the  disk  coincides  with  the  direction  of  the  elastic  axis  of  the  shaft 
at  the  disk.  Since  the  disk  is  circular,  the  other  two  axes  may  be  selected 
parallel  to  the  x  and  y  axis  respectively.  Denoting  the  principal  momenta  of 
inertia  as  along  the  shaft  axis  and  1^  in  both  the  x  and  y  axis  ,  for 
small  values  of  p  and  y,  the  gyroscopic  moments  in  the  x-z  and  y-z  planes 
are  given  by: 


M  «'  —■ 
x  dt 


V*  •  VJ 


M  - 

y 


[v*-  v. 


(4.54) 


These  moments  also  cause  the  shaft  to  deflect,  modifying  the  whirling  form  of 
the  rotor.  The  equations  <Sf  motion  of  the  system  must,  therefore,  include 
the  gyroscopic  effect.  Under  the  action  of  the  force  P  and  the  moment  M, 
Figure  4.17,  the  deflection  and  rotation  at  E  are 

„  -  sSl  .  x>  aMa-b)  M 
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From  Figure  4.17  the  equations  of  motion  are: 


(4.56) 
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and  from  Equations  4.  56 


IpCE$  -  1TV'  -  °21x  +  a22  7 

V* .  +  M  -  -  «21y  -  <*22e 


(4.57) 


(4.58) 


These  four  equations  may  be  solved  for  the  critical  speed  by  choosing  a  solution 
of  the  form  e^  which  gives  four  linear  homogenous  equations  for  the  above 
balanced  shaft. 


Substituting 


x  *  r  cos  cut 

y  «■  r  sin,  cut  (3 

■  ♦  cos  cot 

7 

■  ♦  sin  cot  (4.59) 

and  considering  r  and  * 

constant  for  any 

particular  speed  to 

obtain  the 

boundary  conditions  for 

the  instant  when 

the  whirl  plane 

of 

the  shaft 

coincides  with  the  y-z 

plane: 
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reduces  the  equations  of  motion  to 
not  +  O^x  +  ai2p  -  0 

<ip  -  it)cd2p  -  a21y  +  a22p  -  0  (4.61) 

2 

The  above  equations  indicate  the  effect  of  centrifugal  force  (mm  x) ,  and  of 

2 

gyroscopic  moment  (I  -  I  )co  £  on  the  shaft  deflection.  Tc  solve  these 

p  T 

equations  substitute 


y  »  r  cos  cot  0  -  ♦  cos  cot  (4.62) 

The  critical  speed  of  the  above  system  under  the  influence  of  gravity  is  then 
obtained  from  the  determinant  of  the  coefficients  of  y,  0.  This  is 

4  2  2  2  2  2 

co  -  (p  -  q  )  co  -  p  q  (1  -  c)  -  0  ,  .  ■>.  (4.63) 


where 


P 


2 


2  -  2 
a  -  2ab  4-  b 

2  2 
a  -  ab  +  b 


(4.64) 


?or  a,  b  real,  c  <  1  ,  Equation  4.  63  has  only  one  real  root,  co,  corresponding 

to  forward  precession.  This  is  the  condition  which  occurs  most  frequently  in 
practice.  The  gyroscopic  effect  stiffens. the  shaft  and  raises  the  critical 
speed,  due  to  the  forward  precession  of  the  disk. 


In  the  above  discussion,  it  has  been  assumed  that  the  whirl  velocity  of  the 
shaft  is  co,  the  speed  of  shaft  rotation.  If  it  is  not,  and  the  rotor  whirl 
velocity  is  substituting 
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y  ■  r  sin  Vt  p  -  ♦  cos  vt  y  «  ♦  sin  Vt  (4.65) 

°12^  *  0 

-  a21x  +  a22p  -  0  (4.66) 

when  V  -  ©  the  previous  result  is  obtained.  If  V  -  -cd,  the  second  equation 
becomes 

-  j^Ip  +  IT]  co2p  -  a21x  +  a220  -  0  (4.67) 

and  the  gyroscopic  effect  becomes  positive  and  tends  to  increase  the  shaft 
deflection.  This  negative  precession  does  not  occur  naturally  but  may  be 
initiated  by  an  external  cyclic  disturbance.  The  increased  deflection  lovers 
the  system  critical  speed .,  1 


x  ■  r  cos  Vt 


gives 


mx  +  C*  x  + 


y*  •  V  J p 


Green  (Ref. 95)  has  given  solutions  in  chart  form  for  the  cantilevered  disk,  the 
simply  supported  disk  (considered  above) , a  two-disk  system,  and  multidisk  systems. 


Dimentberg(Ref .  1)  has  considered  the  tvo-bearing  overhung  disk  with  both  balanced 
and  unbalanced  operation.  This  treatment  is  then  extended  to  include  the  effect 

of  internal  friction  and  external  friction  —  individually  and  then  simultaneously. 

•_  4 


It  is  shown  in  this  work  that  the  number  of  critical  speeds  for  a  given  case 
depends  on  the  disk  proportions.  For  a  circular  disk,  in  general,  there  are 
three  critical  speeds  as  I  »  21^,,  one  forward  precession,  and  two 

with  backward  precession.  Where  I  <  1^  there  are  four  critical  speeds,  two 
forward  and  two  backward  precessiai,  corresponding  to  the  roots  of  the 
quartic  characteristic  equation. 
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Yauada  (Ref. 96)  has  investigated  the  case  of  an  unsymmetrical  cantilevered 
plate,  Ij  >  1^  >  both  analytically  and  experimentally.  The  results 
indicated  that  vhere  the  circular  disk  undergoes  a  circular  whirl,  the 
asymmetrical  plate  gave  elliptical  whirl  orbits.  Two  forward  synchronous 
preca«ional  motions  occurred  in  contrast  with  single  forward  precession  with  a 
circular  disk, and  the  speed  range  between  these  motions  was  unstable. 
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(b)  Rigid  Body  Conical  Mode 


(c)  Bending  Mode  or  Flexible  Rotor 


Figure  4.01 


No  Flexibility  Moderate  Flexibility  Infinite  Flexibility 


Fig.  4.03  Influence  of  Bearing  Flexibility  on  Critical  Speed  for  Flexible  Rotor 

Reprinted  from  THE  EFFECT  OF  FLEXIBILITY  OF  SUPPORT  UPON  THE  CRITICAL 
SPEEDS  OF  HIGH  SPEED  ROTORS,  Figure  10,  by  Frank  C.  Linn  and  M.  A. 
Prohl  for  The  Society  of  Naval  Architects  and  Marine  Engineers. 
November  1951 
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4.05  Influence  of  Bearing  Mass  and  Flexibility  on  Critical  Speed 

Reprinted  from  THE  EFFECT  OF  FLEXIBILITY  OF  SUPPORT  UPON  THE  CRITICAL 
SPEEDS  OF  HIGH  SPEED  ROTORS,  Figure  11,  by  Frank  C.  Linn  and  M.  A. 
Prohl  for  The  Society  of  Naval  Architects  and  Marine  Engineers. 
November  1951 
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Fig.  4.06  Influence  of  Bearing  Damping  on  Critical  Speed 
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Fig.  4.07  Discrete  Mass  Representation  of  Massive  Flexible  Rotor 


Fig.  4.08  Single  Disk  Rotor  on  Massive  Flexible  Shaft 
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Fig. 


Fig. 


Fig. 


4.09  Flexible  Single  Disk  Rotor  in  Flexible  Bearings 


4.10  Symmetrical  Two  Mass  Rotor  in  Rigid  Bearings 


.11  Uniform  Rotor  With  Overhang  in  Rigid  Supports 


y 


Fig.  4.12  Additional  Bending  Moments  Due  to  End 
Torque  in  Flexible  Shaft 
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STABILITY 


The  Nature  of  Whirl  Motions 

When  the  radius  of  the  whirl  orbit  traced  out  by  the  c.g.  of  a  rotor  tends  to 
increase  with  time  following  a  small  displacement  from  the  equilibrium  position, 
the  rotor  motion  is  said  to  be  unstable.  A  stable  rotor  will  tend  to  return  to 
its  original  whirl  orbit  with  a  damped  oscillatory  motion  following  the  removal 
of  the  disturbance.  If  the  disturbance  persists,  such  as  an  additional  unbalance 
or  cyclic  force,  a  stable  rotor  will  adopt  a  new  whirl  orbit  In  keeping  with  the 
new  operating  conditions;  whereas,  the  whirl  radius  of  a  rotor  in  unstable 
equilibrium  will  continue  to  grow  with  time  until  restrained  by  some  other  con¬ 
straint.  These  conditions  are  illustrated  in  Figure  5.01.  The  form  of  the 
whirl  orbit  is  determined  by  the  collective  action  of  all  forces  acting  on  the 
rotor.  The  simplest  orbit  is  circular  about  the  undisturbed  rotor  axis.  This 
arises  from  the  action  of  an  inwardly-directed  radial  force  of  constant  magnitude 
such  as  the  rotor  elastic  force.  The  simultaneous  presence  of  a  constant  negative 
tangential  force  which  rotates  along  with  the  radial  force  does  not  disturb  the 
form  of  the  orbit  and  confers  stability  on  the  motion  at  the  rotor  critical  speed. 
Where  the  tangential  force  is  positive,  such  as  in  the  case  of  hysteretic  friction 
above  the  rotor  critical  speed  and  with  hydrodynamic  bearings  above  twice  the 
system  critical  speed,  tangential  equilibrium  does  not  exist.  The  motion  is 
unstable  and  the  rotor  whirl  path  is  a  spiral  whose  radius  increases  with  time. 
This  spiral  whirl  growth  also  occurs  in  the  case  of  a  simple  rotor  in  rigid 
bearings,  when  running  at  its  critical  speed. 

Rotors  which  have  dissimilar  lateral  moments  of  inertia  have  two  critical  speeds 
corresponding  to  the  two  stiffnesses.  Below  the  lower  critical  and  above  the 
higher  critical,  the  rotor  unbalance  whirl  is  stable,  and  the  whirl  orbit  is 
elliptical  with  the  major  and  minor  axes  corresponding  to  the  principal  rotor 
stiffness  directions.  At  speeds  between  these  criticals  the  rotor  motion  is 
unstable  and  the  whirl  radius  is  again  a  growing  spiral.  This  instability  is 
independent  of  rotor  unbalance  and  cannot  be  eliminated  by  more  refined 
balancing.  The  unsymmetrical  rotor  stiffness  also  appears  as  a  twice-per- 
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revolution  variation  as  shown  in  Figure  5.02  which  gives  rise  to  a  whirl  at 
twice  shaft  speed,  even  when  the  rotor  bait  *  is  perfect.  This  whirl  becomes 
resonant  when  the  rotor  runs  at  half  each  critical  speed.  For  a  rotor  with 
small  stiffness  dissymmetry,  the  proximity  of  these  two  whirls  may  cause  a 
noticable  sub-harmonic  resonant  amplitude  peak. 

Simple  elasticity  of  the  rotor  supports  does  not  itself  induce  whirling,  but  it 
may  exert  a  strong  influence  upon  the  shape  of  the  whirl  orbit.  If  the  .  t 

stiffness  is  not  symmetrical,  the  orbit  will  be  elliptical  rather  the  ular. 

In  addition,  fluid-film  bearings  possess  complex  direct  and  cross-cov.,  »  stiff¬ 
ness  and  damping  properties  which  depend  on  the  operating  eccentricity  of  the 
journal  within  the  bearing.  During  operation,  therefore,  the  bearing  stiffness 
and  damping  properties  are  not  symmetrical  about  the  journal  axis.  The  fluid- 
film  damping  diminishes  the  rotor  whirl  motions  up  to  a  certain  threshold  speed 
which  occurs  at  approximately  twice  the  system  critical  speed.  Beyond  this 
threshold,  the  journal  whirls  within  the  clearance  with  a  frequency  equal  to 
half  the  whirl  threshold  speed.  The  resonant  nature  of  this  motion  may  lead  to 
dangerously  large  whirl  amplitudes  This  is  known  as  resonant  whipping,  and  it 
is  sustained  by  the  fluid-rilm  forces  themselves.  Only  in  isolated  instances 
has  it  been  possible  to  run  through  the  resonant  whipping  condition  because 
once  established,  the  large- amplitude  whirl  motions  sustain  themselves  for  all 
higher  speeds  and  machine  operation  is  hazardous .  The  accompanying  changes 
which  take  place  in  the  bearing  coefficients,  and,  hence.  In  the  motion,  due  to 
the  large  amplitudes,  are  not  fully  understood  at  present. 

A  number  of  minor  whirl  conditions  associated  with  torque  and  speed  fluctuations 
exist.  Gravity  acting  on  an  unbalanced  rotor  may  be  sufficient  by  Initiating  a 
small  whirl  at  twice  rotational  speed  which  may  become  resonant  when  the  rotor 
operates  at  half  the  system  critical  speed.  A  similar  condition  results  from 
externally  imposed  torque  fluctuations  —  such  as  those  from  a  reciprocating 
engine  or  pump.  When  applied  at  integer  multiples  of  the  system  critical  speed, 
these  torques  may  develop  further  sub-harmonic  resonant  whirl  motions. 

In  each  of  the  above  whirl  instances,  the  presence  of  viscous  friction  in  the 
system  acts  to  stabilize  and  limit  any  whirl  motions  which  occur.  It  is  the 
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absence  of  effective  frictional  forces  in  the  bearing  which  leads  to  resonant 
whipping.  Both  hysteretic  and  viscous  friction  are  frequently  present  simul¬ 
taneously  in  large  built-up  rotors  with  dissimilar  lateral  stiffnesses.  The 
hysteretic  damping  accentuates  the  inherent  whirl  instability  of  these  rotors 
between  the  critical  speeds,  whereas the  viscous  damping  tends  to  suppress  the 
whirl  at  all  speeds.  A  considerable  amou.  '  viscous  damping  in  the  bearings 
of  such  a  rotor  may  be  required  to  assure  iu'...  _  whirl  amplitudes  of  moderate 
proportions  throughout  the  speed  ran  e. 


Stability  of  a  Simple  Rotor  in  Rigid  Bearings 

Below  the  critical  speed,  co  <  co i  ,  it  is  well  known  that  all  practical  rotor 
motions  are  stable  below  the  first  critical  speed.  No  major  source  of  instability 
becomes  troublesome  below  this  speed,  and  the  inherent  sources  of  rotor-bearing 
damping  are  usually  adequate  to  deal  with  any  sub-harmonic  whirls  which  occur. 

At  all  speeds  away  from  the  critical,  the  synchronous  unbalance  whirl  is 
inherently  stable,  irrespective  of  friction  damping.  This  may  be  as  in  the 
following  demonstration. 


Consider  the  undamped,  flexible,  single-disk  rotor  shown  in  Figure  3.01.  It 
has  been  shown  in  Chapter  3.  that  the  points  OEG  lie  in  the  same  radius  for  this 
case.  For  co  <  o>c  a  radial  force  balance  gives: 


men 


[r  +  a  ] 


kr 


(S 1) 


Now  let  a  small  disturbance  be  impressed  on  the  equilibrium  condition  such  that 
the  variables  r  and  co  become  r  +  Ar  and  co  +  Aco.  All  other  system  properties 
remain  constant.  This  gives 


m 


o>  +  Aco  j  ^  £  (r  +  Ar)  4-  a  j  =  r+Arj 


or 


Ar 


2  2 

CO  -  CD 

c 


+ 


2  2  2 
r  (co  -  co  )  -  aco 
c 


Ato  ^2co(r  4-  a)j  (5.2) 


The  terms  in  square  parentheses  are  constant.  This  means  that  if  Aco  =  o,  Ar  must 
also  be  zero  for  equilibrium,  and  so  there  can  be  no  radius  increase  without 
a  corresponding  increase  in  speed.  Each  speed  has  a  definite  equilibrium  whirl 
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radius  which  Che  system  will  seek  if  displaced  sad,  hence,  the  system  Is 
stable.  The  above  demonstration  ignores  Coriolis  forces,  but  is  a  reasonable 
illustration  if  the  radius  increase  is  crTryaidared  cjjg  jakaiTilragus  lowly1.;  - 

Above  the  Critical  Speed  cd  >  cofi 


A  similar  demonstration  Indicates  that  the  system  is  also  stable  above  the 
critical  speed  f'T  mall  displacements.  The  points  OGE  lie  along  the  same 
radius  as  shown  in  Figure  3.04c.  A  force  balance  gives: 

mex?  Jr  -  a  J  *  kr 
or  ' 

Ar  [co2  -  (x>2  j  +  Ad  j2co(r  -  a)  j  *  -  [  r  [cd~  -  J  -  am2  j  (5.3) 

The  terms  in  the  square  parentheses  are  constant  and  positive  —  except  quite 
close  to  o>c»  Therefore,  when  Ad  *  ©,  Ar  must  also  equal  zero.  For  Ar  to  be  a 
positive  increase  in  radius,  Ad  must  be  negative,  i.e.,  the  speed  must  decrease. 
Again,  each  speed  has  a  definite  equilibrium  whirl  radius,  and  the  system  con¬ 
sidered  is  stable. 

A  rigorous  investigation  of  stability  above  the  critical  speed  for  this  system 
has  been  made  by  Foppl  (Ref.  97  )  and  is  quoted  by  Stodola  (Ref.  18  ). 

Stability  at  the  Critical  Speed  to  •*  cd^ 

The  equations  of  motion  for  a  simple  undamped  rotor  given  in  Chapter  3. are: 

mx  +  kx  =  maoo^  cos  cot 
? 

my  4-  ky  =  maco  sin  cct  (3.02) 

If  cd  =  as  ,  the  steady-state  solutions  are: 

x  =  +  ^  au>  t  sin  co  t 

c  c 

y  =  -  %  aco  t  cos  cd  t  (3.09) 

c  c 
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These  expressions  apply  to  a  logarithmic  spiral  with  radius  increasing  with 
time.  The  undamped  rotor  is,  therefore,  inherently  unstable  at  its  critical 
speed.  The  instability  manifests  itself  as  a  steady  growth  in  the  whirl 
radius,  proportional  to  the  degree  of  residual  unbalance  in  the  rotor.  A 
finite  time  is,  therefore,  required  for  the  dangerous  effects  of  this  instability 
to  become  manifest. 


Stability  of  a  Panged  Rotor  in  Rigid  Bearings 

A  rotor  in  which  the  damping  is  predominantly  viscous  iu  nature  may  experience 
large  amplitude  whirling,  but  the  motions  themselves  will  always  be  stable. 

This  is  explained  by  the  nature  of  viscous  friction,  in  which  the  force  is 
generated  by  the  relative  motion,  and  always  sets  in  opposition  to  it.  Thus, 
the  viscous  friction  force  opposes  the  shaft  rotation  at  all  times;  it  never 
tends  to  drive  the  rotor,  radially  or  tangentially.  The  viscous  friction ’force 
depends  on  velocity,  and  hence,  it  increases  linearly  with  the  whirl  radius  to 
oppose  any  amplitude  growth. 


The  rotor  equations  for  the  simp  '.e  unbalanced  rotor  with  viscous  damping  are 
Equations  3.10.  Combining  these  using  r  ■  x  +  iy  give  the  shaft  center  equation: 


2  i<nt 

mr  +  br  +  kr  ■  mato  e 
The  solution  to  this  equation  is: 


(5.4) 
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(5.5) 


The  whirl  radius  is  stable  if  it  possesses  no  positive-real  time  exponents  to 
cause  either  the  transients  or  the  steady-state  solution  to  grow  with  the  passage 
of  time.  The  exponents  are  reviewed  in  the  following  table. 
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•  Term 

Exponent 

Properties 

Stability 

Comment 

First  Transient 

-<*> 

Negative , 
real 

Stable,  Amplitude 
decays  with  time. 
Independent  of 
speed. 

First  Transient 

i  (i-oV-K-^)2 

m a 

o 

Positive, 

Imaginary 

Stable.  Harmonic 
variation  of  ampli¬ 
tude  with  time. 
Varies  with  speed. 

Second  . 

Transient 

-«£■> 

Negative, 

real 

Stable.  Amplitude 
decays  with  time. 
Independent  of 
speed. 

Second 

Transient 

-t  u-nV+c-5—)2 

mm 

O 

Negative, 

Imaginary 

Stable.  Harmonic 
variation  of  ampli¬ 
tude  with  time. 
Varies  with  speed. 

Steady-State 

itu 

Positive, 

Imaginary 

Stable.  Harmonic 
variation  of  ampli¬ 
tude  with  time. 
Varies  with  speed. 

Thus,  the  transients  both  decay  with  time,  while  the  steady-state  whirl  remains 
constant  in  amplitude  for  any  given  speed.  If  the  speed  is  varied,  the  ampli¬ 
tude  also  varies,  passing  through  a  zone  of  finite  maximum  amplitude  at  the 
system  bending  critical  speed. 

Influence  of  Internal  Friction  on  Rotor  Stability 

The  rotor  dynamic  aspects  of  internal  friction  have  been  discussed  in  Section  3. 
This  part  of  Section  •  5  concerns  the  stability  of  a  simple,  balanced  rotor  in 
rigid  bearing  and  indicates  in  greater  detail  the  mechanism  by  which  the  whirl- 
inducing  tangential  force,  F,  occurs.  The  stability  of  a  simple  rotor  with 
internal  friction  damping  is  then  examined  from  the  solution  to  the  equations 
of  motion. 

The  presence  of  a  tangential  force  arising  from  elastic  hysteresis  of  the 
material  during  motion  may  be  demonstrated  by  considering  a  simple  balanced 
vertical  rotor  in  rigid  bearings,  Figure  5.03a.  For  an  elastic  shaft  of  spring 


1  k7 


constant  a,  a  displacement,  r,  from  the  equilibrium  position  corresponds  to  a 

displacing  force,  F  ,  acting  on  the  disk  such  that: 

o 

r  -  a  F  (5-6) 

C 

Due  to  F  ,  the  shaft  is  bent  and  the  convex  surface  ABC  ia  in  tension  while  the 
c 

concave  surface  CDA  is  in  compression.  The  neutral  axis  is  AC.  If  the  shaft  is 
now  rotated  with  speed  to  about  E;  while  the  plane  of  bending  containing  E  does 
not  rotate,  the  shaft  material  will  be  subjected  cyclically  varying  stresses 
due  to  its  rotation  in  the  displaced  condition.  As  the  material  is  not  perfectly 
elastic,  the  distribution  of  bending  stresses  over  the  shaft  cross  section  is 
not  independent  of  the  rotation,  but  is  influenced  by  the  hysteretic  lag  in 
strain  between  the  loading  and  unloading  portions  of  the  hysteresis  cycle, 
shown  in  Figure  3.12.  As  a  surface  element  rotates  from  A  to  C,  its  flexural 
stresses  change  from  tension  to  compression,  along  the  lower  portion  of  the 
ABC.  As  the  cycle  is  completed,  the  stress  reverses  along  the  upper  portion  of 
the  loop  CDA.  Due  to  material  hysteresis,  the  tensile  stress  falls  to  zero 
where  positive  strain  still  acts  at  B' .  The  half-cycle  is  completed  to  full 
compressive  stress  at  C.  A  similar  condition  occurs  during  the  remaining  half¬ 
cycle  as  the  compressive  stress  falls  to  zero  with  a  negative  strain  acting  at 
D' .  This  has  the  effect  of  shifting  the  angular  position  of  the  neutral  axis 
from  BD  to  B'D' .  Observe  that  the  same  effect  would  be  prefaced  with  a  per¬ 
fectly  elastic  shaft  if  a  small  force,  Q,  acted  n  the  shaft  at  point  B  as 
shown  —  together  with  the  deflecting  force,  P.  To  evaluate  Q  note  that  the 
work  done  by  this  force  per  whirl  revolution  of  the  shaft  is: 

W  «  2nr.Q  (5.7) 

This  is  equal  to  the  energy  loss,  E,  per  cycle  due  to  hysteresis.  Recalling  that 
this  loss  is  proportional  to  the  square  of  the  limiting  cyclic  amplitude  and 
independent  of  frequency  gives 

E  =  2rt  Dr2  (5.8) 

where  D  is  a  constant  which  depends  on  the  hysteresis  characteristic  of  the 
shaft  material.  Equating  W  and  E  gives 
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Q 


Dr 


<5. 9) 


This  is  the  value  of  the  tangential  force  required  to  prevent  whirling  of  the 
shaft  about  0.  It  is  proportional  to  the  radial  displacement  and  depends  on 
the  properties  of  the  shaft  material  in  the  case  of  elastic  hysteresis  and  on 
the  stick-slip  Coulomb  friction  characteristics  of  the  joints  in  the  case  of  a 
built-up  rotor.  If  this  restraining  force  is  removed,  the  rotor  is  free  to 
whirl  about  the  undeflected  shaft  axis. 

Consider  the  case  where  the  rotor  is  whirling  freely  about  0  with  angular 
velocity,  v>  where  v  <  a)  —  the  shaft  rotational  speed.  The  whirl  configuration 
is  shown  in  Figure  5.03b.  The  coordinates  of  E,  coincident  with  G  in  a  balanced 
rotor,  are 


x  «  r  cos  # 

y  ■  r  sin  $  (5.10) 


The  equation  of  motion  for  the  disk  in  stationary  coordinates  are 
mix  ~  -kx  -  Q  sin  a 

my  ■  -ky  +  Q  cos  a  (5.11) 

From  the  previous  Q  =  Dr,  substituting  gives 


nix  +  kx  +  Dy  **  0 

ray  +  ky  -  Dx  ■  0  (5 . 12) 

These  equations  are  coupled  and  may  be  solved  simultaneously  by  taking  a 
solution  of  the  form 


x  =  x  e 
o 


lAt 


y  =  yQ  e 


.LAt 


This  leads  to  the  characteristic  equation 


4  2  2  2 

A  -  2kA  +  (k  +  D  )  =  0 


(5.13) 


(5.14) 
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This  is  a  quartic  in  A,  the  roots  of  which  are  complex  and  ms y  be  written 


-  X  +  iai 


The  solution  to  Equation  5.  12  ir,  therefore: 

x  -  Ae^t  cos  (ajt  +  -  Be^*"  cos  (a^t  +  ♦,,) 

y  *  Ae^  sin  (o^t  +  +  Be^*"  sin  (otjt  +  (5.15) 

where  A,B,  4*.  and  4>„  are  constants  to  be  determined.  Observing  that  force  Q  is 

*•  ^  J) 

always  small  compared  with  P,  it  follows  that  (jj)  must  also  be  small.  This 
leads  to  the  approximations: 


The  second  expression  shows  that  the  internal  friction  whirl  takes  place  at  p 
constant  speed  which  coincides  with  the  critical  speed  of  the  rotor.  As  the 
speed  of  rotation,  to,  must  be  greater  than  the  whirl  speed,  v  (  *®c) »  for  the 
force  Q  to  drive  the  shaft  around  the  whirl  crbit,  this  means  that  the  shaft 
will  tend  to  whirl  at  speeds  above  the  rotor  critical  speed.  Also,  the  exponent 
K,  in  the  first  exponential  is  positive,  indicating  growth  of  the  whirl  ampli¬ 
tude  with  time. 

The  results  of  the  above  indicate  that  a  perfectly  balanced  rotor  will  not  whirl 
at  speeds  below  the  critical  since  the  damping  force  is  constant  and  acts  in 
opposition  to  the  whirl  motion.  Above  the  critical  speed,  the  rotor  whirls  with 
increasing  amplitude,  unless  restrained  by  some  other  effect  such  as  viscous 


friction.  The  whirl  frequency  is  independent  of  speed  of  rotation  and  occurs 
at  the  bending  critical  speed  of  the  rotor. 

Internal  friction  whirl  has  been  particularly  troublesome  in  the  case  of  built- 
up  rotors  with  inadequate  Interference  fits  between  diaks  and  shaft.  It  has 
also  occurred  in  electrical  machinery  with  laminated  cores.  This  whirl  motion 
can  be  minimized  by  providing  tight  contact  between  the  mating  surfaces,  the 
length  of  which  should  be  kept  to  a  ndninmm4(aee  Figure  5.04).  Kimball  and 
Lovell  (Ref.  23)  and  Newkirk  (Ref.  54)  have  discussed  this  problem  in  detail. 

In  a  given  machine,  internal  damping  is  rarely  the  only  source  of  damping,  al¬ 
though  it  may  be  the  largest  source  for  small  amplitude  motions.  Both  bearing 
friction  and  viscous  drag  of  the  surrounding  fluid  are  also  present.  Both  these 
effects  are  dissipative  and  uni- directional  and  depend  on  speed.  Eventually, 
an  equilibrium  whirl  configuration  may  form  between  all  system  forces  at  a  finite 
radlua. 

Whirling  of  a  Shaft  with  Unsvmmetrical  Stiffness 

a 

While  the  majority  of  rotors  have  axial  symmetry  in  their  stiffne?*  properties, 
there  are  certain  important  types  such  as  two-pole  turbogenerator  rotors  where 
the  stiffness  properties  of  the  cross  section  are  not  symmetrical.  This  asym- 
m&r.  .y  affects  the  rotor  whirl  motion  and  gives  rise  to  two  critical  speeds 
corresponding  to  the  individual  stiffnesses,  between  which  the  motion  is  unstable 
unless  the  system  possesses  sufficient  viscosity .  This  effect  has  been  studied  by 
Stodola  (Ref.  18),  Robertson  (Ref.  28),  Taylor  (Ref.  76),  Foote,  Poritsky  and 
Slade  (Ref.  77)  and  others.  These  authors  have  observed  the  following  character¬ 
istic  features  in  the  rotor  motion: 

1.  The  rotor  has  two  critical  speeds  corresponding  to  the  two  principal 
stiffness  values  of  the  cross  section.  Where  the  rotor  mass  is  dis¬ 
tributed  throughout  its  length,  two  critical  speeds  occur  in  the 
vicinity  of  the  symmetrical  rotor  criticals. 

2.  Between  the  two  critical  speeds  the  motion  is  unstable,  and  whirl 
amplitude  tends  to  increase  with  time. 

3.  Rotor  whirl  stability  between  the  critical  speeds  does  not  depend  on 
the  degree  of  rotor  unbalance,  and  stability  cannot  be  conferred  on  the 
system  by  more  refined  balancing. 
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4.  Whirl  amplitude  below  the  first  critical  and  above  the  second  critical 
depends  on  the  level  of  rotor  unbalance. 

5.  The  whirl  frequency  is  constant  between  the  two  critical  speeds. 

6.  Viscous  friction  damping  reduces  the  whirl  amplitude,  and  where 
sufficient,  viscous  friction  is  present,  the  whirl  motion  between  the 
critical  speeds  becomes  stable.  Coulomb  friction  has  the  reverse 
effect,  and  tends  to  promote  instability. 

7.  Sub- harmonic  critical  speeds  occur  at  ^  and  ^2  .  For  moderate 

2  2 

stiffness  inequality,  the  proximity  of  these  sub-harmonics,  particular¬ 
ly  when  influenced  by  friction,  gives  rise  to  a  single  sub-harmonic 
critical  amplitude  peak. 

The  motions  of  a  damped,  unbalanced,  single-disk  rotor  with  dissimilar  lateral 
stiffnesses  have  been  considered  in  Section  3  and  expressions  for  amplitude 
response  and  phase  angle  have  been  obtained.  The  following  stability  analysis 
considers  the  undamped,  perfectly  balanced,  single-disk  rotor  in  rigid  bearings, 
to  determine  the  conditions  of  inherent  instability.  Designate  the  shaft 
natural  frequencies  and  &  corresponding  to  vibrations  in  the  two  lateral 
principle  directions,  such  that 


Let  the  rotating  axis  be  £ ,  rj,  and  let  these  directions  correspond  with  the  planes 
of  maximum  and  minimum  stiffness,  as  shown  in  Figure  5.05.  Writing  the  rotor 
whirl  radius  as 

r  =  £i  +  r]j  (5. 1&) 

where  i,  j  are  unit  vectors  in  the  £,  t]  directions,  gives  the  radial  acceleration 
of  the  disk  c.g.  as 


2 

..  ’  *  2 

£  -  2oor)  -  O)  £ 

i  + 

T)  +  2cd£  -  CD  n 
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The  equations  of  motion.  Figure  5.05b,  for  a  simple  undamped  rotor  become,  or: 
substituting  the  above, 


m 


m 


£  -  2cur|  -  cd2£ 
n  +  2cuf  £  cd2T) 


] 

] 


(5.17) 


These  equations  have  constant  coefficients,  but  the  variables  are  not 
separable.  Selecting  a  solution  of  the  form: 


At 


Ti  e 
• :  'o 


-At 


(5.18) 


leads  to  the  characteristic  equation: 


I"  .2  2  2l  r 

A  -  CD  +  CD^  I  I  1 


.2  2  2  .2  2  ,  2  .  .2.2 

A-cd+cd,  IIA-cd+cDj  +  4cd  A 


(5.19) 


This  is  a  quadratic  in  A  .  The  motion  of  the  disk  will  be  stable  when  hoth 
roots  are  negative.  Writing  Equation  5.19  as 


A4  +  2bA2  +  c  -  0 


(5.20) 


where 


2  .  “1  t“2 

CD  +  - = - 


z  2  2W  2  2. 

(CD1  -  CD  )(CD1  -  CD  ) 


gives  the  roots  as 


A 


-b  +  ^ b2  -  c 


(5.21) 


Substituting  leads  to  the  conclusion  that  the  radicsnd  is  always  >  o,  and  so 
the  roots  are  always  real.  If  c  is  positive,  then  both  roots  are  negative;  if 
c  Is  negative,  some  roots  of  Equation  5.20  will  also  be  positive,  giving 
unstable  motions.  This  occurs  when 

2^2-  2 
CD^  *•«.  CD  0>2 
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This  result  leads  to  the  conclusion  that  the  speed  range  betueen  the  two 
critical  speeds  corresponding  to  the  maximum  and  minimum  transverse  stiffnesses 
is  unstable  for  an  undamped  rotor.  In  this  range,  the  rotor  whirl  amplitude 
will  grow  steadily  with  time  unless  otherwise  restrained.  This  instability  has 
been  shown  to  be  independent  of  the  residual  unbalance  of  the  rotor;  but,  as 
this  unbalance  may  promote  synchronous  rotor  whirl  amplitude  growth  ct;  all  speeds 
below  the  upper  critical,  o>c,  the  greater  residual  rotor  unbalance,  the  more 
rapidly  will  the  unstable  rotor  amplitude  grow.  As  in  th  i  case  of  a  simple 
rotor  at  its  critical  speed,  the  whirl  amplitude  growth  path  within  the  unstable 
range  is  an  increasing  spiral,  Figure  3.06.  At  speeds  below  the  first  critical, 
the  rotor  motion  is  a  stable  synchronous  whirl;  and  at  speeds  above  the  second 
critical,  the  rotor  is  again  stable  with  the  c.g.  between  the  whirl  axis  and 
the  elastic  center. 

These  conditions  apply  to  the  undamped  rotor.  The  presence  of  viscous  friction 
in  the  system  tends  to  stabilize  these  motions  and  to  limit  the  whirl  amplitude 
between  the  two  critical  speeds.  If  the  rotor  also  has  hysteretic  damping,  this 
tends  to  promote  instability  above  the  critical  speed  as  noted  previously.  The 
combined  effect  of  viscous  and  hysteretic  damping  on  the  motions  of  such  a  rotor 
within  the  unstable  range  depends  on  the  extent  of  each  damping  present. 
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Hydrodynamic  Instability 

Rotors  which  operate  in  fluid-film  bearings  are  susceptible  to  a  particu,  .r  form 
of  instability  in  which  the  journals  of  the  rotor  whirl  within  the  bearing 
clearance.  The  severity  of  this  whirl  may  range  from  a  mild  increase  in  rotor 
amplitude  to  a  vigorous  and  growing  oscillation  which  is  capable  of  destroying 
the  bearing  if  allowed  to  persist.  In  this  latter  case,  further  increase  in 
machine  speed  is  impossible,  and  so  the  speed  at  which  this  hydrodynamic  whirl 
sets  in  represents  an  upper  limit  for  machine  operation.  This  whirl  is  a  pro¬ 
perty  of  the  rotor-bearing  system  alone,  and  occurs  independently  of  the  state 
of  balance  of  the  rotor. 

The  hydrodynamic  stability  of  a  rotor  in  its  bearings  at  a  given  speed  depends 
on  the  operating  eccentricity  and  the  type  of  bearing  used.  In  general,  high 
operating  eccentricity  ratios  are  conducive  to  stable  operation;  whereas  low 
eccentricities,  as  in  a  vertical  rotor,  are  not.  High  speeds  decrease  the 
operating  eccentricity  of  hydrodynamic  bearings,  and  so  a  speed  exists,  known 
as  the  threshold  of  instability,  beyond  which  the  rotor  begins  to  whirl  with  a 
frequency  v  which  is  usually  somewhat  less  than  half  its  speed  of  rotation.  It 
is  common  for  the  threshold  of  instability  to  occur  around  twice  the  first 
critical  speed  of  the  rotor-bearing  system. 

Hydrodynamic  instability  is  a  known  operating  hazard  with  both  hydrodynamic  and 
hybrid  gas  bearings,  although  external  pressurization  considerably  extends  the 
speed  range  over  which  stable  op- ration  is  possible.-  As  the  rotor  is  usually  very 
rigid  compared  with  the  gas  film,  it  is  the  film  stiffness  which  determines  the 
whirl  threshold  speed.  Gas  bearing  hydrodynamic  instability  is  commonly  referred 
to  as  'half-frequency'  whirl  for  hydrodynamic  bearings,  and  'fractional-frequency 
whirl'  for  hybrid  bearings. 

Liquid-film  hydrodynamic  bearings  may  also  become  unstable,  particularly  where 
the  lubricant  viscosity  is  low,  as  in  the  case  of  water  and  mercury.  Hydrostatic 
liquid  bearings  are  stable  throughout  the  operating  range  of  all  present-day 
rotating  machinery.  For  liquid-lubricated  bearings,  hydrodynamic  instability  is 
usually  referred  to  as  resonant  whipping,  although  other  titles  such  as  oil  whip, 
resonant  fluid-film  whipping,  are  sometimes  used. 
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Circular  cylindrical  bearings  have  inherently  poor  hydrodynamic  stability  pro¬ 
perties.  Tilting-pad  bearings  have  the  best  stability  properties  of  all  bear¬ 
ing  types,  as  the  pad  tilting  allows  the  bearing  to  'follow'  the  rotor 
oscillations,  and  so  preserve  the  rotor  force:  film  force  equilibrium  re¬ 
quired  for  stability.  This  type  of  bearing  loses  its  stability  when  the  pad 
'flutters'  and  fails  to  follow,  at  extremely  high  speeds.  Elliptical  bear¬ 
ings,  offset  bearings,  two  and  three- lobe  bearings  are  other  types  with  good  ’ 
stability  properties. 

Mechanics  of  Hydrodynamic  Instabilit" 

In  order  to  clarify  the  physical  phenomena  which  underlie  the  problem  of  hydro- 
dynamic  stability,  the  forces  which  give  rise  to  the  motion  will  first  be  con¬ 
sidered. 


Vertical  rigid  rotor 

First  consider  the  rigid  rotor  shown  in  Figure  5.06  which  operates  in 
vertical,  plain  cylindrical  bearings  with  the  clearance  space  filled  with 
lubricant.  Hydrodynamic  action  confers  both  stiffness  and  damping 
properties  on  the  bearings,  and  so  the  rotor  is  capable  of  two  types  of 
whirl  motion,  translatory  and  conical,  as  shown  in  Figure  4.01.  For 
simplicity,  the  following  remarks  are  confined  to  the  translatory  mode. 

If  a  constant  load,W,  is  applied  to  the  rotor,  it  will  adopt  a  steady- 
state  equilibrium  position  as  shown  in  Figure  5.06a  in  which  the  rotor  is 
displaced  a  small  distance  0G  from  the  bearing  center.  Hydrodynamic  action 
within  the  convergent  portion  of  the  fluid-film  gives  rise  to  a  pressure 
distribution.  The  force  component  F  of  this  pressure  distribution  acts 
through  G  and  is  sufficient  to  support  the  applied  load,  W ,  without  the 
journal  touching  the  bearing  surface.  The  angle  between  the  line  of 
centers  and  the  load  balance  is  <J>,  the  attitude  angle.  Consider  now  the 
case  where  the  vertical  shaft  is  not  loaded,  but  is  displaced  an  identical 
distance  OG,  for  example,  by  a  blow.  Hydrodynamic  action  again  generates 
the  force  component  F  through  G.  But  no  steady-state  equilibrium  may  result 
in  this  case,  and  so  force  F  tends  to  drive  the  rotor  into  an  orbit  around 
the  bearing  center.  As  long  as  0  and  G  are  rot  coincident  with  the  rotor 
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motionless,  a  driving  force  will  continue  to  be  generated  by  the  relative 
displacement,  as  shown  in  Figure  5.06b  and  the  whirl  will  continue.  Since 
both  the  hydrodynamic  action  and  the  whirl  motion  generate  friction  forces 
which  oppose  motion,  bearing  stability  and  whirl  radius,  both  depend  on  the 
damping  characteristics  of  the  system. 

Horizontal  rigid  rotor 

A  situation  similar  to  the  vertical  rotor  case  exists  except  that  the  static 
equilibrium  condition  is  as  shown  in  Figure  5.07a.  Here,  the  rotor  is 
displaced  a  distance  OG  from  the  bearing  center  and  the  fluid-film  pressures 
support  the  rotor  weight,  W,  through  the  domponent  F.  If  now  the  rotor 
center  is  given  a  second  displacement  to  G1 ,  the  fluid-film  force  F1 
corresponding  to  the  new  film  shape  will  no  longer  exactly  balance  W. 

The  face  balance  may  be  thdught  of  as  shown  in  Figure  5.07b  where  F'  * 

F  +  F"  and  F  ■  W  as  before.  The  component  F"  which  cuts  through  G  is 
therefore,  free  to  promote  whirling  of  the  rotor  about  G.  The  nature  of 
the  motion  which  follows  is  again  determined  by  the  damping  properties  of 
the  fluid  film. 

Rigid  Rotor  in  Fluid-Film  Bearings 

The  influence  of  bearing  stiffness  and  damping  properties  on  the  rot^.  motions 
is  most  significant  where  the  rotor  is  rigid,  as  then  these  properties  alone 
determine  the  rotor  amplitude  and  stability  during  operation.  The  possibility 
of  instability  due  to  the  fluid-film  was  recognized  by  Stodola  (Ref.  18  )  and 
was  investigated  by  his  co-worker  Hummel  (Ref.  98).  Th.-ir  analysis  is  based 
on  the  assumption  that  the  eccentricity  locus  Is  a  semi-circle.  By  examining 
the  nature  of  the  geometry  of  an  arbitrary  displacement  from  the  equilibrium 
operating  position  expressions  for  the  x,y  coordinate  stiffnesses  of  the  fluid- 
film  were  obtained.  Substituting  in  the  equations  of  motion  then  led  to  a 
stability  equation  which  was  examined  for  real  root,  corresponding  to  unstable 
(amplitude- increasing)  operating  conditions. 
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The  results  Indicated  that  for  any  operating  eccentricity  ratio  6  >  0.65,  two 
frequencies  existed  for  which  the  motion  would  be  unstable.  For  eccentricities 
below  0 . 65,  Humme  1  found  the  motion  inherently  unstable,  and  therefore  did  not 
consider  this  region  further.  This  region  has  since  been  investigated  by 
Cameron  (Ref.  99>  who  found  a  single  threshold  frequency  for  instability  rather 
than  the  inherently  unstable  domain  inferred  by  Hummel.  Cameron  and  Solomon 
(Ref. 100)  experimentally  confirmed  the  existence  of  the  predicted  low- 
eccentricity  instability  threshold  for  e-values  down  to  0.18.  The  correlation 
of  this  theory  with  half-frequency  whirl  is  a  deduction  from  practice  and  not 
a  consequence  of  the  analysis  which  sheds  little  light  on  the  mechanics  of 
fluid-film  whirl.  Further  extension  of  this  approach  to  cover  flexible  rotors 
has  been  made  by  Parrewski  and  Cameron  (Ref.  101)  . 

This  method  is  simple  and  direct  and  the  results  have  been  formulated  as  a 
stability  threshold  chart.  Experimental  correlation  is  quite  good  as  far  as_ 
it  goes.  At  both  high  and  low  eccentricities,  grave  inaccuracies  are  to  be 
anticipated  due  to  the  omission  of  damping  from  the  analysis.  At  low 
eccentricities  the  results  predict  a  high  (or  infinite)  stability  threshold 
frequency  whereas  it  is  well  known  that  in  this  condition  most  bearing  types 
have  serious  instability  problems.  This  condition  is  important  in  predicting  the 
performance  of  vertical  machines.  At  high  eccentricities,  the  complex  inter¬ 
action  between  bearing  stiffness  and  damping  cannot  be  neglected,  and  the 

i 

damping  tefm  alone  may  become  very  large.  Most  large  horizontal  rotors 
operate  with  eccentricities  within  the  Hummel  limits  0.65  <€  <  1.00  where  this 
shortcoming  is  manifest.  The  upper  frequency  threshold  predicted  by  the  theory 
is  of  no  practical  significance.  Once  whirling  has  been  initiated,  operation 
at  higher  speeds  is  rarely  possible  as  the  resulting  large-amplitude  motions 
violate  the  assumptions  upon  which  all  linear  analyses  rest,  and  further 
analysis  must  therefore  include  the  neglected  non-linearizing  terms.  In 
practice,  only  in  rare  instances  has  it  been  possible  to  pass  through  the  range 
of  resonant  whipping  with  liquid  bearings,  and  never  with  gas  bearings.  The 
approach  used  in  these  papers  has  since  been  superceded  by  more  accurate  and  more 
general  methods,  and  their  value  lies  in  providing  rapid  approximate  answers 
within  the  range  0.2<  e  <0.8,  in  cases  where  the  cavitation  status  of  the 
bearing  is  known  and  where  the  eccentricity  locus  is  known  to  be  approximately 
'semi.-c  ircular . 
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Newkirk  and  Taylor  (Ref. 55)  describe  the  first  recorded  practical  encounter 
with  whirling  which  is  significantly  influenced  by  the  bearing  fluid-film 
properties.  In  a  series  of  experiments  it  was  shown  that  the  rotor  whirled 
within  its  bearings  with  a  frequency  somewhat  less  than  half  the  speed  of  ro¬ 
tation,  and  that  the  whirl  became  resonant  above  twice  the  system  critical 
speed.  This  latter  is  the  resonant  whipping  condition,  and  most  subsequent 
experimental  investigations  with  liquid-film  bearings  have  been  concerned  with 
bearing  developments  which  would  suppress  it,  or  extend  the  range  of  stable 
operation.  These  developments  are  discussed  later  under  investigations  of 
the  resonant  whipping  condition.  Newkirk  and  Taylor  detected  the  rigid -body 
whirl  motions,  which  they  called  oil-film  resonance.  These  motions  received 
no  further  attention  at  that  time  as  their  amplitudes  were  small,  due  to 
damping,  compared  with  the  resonant  whip  amplitudes. 


The  first  attempt  to  investigate  the  motion  of  a  rigid  Journal  within  a  ' 
bearing  using  hydrodynamic  theory  was  made  by  Harrison  (Ref.  10Z) ,  who  de¬ 
rived  expressions  for  the  radial  and  tangential  components  of  the  fluid-film 
force  due  to  the  journal  displacement.  These  expressions  are  based  on  the 
Reynolds'  assumptions,  and  apply  to  an  inf initely-long,  full  (no  cavitation) 
bearing  using  an  incompressible  lubricant,  as  follows: 
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where  a  is  the  journal  radius,  c  is  the  radial  clearance,  e  is  the  radial 
displacement  of  the  journal  center,  and  e  is  the  eccentricity  ratio  (e/c) . 


For  a  stationary  journal  center  reduces  to  zero  while: 
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This  constitutes  a  force  on  the  journal  which  is  perpendicular  to  the  dis¬ 
placement  of  the  center,  urging  it  to  whirl  in  the  direction  of  rotation.  In 
practice,  both  radial  and  tangential  force  components  have  been  shown  to  exist 
simultaneously.  The  discrepancy  arises  from  the  Sommerfeld  assumptions  which 
neglect  the  influence  of  cavitation.  In  the  case  of  a  full  cylindrical  verti¬ 
cal  bearing,  the  theoretical  conditions  are  all  present  and  the  prediction  of 
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whirl  instability  f  r  or*  itrs  speed  upward*  ia  raaliaai  in  this  cast,  sat 
Boekar  and  Starnlicht  (Raf.1030-  Robertson  (R*f.5$  raconi idarad  Barriaon'a  casa, 
and  indicated  tna  omitaion  ot  radial  aotion  enacts  on  tna  tangantiai  component 
of  aurfaca  velocity.  This  ia  considered  negll|lbl«  by  Foriteky  (Iff.  1040 . 
Robertson  deduced  chat  the  Journal  has  an  Inherent  tendency  to  whirl  with  a 
frequency  equal  to  half  tha  spued  of  rotation.  This  work  alio  contains  the 
ahortcoainga  aasoclatad  with  inf inite ly- long  full  cylindrical  bearing  theory, 
and  to  only  appliaa  to  vertical  bearing*  operating  at  small  eccentricities . 

Hagg  (Ref. 71)  collated  the  then-existing  knowledge  of  the  problem,  and  pointed 
out  several  important  featurei  requiring  incorporation  into  the  quest  for  a 
meaningful  stability  criterion  which  would  reconcile  the  axper iaantally  observed 
effects  with  the  available  simple  theory  and  its  unacceptable  prediction  of  in¬ 
herent  inetability.  Considering  the  continuity  condition!  for  a  Journal  whirling 
with  a  full  film,  the  amount  of  fluid  peceing  some  point  A,  Figure  5.08,  must 
equal  the  volume  passing  point  B  plus  tha  volume  required  to  fill  tha  void  lift 
by  the  receding  Journal.  For  aero  side  leakage  it  follows  that 

(c  +  e)  »  ^  (c  -  a)  +  2aeo:  (S.27) 

.  i  0 

end  hence  u  ■  y 

Thia  establiihes  that  the  whirl  ipeed  ia  related  to  the  speed  of  rotation  as 
•hown  correlating  the  result  obtained  by  Robartaon  (Ref. 52).  Hegg  further  di»- 
cuaaed  the  atability  of  a  rigid  rotor  in  fluid-film  bearings,  considering  the 
system  equations  of  motion. 

mx  +  cx  +  k^x  -  D^y  ■  0  ^1D2  :  x  directicm  (5.25) 

It 

my  +  cy  +  k^y  +  D2X  “  0  k^D^  :  y  direction 

where  c  is  the  bearing  damping  constant,  end  k,  ,  k,,,  D^,  end  D.  are  the  fluid- 
film  stiffness  properties.  Applying  Routh'a  stability  criterion  this  leads  to 
the  result  that  the  system  will  be  stable  when 

(k,  -  k0)2  +  2c2  (co  2  +  co  2)  >  dD„  D_  (5.26) 

i  l  1  l  1  d. 

2  2 
where  ^  -  (k^/m)  co2  -  (kj/m) . 

Thia  expression  defines  the  whirl  threshold  speed  in  terms  of  the  operating 
eccentricity  ratio  e^.  This  value  corresponds  to  a  particular  Sommer feld  Number 
for  the  particular  bearing  geometry.  An  experimental  program  verified  the  con¬ 
clusion  u:  -  H/2,  but  was  not  extended  to  cover  the  stability  criterion  at  that 
atage,  although  it  had  been  corroborated  with  field  observations  on  actual  rotors. 
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Eagg  gava  a  aimpla  evaluation  of  tha  damping  capacity  of  a  tilting  pad 
hairing,  and  latar,  Hagg  (Raf  .105)  ,  gava  curvaa  for  spring  and  damping  con- 
atanta  for  120  dagraa  partial-arc  baaringa,  togathar  with  a  aiapla  atability 
chart,  Latar  work  by  Hagg  and  gankay  (gaf  .73  and  106)  gava  acre  complita 
data  on  apring  and  dating  conatanta  for  partial-arc  and  tilting-pad  baaringa 
for  amail-aaplitud*  whirl,  determined  experimentally .  it  both  low  and  high 
Socaerfald  nuobara  thaaa  curvaa  ara  in  arror,  at  in  thaaa  aonaa  thay  have  baan 
obtainad  by  extrapolation.  Accurate  valuaa  for  tha  cylindrical  bearing  havt 
baan  obtainad  by  Sternlicht  (Raf.  74),  for  tha  150  dagraa  partial  baarlng  by 
Warner  (Ref. 34),  and  for  the  tilting-pad  bearing  by  Lund  (Ref, 81).  Each  of 
these  analyses  spplies  to  incompressible  lubricants,  and  may  be  applied  to 
conpraaaibla  lubricants  at  low  (Q  <  1.0)  coaprtaaiblllty  nusbar a .  Hagg  and 
Varnar  (Raf.72)  axtandad  tha  aarliar  work  on  tha  atability  thraahold  spaad, 
using  an  alactric  analog  to  study  tha  stability  limit.  This  work  gava  good 
qualitativa  correlation  with  both  tast  rasults  and  with  data  obtainad  from 
an  industrial  turbina  aat,  but  tha  abeolute  valuaa  wara  of tan  considerably 


different  to  the  teat  result* ,  The  criterion  given  above,  Equation  5.09, 
was  axtandad  to  cover  rotor  flexibility  mora  completely  than  in  Raf.  71,  This 
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where  ia  the  rotor  apring  constant  ,  ci>c  is  the  rigid -bearing  rotor 

critical  rad/iec,  and  c.  and  c,  are  the  baarlng  damping  coaf f icier.ta  in  the 

is  2 

x  and  y  directions  respectively .  Plotting  (CN  /g)  varaua  Sommarfeld  Njimbar 
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S  with  parameter  (cK^  /g)  where  C  is  tha  radial  clearance  of  the  baarlng,  N 
la  the  Journal  rptn,  and  is  the  rotor  rigid-bearing  critical  ipaad  rp ca 
allows  the  analog  atability  results  to  be  preaentaa  in  chart  form  for  120 - 
dagraa  partial-arc  bearings,  for  L/D  »  1,0  and  0.67,  Lower  L/D  ratios  in¬ 
crease  the  stable  operating  region,  and  the  ef fectivaneas  of  a  central  cir¬ 


cumferential  groove  in-raising  the  stability  threshold  is  explained  on  this 
basis.  Three  bearing  types  were  tested  (a)  full  cylindrical  bearing, 


(b)  full  bearing  with  circumferential  groove,  and  (c)  160  degree  partial  bear¬ 


ing.  The  speeds  at  which  resonant  whipping  developed  and  at  which  it  dis¬ 
appeared  differed  by  an  average  of  ten  percent.  Typical  oscillogram*  ob¬ 
tained  are  ahown  in  Figure  5.10,  with  the  rotor  whirl  frequency  no  -  0,430, 
The  upper  curve  a'r.owa  a  well  developed  whirl;  the  lower  curve  ahowi  transi¬ 
tion  from  whirl  to  a t so  1  a  running,  with  decreasing  spaad.  At  the  stability 
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threshold  the  frequency  of  the  reaonant  whipping  correspond!  to  s  natural 
frequency  of  the  system.  Hagg  end  Warner  concluded  that  this  say  be  either  the 
system  bending  critical  frequency,  involving  motion  of  the  rotor,  bearings  and 
supporting  structure;  or  It  may  be  a  rigid-body  motion  of  the  rotor  on  the 
elastic  oil  films;  or  it  may  correspond  to  the  rigid-bearing  rotor  critics! 
speed.  The  frequency  in  all  cases  was  less  than  0.5ft,  i.e.  half  rotational 
frequency.  They  elso  concluded  that  the  final  question  of  stability  depends 
on  ill  elementi  of  the  lystem  that  are  involved  in  the  motion,  and  that 
factors  such  as  machine  alignment,  oil  aupply  praeiure,  oil-film  extent,  oil- 
film  temperature,  and  loading  may  alter  the  theoretical  conditions.  It  wa# 
observed  that  unbalance  vibration  usually  inhibits  resonant  whipping.  This  is 
equivalent  to  an  increase  in  bearing  operating  eccentricity,  but  may  lead  to 
■elf-excited  eubharmonlc  elastic  whirling  at  exactly  1/2,  1/3,  1/4,  and  so  on, 
of  running  spaed.  Friction  in  non-rotating  parts  may  act  to  give  a  itiblc 
system,  whereas  friction  in  rotating  parte  tends  to  promote  instability.  These 
latter  observation*  endorse  tha  comments  on  friction  snd  stsbllity  made  earlier 
in  the  present  section  snd  in  Section  3.  Shortcomings  in  using  the  simplt 
criterion  developed  in  this  work  are  (a)  incomplete  formulation  as  the  croee- 
damplng  terms  ire  reflected,  (b)  the  criterion  is  approximate,  being  baaed  on 
experimental  data.  Inaccuracies  in  its  general  ippllcatlon  are  to  be  expected, 
snd  these  are  evident  in  the  correlation  shown. 

The  basic  concepts  of  the  theory  of  hydrodynamic  whirl  were  given  by  Foriteky 
(Ref. 104)  who  ehowed  that  the  discrepancy  batwaen  observed  results  snd  those 
predicted  by  the  Sommer feld -Harrison  inf initely-Long  full-bearing  theory  of 
hydrodynamic  lubrication  sroie  from  neglecting  the  cevlteted  region  in  the 
bearing  film.  Poritsky  ehowed  that  when  a  radial  force  component  was  included 
in  the  equations  of  motor  for  a  rigid  Journal,  stability  wai  predicted  at  speeds 
below  the  rotor  critical  speed,  while  it  speeds  above  twice  the  critical  s peed 
the  rccor  becomes  unstable  and  whirls  at  the  rotor  critical  frequency  in 
acccrdsnr.e  with  obseerved  perf  ormsnee ,  This  led  to  the  stability  criterion 


where  k(  and  k  are  the  shaft  stiffness  snd  bearing  stiffness  respectively.  Re 
calling  that  the  critical  speed  co#  of  an  elastic  rotor  on  elastic  bearings  is 
given  by 
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it  le  evident  that  the  rotor  whirl  frequency  is  givan  by  (w/co^)  <  2,  aa 
given  by  H*gg  (Ref.  71).  Tha  results  are  alao  in  agreement  with  the  practi¬ 
cal  observation  that  the  whirl  proceed*  in  the  direction  of  rotor  rotation, 
iwiteky'a  analysia  naglected  tha  influence  of  fluid-file  daaping,  and  no 
attempt  we»  made  to  determine  the  value  of  the  fluid-film  stiffness** ,  except 
to  poitulata  that  theae  would  be  linear  with  displacement  for  assail  amplitude 
motion*.  Later  inveatigations  into  the  elastic  and  damping  properties  of  the 
cavitatci  fluid-film  by  Boeker  and  Sternlicht  (Ref. ICC}  end  by  Sternlicht 
(Ref. 74)  verified  the  exietanca  of  the  radial  force  component,  and  eleo  pro¬ 
vided  values  for  all  four  spring  and  damping -c oef fic iant s .  Whan  damping  1* 
included,  the  predicted  whirl  frequency  la  alvaya  lea*  than  0.30,  in  agra*- 
mant  with  practical  observation*.  It  is  Important  to  note  at  thla  stage  chat 
the  linearisation  of  the  bearing  force*  la  valid  only  where  the  rotor  whirl 
amplitudes  are  small  within  tha  bearing  clearance.  Xhia  assumption  i*  Justi¬ 
fied  on  the  grounde  that  tha  rotor  operates  at  a  atable  eccentricity  below 
the  whirl  threshold  speed,  snd  that  at  the  initiation  of  instability  tha  rotor 
motions  will  indeed  be  smell.  Large-emplitude  non-linear  modes  have  been  con¬ 
sidered  by  Huggins  (Ref. 10^1.  Poritaky  alco  considered  briefly  the  influence 
of  gravity,  and  displacements  due  to  periodic  force* . 

Trenalatory  fluid-film  whirl  of  a  vertical  rigid  rotor  via  invaatigattd  ex¬ 
perimentally  by  Boeker  end  Sternlicht  (Ref  .103)  to  define  the  occurrence  of  the 
whirl  threehold  epeed.  Correlation  of  the  results  with  Porltiky's  theory  wee 
•Iso  attempted.  Two  types  of  bearing  wars  tested  (a)  plain  cylindricel  and 
(b)  grooved  ehaft  in  plain  cylindrical.  Both  air  and  water  were  uied  ae  lubri¬ 
cant*.  In  eir,  the  plain  bearing  whirled  at  all  speeds,  i . a  .  ,  the  whirl 
threshold  speed  was  sero  for  this  case.  The  ratio  of  whirl  frequency  to  ahaft 
rotational  frequency  ranged  from  0.41  to  0.50,  'when  operating  wich  water 
as  the  lubricant,  the  whirl  threshold  was  at  130  rpn  with  one  ahaft,  and  at 
220  rptn  with  another  more  flexible  snaft,  With  the  grooved-shaft  plain-bear¬ 
ing  combination,  whirl  commenced  it  2700  rpca,  and  disappeared  at  2400  rpm  with 
water  as  the  lubricant.  This  'lag'  was  also  observed  by  Higg  and  Warner,  ae 
mentioned  above.  Using  the  experimental  eccentricity  locua,  (Fig.  5.11), 
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tha  atablizing  radial  compcnant  In  tha  fluid  film  was  obiarved  to  b«  ctro  for  tha 
plain  baaring  at  aero  accantr icity .  This  it  tha  Soonarfald-Harr iaon  full  bearing 
Lumi i l iun  leading  to  a  theoretical  taro  apaao  whirl  ttnaihold  and  continued 
whirling  at  all  apaada  beyond,  This  conclusion  la  therefore  confirmed,  and  so 
the  plain  cylindrical  baaring,  operated  vertically  la  an  lnherantly  unitabla 
baaring.  With  tha  modified  baaring  locus,  Figura  3.12,  the  radial  force  component 
at  eero  eccentricity  has  a  finite  value,  end  hence  the  rotor  motion  is  stable 
at  aaro  speed  and  beyond,  up  to  the  whirl  threshold.  The  thaorarlcsl  analysis 
given  agrees  with  Poritaky'a  result,  end  predicts  a  whirl  threshold  apeed 
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for  tha  rigid  rotor,  tha  numerical  value  of  which  ranged  from  2260  rpm  to  2910 
rpm,  and  was  betwaen  2400  rpm  and  2600  rpaa  from  the  alope  of  the  eccentricity 
locus  at  the  origin..  Xxperiatntal  whirl  threshold  apeed  vea  2700  rpm.  Whirl 
frequency  wea  slightly  leas  then  1/2  Q.  These  experlaanta  confirmed  the 
Porltsky  hypothesis  that  a  stabilizing  radial  force  existed  in  tha  fluid  film, 
and  indicated  that  where  this  was  absent,  or  vanished,  the  rotor  became  un- 
•ceble  end  whirled  at  approximately  half  rotational  speed. 

The  need  for  deta  on  the  dynamic  properties  of  bearings  was  met  by  Hagg  and 

Ssnkay  as  noted  previously,  and  by  Starnlicht  (Ref.  74)  who  applied  the  digital 

computer  to  the  calculation  of  the  spring  and  damping  coefficients  k  k 

k  k,c  c  c  c  of  a  plain  cylindrical  bearing  for  tha  case  of  on 
yy  yx  xy  yy  yx 

incompreaaible  lubricant,  recognizing  that  the  motion  of  tha  journal  center  was 
governed  by  the  equations: 

mx  ■  k  x  +  c  x  +  k  y  +  c  y  +  G  coi  (cot  +  *) 
xx  xx  yx'  yx' 

my_kx  +  cx-fky+cy  +  G  ain  (cut  +  ♦)  (5.2  9) 

;  yx  yx  yy'  yy' 

where  G  is  a  rotating  force  applied  to  the  rigid  rotor.  In  previous  analyses 
the  cross -coupled  damping  terms  had  bean  neglected.  Sterr.lichc  solved  the 
Reynolds'  equation  uaing  a  finite-difference  procedure,  for  a  finite-length 
bearing,  and  gave  curvea  showing  the  variation  of  the  dynamic  coefficients  as 
functions  of  eccantricity  £  and  L/D  ritio.  Both  atiffnaaa  and  damping  increase 
with  increase  in  eccentricity  and  L/D.  The  direct  damping  coefficients  were 
ehown  to  be  of  magnitude  comparable  to  the  baaring  clastic  forces,  while  the 
cross-coupling  camping  term*  ware  small. 

Tha  application  of  tha  computar  to  problem*  of  rotor-beariug  dynamic!  his  aince 
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made  possible  the  solution  o f  many  other  cases  of  incompressible  and  compressi¬ 
ble  lubrication  which  are  insoluble  in  closed  form.  It  has  also  lad  to  the 
development  of  several  sophisticated  analytical  approaches  such  as  the  Calerkln 
and  linearised  ph  methods  vhlch  are  capable  of  solving  the  stability  problem 
at  high  eccentricity  ratios  which  would  involve  an  impractical  amount  of  com¬ 
puting  tlma  by  standard  finite-difference  procedure!.  The  Incompressible 
dynemlc  properties  of  the  cylindrical,  4-axial-groove ,  elliptical  and  three- 
lobe  bearlngi  have  been  computed  by  Sternlicht  (Ref. 74);  the  ISO  degree  partial 
arc  bearing  has  been  computed  by  Werner;  and  the  tilting  pad  bearing  has  been 
analysed  end  calculated  by  Lund  (Ref .81).  Properties  of  the  cylindrical  bearing 
and  the  tilting  pad  bearing  in  the  turbulent  range  have  been  obtained  by  Orcutt, 
Kg  and  Arwas  (Raf.  15  and  16). 

In  the  sasa  period  as  the  above  development  took  place,  a  number  of  other 
experimental  studies  ware  carried  out  in  an  attempt  to  clarify  knowledge  on 
hydrodynamic  whirling  of  rigid  and  elastic  rotors.  The  non-whirling  bearing 
developed  by  Newkirk  and  Grobel  (Raf.  56)  suppressed  rotor  vibrations  by 
inducing  preeaure  build-up  within  the  cavitated  son#  of  the  bearing,  thua 
preloading  tha  Journal  and  forcing  it  to  run  at  a  higher  eccentricity  within 
the  bearing.  This  work  provided  a  curs  for  a  spacific  application,  but 
rtvealsd  little  new  information  about  tha  nature  of  the  problem.  A  more 
complete  study  of  tha  parametars  Involved  in  rotor  whirling  was  undertaken 
by  Newkirk  and  Lewia  (Ref. 106).  With  three  rotors  and  five  bearings  tests 
were  run  with  oil  at  various  viscosities  to  determine  conditions  defining 
a  range  of  stable  operation  with  cylindrical  bearings  at  speads  abova  twice 
critical.  It  was  concludad  that  abort  bearings,  rather  large  clearance 
ratios  end  moderate  unit  bearing  loads  favor  a  wide  range  of  stable  opera¬ 
tion.  In  certain  instances,  this  may  extend  up  to  more  than  five  times 
critical  speed.  Slight  misalignment  rasultsd  in  s  remarkable  increase  in 
the  stable  range.  The  stable  range  was  never  clearly  defined  vith  the 
rotors  and  teat  conditions  considered,  since  a  Jar  would  cause  the  severe 
disturbance  to  build  up  at  a  lower  speed  in  most  instances.  In  a  subsequent 
paper,  Newkirk  (Ref.  109)  reviewed  results  obtained  earlier  with  s  flexible 
rotor  carrying  s  heavy  central  disk  midway  between  its  bearings,  with  a  unit 
bearing  load  of  42,5  pai,  and  a  loweat  critical  speed  (presumably  for  the 
system)  of  12 1C  RPM.  Within  the  speed  range  2300  to  5000  RR-I  the  rotor  whirl 
with  a  frequency  arcund  1250  RR1.  The  severity  of  the  whirl  increased  with 
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increasing  apeed.  Thia  result  vaa  coopered  with  reaulti  obtained  with  a  vary 
stiff  rotor  for  which  there  was  no  discernible  (banding)  critical  apaed  up  to 
30,000  RFM.  The  unit  bearing  load  was  about  4  pal.  This  shaft  whirled  at  low 
speeds  with  a  frequency  slightly  lass  than  one-half  the  running  speed.  It  wai 
alao  noted  that  the  whirl  died  out  et  higher  speeds,  varying  from  7000  MW  to 
16,000  Rffl.  l/r*  viscosity  oil  gave  the  higher  Halt.  Newkirk  concluded 
correctly  that  rotor  flexibility  was  the  key  factor  in  explaining  why  tho  per¬ 
formance  of  these  two  machines  was  so  different.  He  observed  that  the  first 
rotor  whirling  was  a  resonant  condition.  This  was  true  reionant  whipping. 
However,  the  conclusion  that  the  motion  of  the  atiffer  rotor  is  ' non-resonant1 
is  not  precise.  The  low  unit  loading  correaponda  to  a  low  eccentricity  ratio 
which  would  induce  a  rigid  body  whirl  within  the  bearings  at  lew  apetd.  Thia 
is  tha  rigid  body  inetabillty  corresponding  to  resonant  whipping  end  is  induced 
by  tha  rotor  spaed  axctedlng  twice  the  critical  speed  of  the  rigid  rotor  In 
elastic  bearings.  It  may,  therefora,  be  compered  with  the  investigation  made 
by  Sternllcht  (Ref, 103)  for  a  vertical  rotor. 

Pinkus  (Refs. Ill  andll2)  conducted  an  experimental  study  of  two  rotors  having 
relatively  light  bearing  loads  (23.4  psi  and  8  psl  rtspectlvely)  and  reasonably 
high  critical  speeds  (4000  and  6100  RIM  rsspsctivsly) .  Tha  objective  was  to 
compare  the  ralative  stability  of  several  baarlngs  and  included  plain 
cylindrical  bearings,  axial  groove  bearings,  elliptical  bearings,  'praaaura' 
bearings,  three-lobe  bearlnga,  tilting  pad  bearings,  and  hydraulically  loaded 
bearings.  He  observed  that  the  cylindrical  bearing*  were  least  stable  end  the 
hydraulically  loadad  baarlngs  were  most  stable  and  that  with  sufficiently  high 
hydraulic  preiaura,  all  whipping  can  ba  suppressed.  Amplltude-ipaad  results 
obtained  in  thia  investigation  are  shown  in  Figure  5,13.  With  the  more  flexible 
shaft,  tho  initial  amplitude  paak  correaponda  to  tha  rotor  unbalance  whirl. 
Reionant  whipping  aits  in  at  approximately  1.6  timaa  tha  system  banding  critical 
apeed,  persists  with  s  whirl  frequency  equal  to  the  critical  apaed,  and  tends  to 
disappear  around  3.5  times  critical  speed.  The  large  amplitude  build-up  in  that 
zone  is  tho  second  system  bending  critical  apeed.  The  atiffer  ihsft  shove  an 
unbalance  whirl  peak  followed  by  a  ateady  build-up  to  full  whipping  amplitude 
around  three  times  the  ays  tea  banding  critical  speed,  with  no  tendency  for  the 
whirl  to  diminish  in  thia  case,  up  to  tour  timaa  the  banding  critical.  The  shaft 
reaonsnt  whipping  frequency  was  the  ayit'sn  bending  critical  apeed  throughout. 
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Any  aub-criticel  whirling  la  dut  to  rotor  unbalance,  occurring  at  eynchronou* 
ipead.  In  thla  invaatlgation  the  rotor  flexibility  la  the  predominant  factor  In 

ub  tei  taiuin^  uit  iuj  uu «s  «nu  putfiLiun  u£  cnc  ruunanc  whipping.  ho  rigid  otruy 

modes  were  detected,  probably  becauae  the  bearing  atlffneea  wee  high  compered 
with  rotor  itiffnesa.  thua ,  the  bearings  contribute  little  to  determining  the 
location  of  the  whirl  threahold  apeed,  but  the  type  of  bearing  uaed  determine* 
whether  whipping  will  appear  or  not.  Pinkua  alio  noted  that  higher  vlacoaity 
oils  tended  to  eliminate  whipping.  Other  inveatigatora  (notably  Newkirk  and 
Lewis),  found  the  reverse.  It  seems  that  both  results  could  be  correct  ae  the 
Sommerfeld  Number  and  the  spring  and  damping  properties  are  the  rtal  parameters 
to  be  considered.  It  was  confirmed  chat  reduced  oil  flow  eliminates  whipping. 

This  induce*  long  operating  vlacoaity,  as  does  a  higher  clearance  bearing  which 
alio  diminlahes  the  tendency  to  whirl.  Lewia  and  Pulton  (Kef. 112)  considered 
flexible  rotor*  end  confirmed  the  higher  damping  of  a  more  viacoua  oil  in  thla 
ceae,  but  not  the  disappear ence  of  whipping  at  3.6  times  critical  apeed. 
Instability  always  occurred  at  approximately  twice  critical  epeed.  This  Is 
probably  due  to  near-constant  bearing  stiffnesa  proper tie*  in  thla  Instance. 
Newkirk  (Ref.  58)  surveyed  the  available  information  on  Journal  bearing  in¬ 
stability  at  that  time,  and  compared  the  Pittkue  end  Lewie-Fulton  reeulta.  The 
conclusions  drawn  by  him  are  valid',  except  that  half-frequency  whirl  and  raaonant 
whipping  are  both  instability  phenomena  of  which  resonant  whipping  is  austalnad 
at  the  system  bending  critical  speed  with  flexible  rotors  because  of  the  inherent 
tendency  for  the  system  to  whirl  at  this  speed.  The  doubtful  suggestion  regarding 
half -frequency  whirl  being  damped,  end  resonetit  whipping  being  stimulated  by 
higher  oil  viscosity  is  opposed  to  Pinkus1  result.  Further  investigation  would 
be  needed  to  clarify  the  situation  regarding  the  effect  of  oil  temperature  on 
rotor  bearing  stability. 

The  need  for  accurate  data  to  predict  the  performance  of  higher  speed  ges  bear¬ 
ings  led  to  a  large  number  of  investigations  on  the  stability  of  rotors  on  com¬ 
pressible  fluid  films.  In  this  case,  the  lubricant  film  is  continuous  (no 
cavitation),  but  the  compressible  Reynolds'  equation  is  non-linear.  Static 
properties  for  the  cylindrical  bearing  were  obtained  by  Auaman  (Refs .113  and  114) 
first  by  a  perturbation  technique  applicable  to  small  eccentricities,  and  sec¬ 
ondly  by  the  'linearited  ph'  method  which  allowed  larger  eccentricities  to  be 
considered.  Elrod  end  Burgdorfer  (Ref. 115)  refined  the  perturbation  method  by 
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using  an  end-flow  (actor.  Raimondi  and  Boyd  (Ref. 116 >  and  Starnllcht  (Ref. 117) 
used  a  mmerleal  finite  difference  method  and  obtained  an  Iterative  eolutlon. 

Tb.  I;  llic  ■livdiiagie  that  (1)  cne  iteration*  can  be  continued  to  give 

results  of  any  deaired  accuracy,  and  (2)  the  Iterative  prograa  1*  directly  appll- 
cable  to  bearing  geometries  other  than  plain  cylindrical.  On  the  other  hand,  the 
computing  time  required  to  do  thl*  1*  considerable,  Each  of  theae  method*  ha* 
given  reault*  for  load  capacity,  eccentricity,  attitude  engle,  end  friction 
force . 


The  limiting  factor  in  the  use  of  gas  bearings  in  high  speed  applications  is  half¬ 
frequency  whirl  stability  of  the  journal  with  the  bearing.  In  most  application* 
the  whirl  threehold  speed  represents  an  upper  limit  for  spaed  at  which  tha  rotor 
may  be  operated,  as  half-frequency  whirl,  once  esteblished,  rapidly  leads  to 
failure  of  the  bearing  by  leisure.  In  order  to  predict  the  whirl  threshold 
speed,  data  on  the  dynamic  bearing  properties  la  required.  This  data  is  needed 
to  prepare  specific  bearing  designs,  and  to  compare  the  suitability  of  one  bearing 
type  with  another,  for  a  given  application.  Sternlicht  (Ref . lift  analysed  the 
cylindrical  bearing  using  e  "quasi-etatlc"  method  of  solution  which  wsj  an  exten¬ 
sion  of  the  numerical  finite-difference  method  employed  in  Ref.  (117).  The 
compressible  Reynolds  equation  for  dynamic  loading  and  isothermal  conditions  is: 


h  [ph3f?  ]■ 6  *  r3  [  r 


2Vp  +  2h 


The  last  term  on  the  right-hand  side  of  this  equation  comes  from  the  continuity 
equation  and  represents  the  non-steady  flow  term.  Sternlicht's  analysis  neglects 
this  term  on  the  grounds  that  lc  exerts  little  effect  on  the  phase  angle  between 
restoring  force  and  displacement,  end  its  inclusion  greatly  complicates  the 
analysis  by  introducing  another  parameter  for  evaluation.  The  fluid-film  force 
is  a  function  of  five  parameters:  e,  e',  L/D,  A  and  Q 1 ,  where  e'  is  the  time- 
derivative  of  eccentricity,  and  G1  is  the  dimensionless  tangential  velocity 
(a/co) .  Results  were  obtained  for  the  dimensionless  force  derivatives 
(dfr/de),  (dft/dc) ,  (Sfr/Se')  and  (dft/de1)  with  respect  to  displacement  and 
velocity  for  ranges  of  e,  L/D  and  A 


The  time-dependent  term  (dp/9t)  requires  that  the  rotor  dynamic  motion  be  con¬ 
sidered  in  any  rigorous  solution  to  this  equation.  Sternlicht's  quasi-static 
analysis  neglects  this  term  thus  uncoupling  the  lubrication  equation  from  the 
rotor  equations.  A  method  for  uncoupling  these  equations  without  ignoring  the 
time-dependent  effects  has  been  given  by  Pan  (Ref.  119  by  assuming  that  the  time- 
dependence  of  p  originates  from  the  rotor  motion.  By  supposing  that  the  steady 
state  Reynolds'  equation  has  already  been  solved  such  that  for  each  L/D  and 
steady-state  film  thickness  H^: 

Pq  =  (4,  0,  e,  iVf)  £>  9:  dimensionless  rotating  coordinates 

The  time-dependent  effects  may  be  considered  by  a  linear  perturbation  upon  Pq 

and  H  ,  thus: 

o 

P  (4,  9,  t)  =  P^  (4,  0)  +  P'  (4,  9,  t)  t:  dimensionless _time 

h  (4,  0,  T)  -  Hq  (4,  0)  +  H'  (4,  0,  T) 

This  formulation  expresses  the  dynamic  fluid-film  pressure  as  a  linear  expansion 
with  respect  to  the  radial  squeeze- film  velocity  and  the  angular  whirl  accelera¬ 
tion  and  their  time  derivatives.  Charts  of  these  forces  vs  A*1  accompany  this 
work  suitable  for  calculation  of  dynamic  bearing  performance  and  rotor  dynamic 
analysis . 

The  general  problem  of  stability  of  rotors  in  bearings  was  investigated  by 
Sternlicht ,  Poritsky  and  Arwas  (Ref. 120).  Starting  from  the  assumption  that  the 
hydrodynamic  bearing  forces  are  functions  of  the  position  and  velocity  vectors 
of  the  shaft  center,  and  by  treating  these  forces  as  constant  during  a  small 
displacement,  these  authors  obtained  stability  criteria  in  terms  of  the  force 
derivatives  with  respect  to  displacement  and  velocity  for  small  amplitude 
motions  about  an  equilibrium  operation  position.  The  method  developed  applies 
to  both  compressible  and  incompressible  lubricants  for  any  bearing  type  for 
which  the  force  derivatives  are  available.  Both  rigid  and  flexible  rotors 
were  considered.  For  small  motions,  the  radial  and  tangential  forces  and  their 
derivatives  were  obtained  as  functions  of  €,  e'  and  L/D.  The  determinantal 
equation  of  motion  was  obtained  and  examined  for  conditions  under  which  the 
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coaplex  frequency  V  la  a  pure  Imaginary  number.  Thi*  indicates  a  change  from 
a  nagacive  (acable)  exponent  to  poaltiva  (unstable)  exponent  in  the  rotor 
amplitude,  e  Thia  analyaie  la  alvan  in  the  following  tieHen  rm  Atahi'Htv 

—  —  —  j 

of  Small  Hotlona .  Equating  the  real  part  and  the  imaginary  pert  of  the  atabillty 

determinant  in  turn  to  zero  allow*  the  threahold  apeed  ratio  S  -  o/c »  to  be 

c 

obtained,  where  u>c  la  the  critical  apeed  of  the  aimple-aupported  rotor.  Tabu¬ 
lated  data  for  the  incoopreeeible  caae  in  terae  of  eccentricity  ratio,  plain 
bearlnga  and  whirl  apeed  ratio  la  given.  Thia  la  ihown  in  Table  5.01  .  The 
whirl  apeed  ratio  ie  shown  also  in  Tbbls  5,01,  A  procedure  for  examining  the  shaft 
center  locua  for  large  displacement  motions  of  a  massless  rotor  is  also  included, 
together  with  experimental  verification  of  the  small  motion  stability  theory. 


Rentzepia  and  Sternllcht  (Raf.LM.)  investigated  the  condition#  under  which  the 
center  of  a  rigid  rotor  will  remain  undisplaced  from  the  equilibrium  position, 
during  sheft  rotation.  To  determine  the  stability  bounds,  the  variational 
equations  of  motion  were  used.  Theaa .equmtiona  are  obtained  by  aubatituting 
for  the  dependent  variablea  radial  displacement  u  and  angular  poaitlon  *  of  tha 
shaft  center  the  terma  (4q  +  6u)  and  ($o  +  Bd) ,  to  obtain  the  variational 
equation  of  motion.  If  the  motion  of  the  shaft  center  in  rotating  coordinates 
is  governed  by 


$  e 


i* 


({ -  in  +  i<2<*  +  4 «) 


where 
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i 


♦»  to 
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The  variational  equations  of  motion  are: 


mBu  -  Bu  -  (®»  +  m*  )8u 

?u  ?u  o 


+  2m4o*0)6* 


+  +  w  cos  »^)5a  -  4^  (5.31) 

(2m*0  '  %)5a  +  <“v0  -  +  “«0B*  +  <2»«0  - 

-  (^  +  w  sin  *o)B*  -  ♦  Bco  (5.32) 
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These  equations  are  linear,  and  using  data  from  the  known  "equilibrium"  case, 
the  equations  may  be  solved  for  the  variational  displacements  5u  and  5$ .  The 
stability  regions  bounded  by  families  of  load-carrying  capacity  and  operating 
eccentricity  curves,  as  shown  in  Figure  5.14  ,  were  obtained  using  the 

Routh  criterion  for  the  quasi-static  equilibrium  case  of  a  gas-lubricated 
cylindrical  bearing.  They  show  that  a  minimum  zone  exists  in  the  stability 
curves  corresponding  amongst  other  things  to  the  worst  clearance  ratio,  at 
which  the  stability  is  a  minimum.  This  conclusion  is  supported  by  experimental 
evidence;  see  Sternlicht  and  Winn  (Ref  122). 

Castelli  and  Elrod  (Ref, 12 3)  performed  an  analysis  in  which  the  equation  of 
motion  for  the  rigid  rotor  and  the  cimpressible  Reynolds'  equation  including 
time-dependent  effects  were  simultaneously  integrated  on  a  digital  computer  to 
determine  the  rotor  orbital  path.  The  stability  or  instability  of  particular 
cases  were  established  from  the  growth,  stabilization  or  decay  of  the  .orbit. 
With  assumed  initial  conditions  for  both  the  rotor  motion  and  the  fluid-film 
pressure,  the  influence  of  incremental  displacements  on  the  rotor  equations  and 
then  on  the  fluid- film  properties  were  calculated  to  provide  data  for  the  next 
incremental  change.  The  bearing  considered  was  an  infinitely  long  plain 
cylindrical  bearing,  and  the  Elrod-Sergdorfer  (Ref. 115)  data  was  used  fer  the 
equilibrium  position  about  which  the  perturbations  were  initiated.  This  analy¬ 
sis  is  the  most  complete  solution  yet  attempted.  It  provides  a  basis  against 
which  the  efficacy  of  other  methods  may  be  evaluated,  but  for  the  infinite 
bearing  only.  The  monumental  computational  labor  involved  makes  it  unsuited 
for  general  use.  Comparison  of  this  method  with  other  theoretical  results  and 
with  experimental  data  is  given  by  Pan  and  Sternlicht  (Ref. 124);  see  later. 

Cheng  and  Trumpler  (Ref. 125)  employed  Galerkin's  method  to  solve  the  non-linear 
Reynolds'  equation  with  time-dependent  effects  included.  This  method  reduces 
the  partial  differential  equation  in  ^phj  t0  a  set  first-order  ordinary 
differential  equations  which  may  be  used  quite  readily  with  the  dynamical 
equations  of  rotor  motion  to  examine  the  stability  of  the  system.  This  was 
done  on  an  analog  computer  for  the  inf initely- long  plain  cylindrical  bearing. 

The  results  gave  the  threshold  speed  for  instability  for  each  equilibrium  opera¬ 
tion  position,  and  are  presented  in  the  form  of  a  stability  chart,  Figure  5.15. 
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In  addition,  approximate  particular  solutions  for  the  non-linear  dynamical 
equations  were  obtained  as  trajectories  of  the  journal  center  when  it  is 
displaced  arbitrarily  from  the  equilibrium  position.  A  significant  advantage 
of  this  technique  lies  in  the  generality  of  the  results  for  the  equilibrium 
position  which  are  formulated  as  a  series  with  variable  coefficients,  particular 
values  of  which  may  be  obtained  in  many  cases.  By  comparison,  numerical  results 
give  data  for  one  case  and  set  of  conditions  only  in  each  calculation.  This 
technique  was  extended  by  Cheng  and  Pan  (Ref.  126)  to  the  case  of  finite  plain 
cylindrical  bearings,  but  as  indicated  by  Ng  (Ref. 12 7)  the  accuracy  of  approxi¬ 
mation  diminishes  for  certain  combinations  of  A  and  L/D.  Other  bearing  configura¬ 
tions  may  also  be  Investigated,  for  which  a  representative  j^phj  function  can  be 
deduced.  A  stability  chart  is  given  in  Figure  5.16  and  comparison  with  the 
results  of  other  theories  is  given  in  Figure  5.17. 

Ausman  (Ref.  128)  again  used  the  linearized  j^phj  method  to  investigate  the 
stability  of  a  rigid  rotor  in  infinitely  long  plain  cylindrical  bearings.  This 
method  has  the  advantage  of  simplicity  without  overlooking  the  ti'.t -dependent 
effects  of  the  fluid-film  pressure,  and  so  may  also  be  used  to  study  other  bearing 
types,  and  more  complex  bearing-rotor  systems.  The  analysis  leads  to  a  six 
degree  stability  polynomial  which  may  be  solved  for  the  complex  eigenfrequency 
a.  The  coupled  linearized  £phj  method  was  further  applied  by  Ng  (Ref. 12  7)  for 
finite- length  plain  cylindrical  bearings.  Due  to  the  lengthwise  pressure  varia¬ 
tion,  the  characteristic  equation  is  transcendental  in  the  eigenfrequency,  and 
the  Routh-Hurwitzmethod  may  no  longer  be  applied  to  determine  the  stability 
threshold.  The  problem  is  to  determine  the  whirl  frequency  ratio  such  that  a 
single  mass  parameter  will  satisfy  both  the  real  and  imaginary  parts  of  the 
characteristic  polynomial,  for  a  given  combination  of  compressibility  number, 

L/D  ratio,  and  eccentricity  ratio.  An  initial  guess  is  made,  and  the  approxima¬ 
tion  leads  to  a  residual.  The  residual  is  then  minimized.  The  results  given 
contain  data  on  the  stability  threshold.  Comparison  with  other  analysis  is 
given  in  Figure  5.18,  and  with  experimental  results  in  Figure  5.19.  A  paper 
devoted  to  comparison  amongst  analyses,  and  with  experimental  results  was  given 
by  Pan  and  Sternlicht  (Ref. 124). 

An  excellent  set  of  experimental  results  for  plain  cylindrical  bearings  are 
given  in  Sternlicht  and  Winn  (Ref. 122).  These  results  confirmed  the  conclusion 
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that  a  clearance  exists  for  each  bearing  design  which  gives  a  minimum  whirl 
threshold  speed. as  predicted  by  Rentzepis  and  Sternlicht  (Ref. 121),  and  also 
indicated  that  threshold  speed  increases  with  increase  in  rotor  mass,  and 
almost  linearly  with  applied  load.  Another  experimental  investigation  was  mac.; 
by  Sternlicht  and  Winn  (Ref. 122)  concerni,™  the  influence  of  bearing  geometry 
a  half- frequency  whirl  threshold  and  on  load  capacity  and  attitude  angle. 

Bearing  types  tested  were:  plain  cylindrical  with  central  orifice;  axial  groove 
bearings;  axial  groove  bearing  with  orifices.  It  is  shown  that  both  the  nature 
and  angular  position  of  the  geometry  change  have  a  significant  effect  on  the 
whirl  threshold.  The  paper  mentions  that  the  pressure  of  an  orifice  or  groove 
(correctly  positioned)  will  raise  the  whirl  threshold.  This  effect  is  then  the 
same  as  the  non-whirling  bearing  of  Newkirk  and  Grobel  (Ref.  56).  Ho  comparison 
between  whirl  threshold  for  plain  bearings  and  for  modified  bearings  is  given. 
Grooved  bearings  were  also  studied  experimentally  by  Fisher,  Cherubim  and  Fuller 
(Ref. 130)  as  part  of  a  development  for  highly  stable  bearing  types  for  turbo¬ 
machinery  systems.  Static  performance  data,  unbalance  effects  on  rigid  rotors, 
whirl  instability,  bearing  viscous  damping,  and  pneumatic  hammer,  and  orifice 
effects  were  investigated  for  hydrostatic  and  hydrodynamic  operation.  Other 
studies  on  grooved  plain  bearings  by  Whitley  and  Betts  (Ref. 131)  also  indicated 
that  whirl  stability  is  improved  by  the  pressures  of  a  groove,  and  that  the 
groove  does  not  affect  the  load  capacity.  The  effect  of  variation  in  transverse 
inertia,  L/D  ratio,  clearance  and  gas  viscosity  on  conical  whirl  threshold  was 
determined  experimentally.  A  basic  experimental  study  of  the  whirling  of  a 
plain  unloaded  cylindrical  journal  within  the  clearance  of  a  vertical  oil  bearing 
has  been  made  by  Bowman,  Collingwood  and  Midgely  (Ref s .  132  and  134) .  Curves  of 
whirl  threshold  and  growth  are  given  in  the  first  report,  and  in  the  second  the 
stability  characteristics  of  a  full  bearing  which  operates  with  Taylor  vortex 
flow  were  studied.  It  is  claimed  that  the  whirl  threshold  speed  in  the  majority 
of  cases  was  many  times  the  natural  frequency  of  the  shaft  journal  assembly. 

In  Ref.  132,  this  was  determined  experimentally,  in  air.  Neglecting  the  contri¬ 
bution  of  the  fluid-film  stiffness  and  damping  at  operating  speed  would  readily 
account  for  this  difference.  A  considerable  decrease  in  stability  threshold 
speed  was  found  for  operation  with  Taylor  vortex  flow.  Static  and  dynamic 
characteristics  of  plain  cylindrical  bearings  in  the  turbulent  range  were 
investigated  by  Arwas ,  Sternlicht  and  Wernick  (Ref.  12).  Load  capacity, 
attitude  angle  and  fluid-film  stiffness  results  are  presented  for  the  infinite 


bearing,  corrected  for  end  leakage.  Data  on  damping  capacity  are  required 
for  accurate  dynamic  analyses  of  turbulent  bearing  systems.  Ic  was  noted  that 
load-carrying  capacity,  radial  stiffness,  and  power  loss  were  higher  with 
turbulent  flow  than  with  laminar  flow. 


Synchronous  Whirl 

The  unbalance  response  of  a  rigid  rotor  in  gas  bearings  has  received  relatively 
little  attention.  This  problem  is  less  important  than  the  half-frequency  whirl 
problem  as  in  most  cases  it  can  be  eliminated  by  gopd  balancing  practice. 
However,  ,'n  applications  such  as  certain  centrifuges  where  machine  operation 
involves  frequent  reassembly  after  cleansing,  good  balance  is  difficult  to 
maintain,  and  synchronous  whirling  of  the  rotor  in  its  bearings  may  then  con¬ 
stitute  a  problem.  Sternlicht  and  Pan  (Ref. 134)  considered  the  translatory 
whirl  of  a  vertical  rotor  in  plain  cylindrical  bearings.  Using  the  steady  whirl 
approximation  and  removing  the  time-dependence  effect  by  coordinate  transforma¬ 
tion,  the  form  of  Reynolds'  equation  for  this  case  is  then  identical,  with  the 
static  Reynolds'  equation,  when  the  compressibility  member  A  is  replaced  by 

A*  =  A  (1  -  —  ) 

0) 


where  a  is  the  angular  speed  of  the  whirl.  Steady  whirl  analysis  is  then  used 
to  determine  the  synchronous  whirl  motion.  Both  quasi-static  and  first-order 
perturbation  analyses  lead  to  incorrect  results  in  this  application.  For  the 
bearing  geometry  shown  in  Figure  5.20,  the  equations  of  dynamical  equilibrium 
are 


F  =  m 
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The  fluid  film  forces  in  the  radial  and  tangential  directions  are  given  by 
L/2  2k 
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where  p  is  determined  by  the  generalized  Reynolds’  equation.  Results  indicating 
the  variation  of  attitude  angle  between  fluid-film  force  and  maximum  film  thickness 
with  A  are  given  and  are  correlated  with  experimental  results.  The  results 
also  show  that  the  radial  film  force  decreases  to  zero  when  the  whirl  frequency 
is  half- ictational  speed,  even  for  a  well  balanced  rotor.  Half-frequency  whirl, 
being  thus  independent  of  rotor  balance,  may  not  be  eliminated  by  good  balancing 
practice.  This  analysis  neglects  the  damping  properties  of  the  gas  film,  and 
so  whirl  orbit  amplitude  is  not  considered.  This  has  been  done  by  Sterniicht 
and  Elwell  (Ref. 135).  Steady  whirl  analysis  is  again  employed,  solving  for  the 
case  of  dimensionless  whirl  velocity  a'  =  (6i/a>)  =  1.0  by  a  numerical  iterative 
procedure,  with  Reynolds'  equation  expressed  in  finite  difference  form.  Using 
the  curves  of  Figure  5.21  the  amplitude  and  phase  angle  of  a  given  rotating 
unbalance  may  be  calculated.  A  comparison  between  theoretical  and  experimental 
results  is  given  in  Figure  5.22.  The  results  confirm  that  plain  cylindrical 
bearings  with  good  alignment  are  able  to  carry  significant  dynamic  loads,  and 
that  unbalance  in  a  rotor  leading  to  synchronous  whirl  tends  to  suppress  half¬ 
frequency  whirl. 


Hydrostatic  Bearings 

Rotating  shafts  are  frequently  supported  in  hydrostatic  gas  journal  bearings 
and  where  high  speeds  arc  involved,  the  contribution  of  the  hydrodynamic 
pressures  thus  generated  must  be  evaluated  where  bearing  stability  is  important. 
The  static  properties  of  hydrostatic  bearings  have  been  studied  by  Heinrich 
(Ref.  136),  while  Lund  (Ref.  7  ),  has  considered  both  static  and  dynamic 
performance  of  a  hybrid  bearing.  The  bearing  considered  is  shown  in  Figure  2.13. 
Additional  load-carrying  capacity  is  generated  by  harmonic  vibrations  of  the 
journal,  i.e.,  by  the  squeeze-film  effect.  This  is  important  in  determining 
the  dynamic  stiffness  for  use  in  critical-speed  and  unbalance  response  calcula¬ 
tions,  and  also  for  resonant  frequency  analyses  of  stationary  machines.  The 
vibratory  motions  considered  are  around  the  concentric  journal  position,  and  is 
either  a  pure  translation  or  a  pure  rotation  around  the  transverse  axis.  The 
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Reynold* '  equation  is  linearized  by  a  first-order  perturbation  around  e  *  c, 

and  the  resulting  equations  are  solved  numerically.  Values  of  dimensionless 

2 

load  Wjj/P^(L  +  L^)  D«  and  dimensionless  moment  M^/P^L.  +  L^)D  (R/C)a  are  given 
from  which  the  corresponding  dynamic  translatory  and  rotational  stiffness  may  be 
obtained.  Sample  curves  are  given  in  Figure  5.23  and  5.24. 

Iarson  and  Richardson  (Ref.  131)  presented  experimental  data  for  the  threshold 
of  whirl  stability  for  a  short  unloaded  rigid  rotor  in  hydrostatic  compensated 
gas  bearings.  The  effect  of  supply  pressure  and  radial  clearance  on  stability 
were  examined.  An  analysis  of  rotor  motions  is  given  which  leads  to  simple 
stability  criterion  for  f he  type  of  bearing  studied.  Whirl  instability  was 
observed  where  the  frequency  of  rotation  of  the  shaft  ley  betveen  tvo  and  alx 
time*  the  lowest  natural  frequency  of  the  rotor-bearing  system.  Gross  (Ref. 138) 
examined  whirl  in  externally  pressurized  bearings,  and  gave  some  experimental 
data  for  dynamic  characteristics  such  as  film  stiffness  and  damping.  Rotor 
amplitude  speed  response  up  to  the  stability  threshold  are  given.  The  form  of 
these  curves  differs  from  that  obtained  by  Larson  and  Richardaon  (Ref. 137),  ae 
here  no  critical  speed  r\eak  is  apparent.  Thia  may  be  due  to  better  balancing 
or  to  the  onset  of  whirl  occurring  below  the  rotor-bearing  critical  speed. 

A  simple  analysis  for  stability  threshold  speed  Is  presented,  and  correlated 
quite  well  with  the  experimentally-obtained  threshold  data.  It  was  found  that 
tha  whirl  path  was  usually  stable,  but  the  whirl  amplitude  increased  rapidly 
with  speed.  The  threshold  for  any  given  supply  pressure  occurred  at  about  twice 
the  lowest'  critical  speed  of  the  non-rotating  system,  for  film  stiffness  c  ■  o. 
Factors  which  raised  the  threshold  apeed  were  increased  pressurization,  reduced 
rotor  mass,  and  to  some  extent,  rotor  unbalance.  This  latter  effect  has  been 
noted  with  hydrodynamic  bearings,  by  Stsrnlichf  (Ref.) 134). 

An  extensive  analytical  and  experimental  study  of  hydrostatic  gas  bearing 
stability  has  been  made  by  Llcht  and  Elrod  (Ref.  140).  Pressure  variation  with 
time  during  the  motion  is  assumed  on  a  "continuous"  rather  than  a  "lumped" 
basis  in  in  attempt  to  evaluate  the  squeeze-film  affect  arising  from  vibration 
more  accurately.  Attention  is  giver,  to  the  bearing  proportions  which  should  be 
optimized  a>  follows  for  stability: 
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Minimize: 


Pocket  depth;  difference  between  supply  and  recess  pressure 
Effective  mass  of  bearing. 

Maximize  :  Supply  nozzle  diameter;  length  of  annulus;  area  ratio  of 
annular  and  pocket  regions. 

These  results  are  in  agreement  with  those  of  the  analysis  given  in  Section  8. 
Other  studies  of  stability  in  both  rotating  and  non-rotating  bearings  have  been 
given  by  Roudebush  (Ref. 140),  Licht,  Fuller  and  Sternlicht  (Ref. 142),  and  on 
pneumatic  hammer  by  Licht  (Ref. 142)  and  by  Fisher,  Cherubim  and  Fuller  (Ref. 130). 

Whirling  of  a  Flexible  Rotor  in  Fluid-Film  Bearings 

Much  of  the  work  described  in  the  previous  section  contains  commentary  on 
whirling  of  flexible  rotors  in  fluid- film  bearings,  particularly  where  the 
results  are  directed  towards  the  condition  known  as  resonant. whipping.  *ln 
general,  flexible  rotors  become  unstable  by  resonant  whipping  above  twice  the 
system  critical  speed  in  bending,  whereas  rigid  rotors  in  flexible  bearings 
become  unstable  in  half- frequency  whirl.  ^’The  whirl  frequency  in  resonant 
whipping  is  constant  and  occurs  at  the  system  bending  critical  speed,  whereas 
ha If- frequency  whirl  occurs  at  somewhat  less  than  half  the  rotational  speed. 

This  may  be  observed  in  the  experimental  results  given  by  Pinkus  (Ref. Ill) 
and  by  Newkirk  (Ref. 109). 

Hagg  (Ref.  71)  extended  his  simple  criterion  of  rigid  rotor  whirl  motions  to 
cover  the  influence  of  rotor  flexibility.  The  analog  results  of  Hagg  and  Warner 
(Ref.  72)  refer  to  the  stability  of  flexible  rotors.  Poritsky  (Ref. 104)  con¬ 
sidered  the  rotor  flexibility  in  deriving  his  criterion  for  whirl  threshold 
speed 

1  +  k/K.(cn) 

m  <  2%  lVk/~K>  )  (5‘35) 

I  o 

where  k  is  the  shaft  stiffness  (constant)  and  K^(cn)  is  the  bearing  radial 
stiffness  (speed  dependent).  Pinkus  (Ref. Ill)  considered  two  rotors  in  which 
shaft  flexibility  significantly  influenced  rotor  motions,  and  Newkirk  (Ref . 109) 
concluded  that  rotor  flexibility  was  the  key  factor  in  determining  whether  a 
rotor  would  become  unstable  by  resonant  whipping  or  by  half-frequency  whirl. 
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These  papers  have  been  discussed  in  detail  in  the  previous  section. 

In  gas  bearings  the  rotor  is  customarily  so  rigid  that  the  bearing  stiffness 
associated  with  the  operating  eccentricity  determines  the  whirl  threshold  speed, 
and  leads  to  some  type  of  fractional  frequency  whirl,  depending  on  whether  the 
bearing  is  hydrostatic  or  hydrodynamic.  In  this  instability,  the  amplitude 
readily  becomes  dangerously  large  and  safe  operation  beyond  this  threshold 
speed  is  usually  impossible.  With  liquid  bearings  half-frequency  whirl  may  be 
encountered  in  lightly  loaded  bearings  even  where  the  shaft  flexibility  is 
comparable  to  the  bearing  flexibility.  This  effect  was  observed  by  Newkirk 
(Ref. 109).  It  does  not  necessarily  constitute  a  limiting  condition  for  rotor 
operation  although  failures  of  rotors  in  liquid  film  bearings  due  to  half¬ 
frequency  whirl  are  not  uncommon.  The  resonant  whipping  condition  sets  in  at 
speeds  around  twice  the  rotor  critical  speed.  In  certain  instances  speed 
effects  stiffen  the  bearings  between  critical  speed  and  twice  critical  speed. 

The  resonant  whip  threshold  speed  will  then  be  higher  than  twice  critical  speed. 

Poritsky's  work  emphasized  the  need  for  data  on  the  dynamic  fluid-film  forces 
instability  calculations.  This  data  was  first  obtained  for  the  plain 
cylindrical  bearing  and  then  for  other  bearing  types,  as  discussed  previously. 
With  this  data,  and  with  the  concurrent  developments  in  computer  applications 
to  rotor  and  bearing  problems  plus  increased  understanding  of  the  overall 
problem,  it  became  possible  to  investigate  the  stability  of  much  more  complex 
rotor-bearing  systems.  The  stability  analysis  of  Sternlicht,  Poritsky  and 
Arwas  (Ref. 120)  applies  to  flexible-rotor,  flexible-bearing  systems,  but  for 
a  simple  single-mass  rotor.  The  results  obtained  are  reproduced  in  Table  5.01. 
No  stability  charts  accompany  this  paper;  Moreover,  the  formulation  of  the 
stability  equation  in  terms  of  force  derivatives  of  velQcity  and  displacement 
is  inconvenient  for  direct  application  to  engineering  calculations;  —-Recognizing 
this,  Lund  (Ref.  35  )  elegantly  reformulated  the  basic  stability  equations  for 
a  two-mass  rotor,  following  the  analysis  of  Warner  and  Thoman  (Ref .  33  ),  in 
terms  of  the  bearing  spring  and  damping  coefficients.  Later,  Lund  (Ref.  75  ) 
extended  the  two-mass  rotor  analysis  to  include  the  effect  of  pedestal  mass, 
stiffness,  and  damping.  An  extensive  range  of  results  and  stability  charts 
are  included  with  this  work  for  gas  bearing  applications,  although  the  analysis 
itself  is  perfectly  general  and  applies  to  both  liquid  and  gas  bearing  systems. 
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The  analyses  given  in  the  r:  parts  of  this  section  which  follow  are  derived 
from  the  above  four  papers. 

Warner  and  Thoman  (Ref. 33  )  included  a  stability  chart  with  their  analysis 
of  the  rotor  dynamic  properties  of  a  two-mass  rotor  in  partial-arc  bearings. 

This  was  obtained  by  direct  application  of  the  Routh-Hurwitz  criterion  to  the 
basic  equations  of  motion.  This  approach  is  equally  applicable,  in  any  of  the 
other  cases  quoted  above,  but  becomes  extremely  complex  when  the  number  of 
variables  in  the  system  is  large,  or  when  the  characteristic  equation,  resulting 
from  the  solution  to  the  equations  of  motion, is  of  high  order.  In  such 
instances,  it  is  usually  more  convenient  to  apply  Poritsky' s  approach  of 
examining  the  nature  of  the  time-exponent  in  the.  solution  to  the  equations  of 
motion.  The  application  of  this  technique  has  been  further  discussed  in  the 
section  on  Whirling  of  a  Rigid  Rotor,  and  is  given  in  detail  in  the  following 
section. 

The  above  analyses  have  led  to  a  solution  of  the  stability  program  in  flexible 
rotors  which  is  direct  and  readily  applied.  The  limitations  of  this  solution 
are  that  it  applies  to  small  amplitude  motions  about  an  equilibrium  position, 
and  not  to  large  amplitude  motions  where  the  velocity  and  damping  coefficients 
are  no  longer  constant  and  the  motions  are  non-linear.  In  addition,  although 
the  analysis  indicates  when  rotor  whirl  may  be  anticipated  and  the  frequency 
at  which  it  will  take  place  as  yet  it  is  not  possible  to  determine  whether  the 
whirl  orbit  of  a  rotor  operating  its  stability  threshold  is  either  stable  or 
unstable.  It  is  well  known  that  rotors  in  liquid  film  bearings  can  be  operated 
at  many  times  the  system  bending  critical  speed,  under  resonant  whip  conditions, 
without  failing  the  bearings.  But  at  present,  it  is  not  possible  to  design 
for  safe  operation  in  this  condition,  because  data  on  the  stability  of  the 
whirl  orbit  is  lacking.  Castelli  and  Elrod  (Ref. 123)  studied  the  conditions 
surrounding  the  growth  or  decay  of  a  whirl  orbit  for  a  rigid  rotor  in  gas 
bearings,  by  a  point-by-point  amplitude  solution  for  the  coupled  rotor  and 
bearing  equations.  As  noted,  the  labor  involved  was  enormous,  and  this  method 
is  unsuited  to  general  design  practice.  The  equations  of  motion  for  large 
amplitude  whirl  have  been  formulated  by  several  Investigators,  Poritsky  (Ref.  104) 
Sternlicht,  Poritsky  and  Arwas  (Ref.  120)  and  others.  More  recently,  the 
stability  of  a.  balanced  flexible  shaft  in  cylindrical  journal  bearings  was 
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studied  by  Someya  (Ref. 143)  in  which  the  non-linear  terras  were  retained  in  the 
equations  of  motion.  The  equations  were  then  integrated  numerically  by  the 
Runge-Kutta  method,  for  rotor  amplitude  whirl.  The  rotor  was  given  an  initial 
displacement  and  the  subsequent  orbital  motion  of  both  rotor  and  journal  were 
obtained.  The  results  showed  that  at  speeda  above  twice  critical  some  form  of 
'external'  damping  (assumed  proportional  to  the  velocity  of  the  rotor  center, 
squared)  must  exist.  The  practical  source  of  this  damping  is  not  stated. 
Results  are  given  for  the  amplitude- speed  growth  of  the  whirl  orbit  below  and 
above  the  threshold  of  resonant  whipping  for  a  number  of  cases.  The  non-linear 
calculation  indicated  that  instability  could  exist  above  twice  critical  speed 
even  though  the  linear  analysis  predicted  stable  operation.  The  results 
obtained  by  Huggins  (Ref . 107)  for  a  rigid  rotor  in  short  bearings  also  included 
the  non-linear  influences  of  the  fluid-film.  This  analysis  follows  the  work 
of  Jennings  and  Ocvirk  (Ref. 144)  who  employed  an  analog  computer  to  study  the 
transient  and  steady- state  whirl  paths.  This  work  revealed  that  where  (a)  a 
stable  whirl  path  was  achieved  the  orbit  ultimately  obtained  was  independent  of 
the  initial  disturbance,  (b)  orbit  size  is  not  determined  by  the  static 
equilibrium  position,  and  (c)  orbit  size  is  significantly  greater  as  the  mass 
of  the  rigid  rotor  is  increased.  Reddi  and  Trumpler  (Ref.  145)  also  studied  the 
conditions  surrounding  orbit  formation  and  growth  using  a  digital  computer  to 
solve  the  equations.  The  Routh-Hurwitz  criterion  was  used  to  investigate 
stability. 
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When  a  simple  iliicic  rotor  constating  of  a  alngla  balanced  disk  mounted  on  a 
■haft  la  oparatad  in  alaatic,  damped,  fluid-film  bearings,  the  rotor  whirl 
motions  ara  small  until  the  threshold  of  stability  of  the  rotor-nearing  system 
is  exceeded.  Let  the  rotor  be  operating  initially  with  a  journal  eccentricity 
ratio,  cQ,  under  a  steady  external  load,  such  as  gravity.  This  condition  is 
shown  in  figure  5.07.  for  the  steady  load,  the  radial  and  tangential  fluid- 
film  forces  on  the  journal  ara: 

Fr  -  -  \ufr  («0,°) 

ft  ■  Xaift  («0»o)  <3.34) 

where 

>■  ■ 


How  let  the  Journal  be  displaced  a  small  distance  d«,  da.  The  additional  forces 
which  result  from  this  displacement  are  df?  and  d?e>  Since  m  is  constant, 

K  K 

2  da  fr  •  a  Ojj-  de  +  d«') 


dfr  -  \ 


dFt  ",  \ 


3f  Sf 

•2da  ffc  +  <d  Cgjr  dc  +  -»£t  d«') 


<5.37) 


where 


a,  it  nc 

£j’  ‘f  ST-  IT  •  3T  •  3T 


ere  evaluated  at  «  ■  c  ,  c'  ■  0. 

o 


In  the  x,y  coordinates,  X  and  Y  are  the  additional  forces  resulting  from  the 
displacement.  These  forces  are  made  up  of  the  above  force  components  in  the 
radial  and  tangential  directions  together  with  contributions  from  the  directional 
changes  da,  given  by 


F  da  -  -Kut  4a 

r  r 


rt  da  -  xarf  da 


Th«  fr»  ft  era  m«1q  avaluacad  at  *Q  ,  o  for  tha  small  displacement,  Hence, 
X  -  \ 


df  a< 

-to  fr  <P  -  2  ft  d4  +  to  (jy*  da  4  — f  da ') 


.  Sf  df 

tuft  da  +  2  fr  da  "  (sr  ds  +  sr de,) 


(5.38) 


Writing  the  coup o neat*  of  the  email  displacement  In  tha  x,  y  direction*  a* 
and  measuring  a  from  tha  y-axis,  for  nail  £,  q  thare  result* 


4«  -  -3 


da 


V 


dc 1  ■  —  -  JL.  _  _L 


a  c 

o 


to  oto 

Ilia  coordinate  force  expression*  nay  tharafora  ba  written 

&£.  &£ 

t 
T 

c 


X  -  \ 


i  i  .  i  + 

€o  c  fi0  c 


““sic  +  ^  -11 


Y  -  X, 


cof  ,  2f  ; 

-JL  i  +  __S  i 

a  c  a  c 

o  o 


df  if 

^ 


(5.39) 


Tha  aquations  of  motion  for  the  rotor-baaring  aystea  about  tha  (table  equilibrium 
position  may  now  be  formed.  From  Figure  5.25  Cheae  are 


m  01  +  0  =»  -kx 

■  (y*  +  tf)  -  -ky 

kx  -  -2X 

ky  -  -2Y 


(5.40) 


where  k  i*  the  *haft  atiffne**  and  m  is  the  mas*  of  the  disk.  The  function*  f^. 
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f  and  chair  derivative*,  with  raipect  to  «  and  «',  art  all  evaluated  at 
tna  equilibrium  accantricity  ratio,  c  ,  in  keeping  with  the  awe  11  oaclllaCion 
theory  conaidered.  The  atebility  of  any  rotor 'bearing  ay a tern  way  be  deter¬ 
mined  from  a  knowledge  of  the  itaady-atete  operating  eccentricity  aa  follow*: 


Equation*  5.40  are  linear  in  the  variable*  x,  y,  f).  For  harmonic  motion* 
the  aolutlon  is  of  the  form: 


VT 

e 


in  which  v  la  a  complex,  and  *  »  ®^t;  «  -  Vk/^  ie  the  critical  apeed  of 
the  rotor  in  rigid,  undamped  bearing*.  From  the  flrat  two  equation* 


1  +  v‘ 


1  +  V* 


(3.41) 


Subatltuting  theae  value*  into  the  aecond  pair  of  aquation*  and  introducing 
the  dimanaionleaa  ratio  S  -  (®/<nc>,  where  m  i»  the  rotor  angular  velocity  at 
the  threahold  of  in*tability,  lead*  to  the  atability  determinant 

a*. 


c 

in  which 

A  - 


Sf  +  2vf  +  e  £ 
r  t  o' 


-Sft  +  2Vfr 


r  df 
sr 


S3T  +  5TJ 

df 


*<] 


nk 

2uLa: 


<£>' 


?  -  -**- 


1  +  v‘ 


(5.42) 


Aa  ®c  ^  o  for  practical  ayatem*,  thi*  may  now  be  divided  out  of  Equation  5.42. 


If  the  ayatem  la  to  be  atable,  the  real  part  of  V  muet  be  negative;  con- 
varsally,  for  dynamic  inatebility,  the  real  part  of  q  ia  positive.  Thua,  the 
threahold  of  atability  occur*  where  v  i*  a  pure  imaginary  number.  Taking 
the  imaginary  part  of  Equation  5.42,  alnce  V  o,  we  have 
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Similarly,  Caking  Che  real  part  of  Equation  5.42  and  considering  non-triviai 
solutions  for  S  yields 


But  from  Equation  5.43  , 

Cv2  -  AV2  +  C  ■  0 
Thus,  for  8  j*  o, 

S2  (fK-g)2  *  SA  (^)2  +  |  -  0  (5.45) 

Tha  threshold  of  instability  is  defined  through  this  quadratic  since  ■  Sa>c. 

In  order  to  calculate  for  any  given  system,  the  steady-state  operating 
eccentricity  ratio  c  la  first  obtained  from  static  bearing  design  consideration, 
and  then  the  radial  and  tangential  force  components  and  their  derivatives  corres¬ 
ponding  to  this  eccentricity  are  determined  for  the  particular  bearing  type 
used.  The  curves  given  in  Table  2.01  and  Ref..  (32)  may  be  used  for  the  cylin¬ 
drical  Journal  bearing.  Data  for  the  incompressible,  partial-arc  bearing  has 
been  determined  by  Warner  (Ref.  34)  .  Tiltlng-pad  journal  bearing  values  have 
been  given  by  Eagg  and  Sankey  (Ref.  73)  (incompressible)  and  Lund  (Ref.  81), 
while  the  elliptical  and  four  axial  groove  bearing  coefficients  hava  baen  ob¬ 
tained  by  Lund  and  Sternlicht  (Raf.32  ).  Subatitutlon  of  tha  appropriate 
coefficients  into  Equation  5.45  then  allova  the  instability  threshold  ratio,  S, 
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to  be  determined, 


Tha  influanca  of  fluid- film  bearing  stiffness  on  ths  critical  spsad  of  tha 
■  impla  rotor *be«riug  system  consiaerea  above  way  now  6a  dataminao.  as 
baarlng  atlffnaaa  la  a  function  of  accantriclty  ratio,  it  la  tharefora  alao 
spead-dapandant  for  any  given  arrangement.  Tha  fluid-film  atlffnaaa  is 
glvan  by 


8*1  _df 

"  2A  dc 

where  la  tha  shaft  atlffnaaa.  Recalling  that  for  a  flexible  rotor  in 
flexible  bearings 


u> 


2  _L 

14* 


whsre  coQ  is  the  rigid-bearing  critical  speed 
and  K  is  tha  shaft.  Baarlng  stiffness  ratio 


v*P 

fvsl 


Substitution  leads  to  the  expreaaion 


or 


CO 


CO 


A  /it 
1  +  S  /  de 


CO  2 

(_£) 

co 


dCr 

/ — i.) 


df 

<d r  +  !> 


(5.46) 


Subscript  r:  radial  atlffnaaa 


The  dimensionless  system  number  A  la  a  function  of  bearing  geometry,  shaft 
atlffness  and  fluid  viscosity.  Stability  properties  have  beep  examined  for 
rotor-bearing  aye tame  with  values  of  A  within  tha  range  0,1  to  100* at  operating 
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eccentricities  be tween  0.1  and  0.8,  for  cylindrical  bearing  (^)  ratio*  0.3 

and  1.0.  Tha  r**ult*  *r*  glvtn  in  Table  5.01.  Th*  result*  lndlcet*  Chet 

c 

for  low  eccentrlcitie*  instability  set*  in  at  approxlmataly  twice  the  critical 
•peed,  but  that  the  threshold  of  instability  occurs  at  higher  values  for  higher 
eccentricity  ratios.  This  conclusion  is  supported  by  data  obtained  on  actual 
machine*  and  by  experiments ,  and  discussed  in  the  literature  review  of  the 
previous  section.  The  whirl  frequency  ratio  (^)  is  also  listed  in  Table  3. 01. 
This  is  the  frequency  with  which  the  rotor  whirls  sbout  the  static  equilibrium 
position  at  the  threshold  of  instability,  expressed  as  a  fraction  of  the  three* 
hold  speed,  ritio  S,  which  related  to  ths  rigid  bssring  criticsl  speed  u>  . 

<dc  ° 

Thie  value  is  always  below  0.5,  and  is  independent  of  A.  The  ratio  —  (  aystem 

-  .  .  “o 

critical  speed:  ri^id  beating  critical  speed  t  has  also  been  calculated  for  the 
above  cases.  Illustrating  the  signiflcsnce  of  bearing  flaxibility  in  systsm 
motions. 


Vhen  Che  lnatebillty  threshold  has  been  passed,  tha  whirl  amplitudes  of  tha  ' 
rotor  lncraasa  rapidly  until  tha  whirl  frequency  coincides  with  tha  natural 
frequency  of  the  system.  This  resonance  usually  gives  rise  to  whirl  amplitudes  N 
which  are  of  such  violence  that  continued  operation  at  or  bayond  this  resonant 
spaad  is  impossible  without  damaging  Che  bearings,  or  svan  tha  rotor  itsalf. 

With  liquid-bearing  machines,  this  condition  is  referred  to  as  resonant  whipping 
end  the  rotor  flexibility  contributes  to  ths  overall  motion.  In  tha  esse  of 
gas-bearings,  tha  term  critical  half* frequency  whirl  is  used  although  the  whirl 
frequency  is  mors  frequently  soma  fraction  less  then  one-half  tha  spaed  of  ro^ , 
tation.  \ 

The  equations  developed  above  to  determine  the  threshold  of  stability  no  longer 
apply  when  the  amplitude  of  motion  becomes  large.  The  enelysle  of  motions  which 
ere  not  reatricted  to  email  displacements  from  ths  steady-stats  equilibrium 
position  has  been  discussed  for  the  simple  balanced  flexible  rotor  by  Forltsky 
(Raf.104),  Sternlicht,  Porltsky  and  Arwee  (Ref. 120),  Huggins  (Ref. 107),  Sooey* 
(Ref. 143),  end  others. 
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Stability  of  a  Tvo-Haii  tot or  with  Unbalance 


Tha  influence  of  unbalance  on  tha  stability  thraahold  la  a  question  of  eonaldarabla 
practical  importance,  aa  all  practical  rotor*  operate  with  eoasa  decree  of  un¬ 
balance,  and  all  are  aubjected  to  trenaient- initiated  displacements  away  from 
their  operatise  equilibrium  poaltiona.  Also,  where  the  normal  operatin’  apeed 
la  beyond  the  flret  eyetan  critical  apeed,  dome  knowledge  of  tha  influence  of 
higher  harmonic  motion*  on  tha  atablllty  thraahold  la  daairabla. 

Both  queationa  may  be  examined  by  considering  the  flexible,  unbalanced  two-maaa 
rotor  ahown  in  Pigure  3.29,  which  operate*  in  damped,  aleatic  fluid-film  bearing* 

with  maaaes  a  diatanca  apart  aa  ahewn.  In  this  ioveattf  etion',  the  bearing 
propartlea  ara  repraaanted  by  alght  apring  and  deeping  coefficients,  derived  in  e 
aimilar  mannar  to  the  bearing  propartiaa  of  tha  previous  aeotlon  auch  that! 

r,  -  -he*  •  V  c»‘  •  V  '  . 

ry  -  -v  •  v  ■  v  •  v  ■;  M 

Valuta  of  tha  coafflclant*  ara  glvan  in  Tabla  2.01  for  the 
cylindrical  bearing ,  alliptical  bearing,  and  four-axial  groove  bearing, 

Curvaa  for  tllting-pad  baaringa  hava  been  given  by  Bagg  end  Sankey  (Kef. 73  ) 
and  by  Lund  (Kef . 81  ).  Tha  displacement  geometry  diagram  for  this  ayataai, 
which  makes  use  of  this  formulation  la  shown  in  Figure  3.29,  The  following 
analysis  is  ganaral  and  applies  to  both  liquid  and  gat  bearings.  The  equation* 
of  motion  are: 

„  2 
°11  l  +  X1  ”  €*2  "  ail  ,ln  ^ 

Kxxx2  +  V2  +  °xx*2  +  Vz  "  an  [xl  *  €*2] 

“ll  “^1  +  yl  "  *y2  “  ail  aMJJ^  C0# 

Vi +  V2 +  cjA  +  V*  -  4U  [»,  •  ^2]  <5'47> 
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In  th*a*  aquations  th*  shaft 


a. . 


<a..  *  °.b> 


(a  -  a  . ) 

•<  *b 


influence  coefficient*  are  vri'.ten: 
1st  nod* 

2nd  mod* 


(5.48) 


vh*r*  Q  1*  Ch*  deflection  at  *  du«  to  ■  unit  fore*  at  a,  for  simple  support*  and 

a  .  1*  th*  deflection  at  a  du*  to  a  unit  fore*  at  b,  for  simple  support*.  Also, 

■o  ,  s 


5 


lat  mod* 
2nd  mode 


Lat  x^i  *2>  y.  4nd  y j  complex  dlapl*c*in«nti.  From  th«  g*n*ral  aolution  to 
equations  5.47(a)  and  5.4  7(b): 


wh*r* 


(5.49) 


Substitute  that*  axpraaalona  into  Squations  5.47(b)  and  5.47(d)  to  maka  Xj  and  Tj 
th*  unknown  variables.  Mak*  th*  resulting  equations  dim*n*lonl*as  by  intro* 
ducing  tha  paramator  groupings: 
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_ XX 

coC  ■ 
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CK 

CtoC, 

V2 

o>C  - 
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^  /  /  '^5  ?  vgl'U 

-jy  tyssi^m t 
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©Cy  ■ 


(3.30) 


(— )2 

-  *i  “«  , 

W°11  1  -  (*0 
c 


Thu*: 


[*«  -  * + 1 »c,]  [-*,  +  ■*.])  |«r  ) 

(v  *“*,]  [  *y  -  «  +  **,  ]J  I«r  j 


(5.51) 


Th*  solution  a7  corresponds  to  nail  harmonic  notion*  of  tha  rotor  where  v 

2  1 

is  tha  cotrplax  aiganva lua  and  r  ■  ©  t,  ©  *  —r —  .  Substituting  and 

■  *T,l 

writing 


;  .  cjf  Xizl? 

Wn  1‘K*t)2 


(5.52) 


wharc  y  •  (V/©)  and  a  -  (m/©c)  load*  to  tha  following  stability  datarninant. 


[*«  +  «  +  »°x]  [-' 

[*y  +  **y]  [lty  +  «  +  MCy 


K  +  7©C 

x  x 


(5.53) 


As  in  tha  case  of  the  simple  rotor,  tha  motion  is  stable  whan  tha  roots  of 
the  determinant  are  negative,  and  unstable  for  positive  roots.  The  thres¬ 
hold  of  stability  is  defined  where  the  roots,  V,  are  purely  Imaginary.  This 
leaves  *  real.  For  non-trivial  solutions,  equating  both  the  real  parts  and 
the  imaginary  parts  to  zero  yields 


K  ©  C  +  K  -  C 
Lx _ y _ y _ x. 


K  ©  C  +  K  ©  C 

X  V  V  ? 


©C  +  ©C 
X  y 


(5.54) 


(3.33) 


a>C  cd  C  -  aC  cd  C 


Subatitotisg  5.54  into  5.55  give*  7,  thus  d«fiai^  the  eiganfreq-Bsacy,  v,  is  « 
fraction  of  tbs  rotor  speed.  Introducing  7  and  *  into  location  3.32  than  glass 
a,  tha  rotor  speed  at  tba  onaar.  of  atabllit.  expraeaad  aa  a  fraction  of  tha  rigid 
body  critical  speed. 

Varnar  and  Those n  (Raf.  33  )  giva  a  curve  whereby  tha  stability  thraabold  may  ba 
daterminad  from  the  operating  eccentricity  ratio,  and  tha  rotor  atiffnaaa  para¬ 
meter  **11 1  ,  where  £  ■  1  (fundamental  mode). 

.  <3  J 


Lund  (Raf.  75  )  has  further  extended  tba  above  analysis  by  investigating  stability 
of  an  elastic  rotor  carried  in  damped,  elastic,  massive  pedestals.  Tha  stability 
of  a  rotor  in  gas  bearings  has  bean  examined  in  detail. 
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(a)  Non-uniform  contact  preaaure  along  length 
of  joint  leads  to  slip  at  ends.  Sharp 
rise  in  contact  pressure  at  edge  promotes 
fretting  corrosion  and  fatigue  cracking. 


(b)  Short  contact  areas  give  uniform  mounting 
pressure.  Fretting  corrosion  and  fatigue 
still  significant;  contact  pressures  may 
. be  higher  than  Case  (a) . 


(c)  Short  contact  areas  and  decreased  edge 
stress  concentration.  Minimum  coulomb 
slippage  and  fatigue  hazard. 


Fig.  5.04  Methods  of  Mounting  Rotor  Components  and  Associated  Problems 
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(a)  Shaft  Cross  Section  With  Differing  Principal  Moments  of  Inertia 


(b)  Geometry  of  Shaft  Displacement  in  tj  Rotating  Axes 
Fig.  5.05  Section  of  Rotor  with  Unsymmetrical  Stiffness 
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Whirl 

Orbit 


(a)  Rotating  unloaded  vertical 

shaft  in  undisplaced  position 


(b)  Rotating  unloaded  vertical  shaft 
in  displaced  position  with  whirl- 
inducing  force 


Fig.  5.06  Forces  Acting  on  Vertical  Rotor 
in  Hydrodynamic  Whirl 


(a)  Rotating  loaded  horizontal 
shaft.  Equalibrium  position. 


with  additional  force  com¬ 
ponents  . 


Fig.  5.07  Force  on  Horizontal  Rotor 
in  Hydrodynamic  Whirl 
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DWENSIONAL  UNITS -INCH,  POUND,  SECOND 
ft  -  CENTIPOISES  X  1.45  X  I0“7 
g  «  386  INCHES/SEC.2 

Nc«  ROTOR  CRITICAL  SPEED  ON  SIMPLE  SUPPORTS,  RPM 


Fig.  5.09  Stability  Chart.  Flexible  Rotor  in  Fluid-Film  Bearing 

Reprinted  from  OIL  WIDTH  OF  FLEXIBLE  ROTORS,  Figure  1, 
by  A.C.  Haag  and  P.C.  Warner  for  the  ASME,  Vol.  75, 
October  1953,  pp.  1339-1344. 
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Fig.  5.10  Whirl  Oscillogram  Showing  (a)  Well-Developed. Whirl  and 
(b)  Transition  from  Whirl  to  Stable  Running  with  De¬ 
creasing  Speed 

Reprinted  from  OIL  WIDTH  OF  FLEXIBLE  ROTORS,  Figure  4, 
by  A.C.  Haag  and  P.C.  Warner  fdr  the  ASME,  Vol.  75, 
October  1953,  pp.  1339-1344. 
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Pig.  5.11  Modified  Bearing  Force  Eccentricity  Curve 

Reprinted  from  INVESTIGATION  OF  TRANS LATORY  FLUID  WHIRL 
IN  VERTICAL  MACHINES,  Figure  12,  by  G.F.  Boeker  and 
B.  Sternlicht  for  the  ASME,  Vol.  78,  No.  1,  January  1956. 
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Fig.  5.12  Radial  Component  of  Load  vs.  Eccentricity  Ratio  and 
Film  Thickness  for  Modified  Shaft 

Reprinted  from  INVESTIGATION  OF  TRANSLATORY  FLUID  WHIRL 
IN  VERTICAL  MACHINES,  Figure  14,  by  G.F.  Boeker  and. 

B.  Sternlicht  for  the  ASME,  Vol.  78,  No.  1,  January  1956. 
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Fig.  5.14  Stability  Curve*,  C*  va.  cd*  for  b  ■  1.5 

Rapr intcd  froo  OH  THE  STABILIT?  OF  ROTORS  IN  CTLIHMII&AL 
JOURNAL  BEARINGS,  Figure  12,  by  C.H.  Rantaapia  and 
B.  Sternlicht  for  the  Journal  of  Basic  Engineering, 
December  1962 . 


s 
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Fig.  5.16  Stability  Chart  for  Finlta  Length  (L/D  »  1.0) 
Cylindrical  Ga*  Bearing 

Reprinted  fron  STABILITY  ANALYSIS  OF  GAS -LUBRICATED, 
SELF-ACTING,  PLAIN,  CYLINDRICAL,  JOURNAL  BEARINGS 
OF  FINITE  LENGTH,  USING  GALERXIN’S  METHOD,  Figure  7, 
by  H.S.  Chang  and  C.H.T,  Pan,  ASMS  Paper  No.  64-LubS-5 


-o-NON-LINEAR  6ALERKIN  -^-5  *0.2 

PtO* 

-  LINEARIZED  PH -QUASI  STATIC  THEORY 


O  OATA  AFTER  STERNUCHT- WINN  — ^ 
1  OATA  AFTER  WHITLEY  -  BOW HILL 


F  Pq_ 


u~ 

:  EWAN 


jy.02 

0.1873 

„•  F 


•0.2 


226 


/ 

fc*20  - 

k  • 


CHENG-RAN  ,  GALERKIN 

PAN  •  STERNL ICHT,  Ql*lSI*  STATIC  UNEARIZED  PH 
NG.  COUPLED  LINEARIZED  PH  , - , — 


|  UNSTABLE 
I  STABLE 


Pig.  5.18  Comp»ri«on  of  Line*rl««d  PH  R«*ult*  with  Oth«r  Th*ori«». 
Plait*  B«*ring. 
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LENGTH,  SELF-ACTING,  GAS -LUBRICATED,  PLAIN  JOURNAL 
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No.  64-LubS-28 . 
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Fig.  5.19  Comparison  of  Linear  lead  PH  Results  with  Experimental  Results 

Reprinted  from  LINEARIZED  PH  STABILITY  THEORY  FOR  FINITE  U 

LENGTH,  SELF-ACTING,  GAS-LUBRICATED,  PLAIN  JOURNAL  BEARINGS, 

Figure  13,  by  Chung-Wah  Ng,  ASMS  Paper  No.  64-LubS-2C.  Q 
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Fig.  5.25  Simple  Rotor.  Small  Displacement  from  Equilibrium  at  Aq 
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Tabla  3.01  Thraahold  of  IaataHUtT  iot  ingaM 
lotcr  gupoorfd  la  gUln  Journal  iWiMl 


l/D 

■ 

A 

0.5 

0.2 

0.1 

0.5 

0.1 

0.8 

0.1 

0.5' 

0.2 

100.0 

0.5 

100.0 

0.8 

100.0 

1.0 

0.2 

0.1 

0.3 

0.1 

0.7 

0.1 

0.8 

0.1 

1.0 

0.2 

100.0 

0.3 

100.0 

0.7 

100.0 

0.8 

100.0 

v/s 

• 

0.3756 

2.6096 

0.3538 

2.8104 

0.2354 

4.2438 

0.3756 

0.06678 

0.3538 

0.2533 

0.2354 

1.9267 

0.37 

2.6763 

0.37 

2.7224 

0,29 

3.4179 

0.22 

4.5169 

0.37 

0.1951 

0.37 

0.3198 

0.29 

1.6553 

0.22 

3.1199 

(a  )  loi 

v*c/r  e 

«/(®c)r 

0.9452 

2.6488 

0.9974 

2.1177 

0.9998 

4.2446 

0.02910 

2.2948 

0.1315 

1.9262 

0.7751 

2.4857 

0.9948 

2.6903 

0.9971 

2.7303 

0.9998 

3.4146 

0.9999 

4.5173 

0.0834 

2.3420 

0.1390 

2.300 

0.7000 

2.3847 

0.8998 

3.4675 

Notation: 

e 

Baaring  eccantriclty 

A 

Rotor  paramatar  (*ltcV2)iLR^u)o) 

V 

Whirl  fraquancy 

03 

Whirl  thrashold  apaad 

03 

o 

r*  1 1/2 

Rigid  baaring  critical  spaed  ^h/nj 

“c 

Rotor-baaring  critical  apeed 

a 

Reaonant  whip  apaed  ratio,  rigid  bearings  03/0 
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Introduction 

It  la  common  for  modern  high-speed  machines  to  operate  beyond  their  fundamental 
flexural  critical  speed.  Frequently,  the  operating  speed  range  contains  aereral 
critical  apeeda,  each  of  which  muat  be  paaaed  through  on  run-up  and  run-down. 

The  incraaaad  rotor  amplitude  and  tranenitted  bearing  forca  aasociated  with 
each  critical  apeed  ralae  the  question:  What  are  tha  condition!  which  wake  it 
aafe  for  a  rotor  to  paaa  through  the  criticel  epaede? 

It  ha a  been  shown  in  Section  3  that  the  motion  which  foilova  atart-up  in  a  simple 
rotor-bearing  system  conaiata  of  a  ateady-atata,  aynchronoua,  unbalance  whirl 
together  with  two  trenaient  whir  la  wtioaa  value  depend#  on  the  lnitlel  conditions 
of  the  motion.  In  practical  systems  theee  tranalanta  ere  deaped  out  by  the 
rotor  friction  within  relatively  few  eyelet.  In  Section  3,  the  Important  fea- 
turea  of  the  ateady  whirl  motion  arc  diacuaaed.  Thia  chapter  considers  the 
atate  of  motion  which  develop*  when  tha  rotor  apeed  le  not  conatant,  but  la 
accelerating.  In  thia  condition,  the  trenaient  whirls  are  suatained  by  tha 
changing  apeed,  and  ao  form  part  of  the  aolution  which  has  practical  lntaraat. 

Of  primary  concern  la  how  the  rotor  performance  la  influenced  by  the  Interaction 
between  the  accelerated  motion,  the  auatained  trenaient  vhirla,  and  the  critical 
speed  amplitude  buildup. 

Flexible  Undamped  Rotor  in  Rigid  Bearings 

For  simplicity,  the  simple,  aingle-diak  rotor  without  damping,  mounted  in  rigid 
bearings,  will  be  considered  initially  to  determine  the  basic  properties  of  the 
motion.  The  rotor  whirl  configuration  ia  shown  in  Figure  6.01.  The  angle 
swept  out  by  the  rotor  as  its  speed  changes  is  given  by 

*  -  ao  t  +  at2  (6.01) 

o  “ 

where  cdq  is  the  initial  angular  velocity,  and  2Qt  is  the  angular  acceleration, 
assumed  conatant.  Differentiating  gives  the  instantaneous  angular  velocity 

*  ■  to  +  2CXt 

o  - 
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Considering  tha  notion  of  tha  disk,  tha  coordinate  equations  tor  th*  c.g.  Mr* 

■  x  +  a  coa  ♦  ■  x  +  a  co*  |u>et  i  at2  ] 

yc  ■  y  +  •  sin  ♦  «  y  +  a  ain  [(oflt  +  at2  j  (i<03) 

Tha  aquations  of  notion  for  tha  sccalcratad  systsn  ara  t bar a for a: 

«G  +  lcxc  -  \  coa  [«0t  ±  at2) 

»yc  +  *yc  “  \  ,tn  [v  -  at2] 

2ai  +  ka  [ x  tin  (o>  t  ±  at2)  -  y  cob  (a>0t  +  at2)]  »  T  (6.03) 

Tha  solution  to  thas*  aquations  la  influenced  by  the  Initial  conditions  which 
exist  prior  to  the  application  of  tha  accelerating  torque.  The  first  two  aqua¬ 
tions  may  ba  solved  separately  as  the  rotational  notion  of  tha  disk  la  specified, 
and  the  third  aquation  gives  the  accelaration  torque  onca  tha  coordinate  values 
are  known . . 


For  the  case  where  the  disk  is  whirling  steadily  at  constant  angular  velocity, 
cjj,  prior  to  the  application  of  accelerating  torque  at  time  t  ■  0,  the  initial 
conditions  are: 

For  t  <  0, 


x 


G 


cos  cut 


sin  out 


-cue 


f  1X1  ) 

T 

1- 

O 

sin  out 


For  t  ■  0 

xG(°) 


xG(0)  -  0 


1- 


<JL 

CJU 


cos  cot 


yG(°) 


yG(°) 


(6.04) 
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With  these  initial  condition*,  tba  generel  aolution  to  Equations  ((>0))  Ul  the 
fora 


*  t  2 

x_  ■  aus  /»  #in  co  (t-T)  cob  (cot  -f  Oft  )  dT  + 

C  O  O  O  — 


%i 


COB  Cll  t 

o 


(6.05) 


yc  "  •%  fo  $ia  %  (t‘T)  ,ln  Ca)T  ±  °*2>  dT  +  -jTair 

l’UJ 


sin  art 

o 


Equations  (6.05)  easy  be  integrated  to  give  the  amplitudes  x  ,  y  of  the  c.g.  aa 

the  rotor  responds  to  the  accelerating  torque,  T.  However,  for  stress  calcula¬ 
tions  it  is  convenient  to  obtain  the  solution  directly  in  terns  of  coordinates 

a 

i)g  which  rotate  along  with  the  shaft  at  speed  4.  The  transformation  formulae 

are  • 


*G  "  XG  C°*  *  +  yG  *in  * 


V!'XG  *in  *  +  yG  C0*  # 


(6.06) 


Substituting  Equations  (6.05)  into  (6.06)  simplifying,  and  integrating  gives 
the  following  expressions  for  {  ,  t)g>  after  considerable  manipulation: 

f*  1*  —  i  i  r  1 


■  acn 

*G  o 


+  sin  t  ^C(x)  -  C(*Q)  ]  +  cos  i  [s(x)  -  S(rQ)j 
±  sin  a1  [c(s1')  -  C(*o1’)  ]  +  cos  x1  [s(a1)  -  S ( scq  1) ]  j 


ia-\2 

£-cos  05  t  , 

,  cos  (ox  +  at  )  +  ^  sin  a:  t  , 

—  05  O 

0 

sin  (o)t  +  at2)] 

»V 

•g““  COS  i  [  C(t) '  -  C(xo)  |  -  tin  t  [s(r)  -  S  (rQ)  J 

+  cos  r'  [c(t  ')  -  C  (tQ  ')  ]  +  sin  x'  [  S(t')  -  S(*o')j 
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i 


+  — 2  f?to«  at  *  fin  (at  +  at2)  -f  sin  at  t  •  cot  (at  +  at2)l 

l—Sfl-  l  .  0  ®0  °  • 

(*.07) 


cn 


Z  - 


r  ®-cu  i 

2  r 

at  +  r— T2 

l  m  I 

1  -  2  a 

t  j 

0  L 

r  «-«  1 

2  r 

Crr  +  r-— 2 

O'  m  I 

L  "  2  a  J 

l 

r  a*o  ' 

2  1 

at  +  r-—2 

1  “  2  a 

°  l 

ara  1  2 


(6.0*) 


and 


c<‘>  •  °<*o>  -  4  JVB 


ft 


t  MU  I  » 

X7 

a  d  g 


/!° 


COS  o 


o  d  q 


s<«)  -  8(«o)  -  /* 


.  7«o  "Ufl  *  g 

'o  \J2M0 


ate  the  Freanel  integrals  of  the  above  variabla  groupe  which  arise  in  the 
derivation  of  the  expression*  for  ^  and 


Equations  (6.09)  allow  the  deflections  of  single-disk  rotor  in  rigid  bearings 
to  be  calculated  during  any  stage  of  its  motion;  with  velocity  below,  at,  or 
above  the  critical  speed,  u>c  ;  and  either  accelerating  or  decelerating.  The 
£  axis  is  in  the  plane  of  the  unbalance;  but  even  though  the  syatesi  la 
frictionless,  the  whirl  radius  is.  no  longer  a  straight  line  due  to  the 
acceleration.  Its  maximum  value  may  be  found  from  the  coordinates  of  G: 


,  2  ,  2 
*G  +  ’iG 


2  2 
XG  +yG 


(6.10) 


For  a  specified  acceleration,  cr ,  it  is  thus  possible  to  examine  the 
characteristics  of  the  amplitude  build-up,  and  to  determine  the  value  of 


the  maximum  amplitude,  r^,,  and  the  speed  ratio,  ^">  «t  which  it  occurs.  A 


minimum  a,  corresponding  to  s  maximum  permissible  amplitude  build-up  and 
associated  bending  stress,  may  then  be  specified  for  rotor  operation. 
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An  example  of  tbit  calculation  la  given  In  Figure  6.02.  Tha  rotor  haa  a 

critical  speed,  n  ,  of  1000  IPH,  11a.,  to  ■  103  rad/aec.  Tha  accalarction 
2  c  2  c 

it  20  rtiA  /lit.  i  .m  .  Ot  ■  1  0  rarf  /  •*<*  .  anX  M^aaltuif’^va  ava  aWa<Mf* 

fro*  tht  Motion. 

Influence  of  External  Friction  on  to tor  Motion 

Whan  external  friction  forcaa  act  on  tha  rotor  during  it*  accelerated  motion, 
energy  ie  dissipated  end  the  amplitude  build-up  become,  lea.  aevere  then  for 
the  frlctionleaa  rotor  coniidered  previously.  In  this  cue,  tne  equation*  of 
notion  for  the  c.g.  of  the  aingle-diak  rotor  in  rigid  beamings  are 


■Sg  >  ci  +  kx  ■  ka  coa  £cot  -f  at2  j 
my^  +  cy  +  ky  ■  ka  ain  ^cDt  +  at2  j 

2a  X  +  ka  sin  (cDt  +  0) t2)  -  y  coe  (tot  +  Of2)  j  ■  T  (6.11) 

Again,  considering  the  case  where  the  rotor  li  in  a  state  of  steady  unbalance 
whirl  prior  to  the  application  of  T  at  t  ■  o,  the  general  fomulae  for  the  x,  y 
displacement  are 


x  *  au>  fl  exp  [  -  (t-T)  1  *in  cd  (t-r)  coa  (cor  +  at2)dT  +  — —  2  •  co»  a>  t 

°  °  L  J  o  ^/ULn  0 

'CD  ' 

0 

y  -  au jq  /*  exp£ - ||jj(t-T)  ]  ,in  “o  ^t'T^  ,tn  +  ~~ —  2  sin  cd  t 

CD 

0 

When  theae  expressions  are  transformed  into  rotating  coordinates,  £  and  t]  and  the 
expreaslons 


• 

t - ■ 

CD"  CD 

t  0 

O 

tv 

5 

2a 

coho 

_ o 

2a 


/  a>a>  rr~  cd+co 

\/i - S  -  v/i- _ 2 

V  a  2a  V  a  2a 


are  substituted  for  the  time-arguments,  the  expressions  for  the  rotor  dis¬ 
placements  become 


( 

V  f"x 

r 

I* 

_S— -- J 

-  sin  c  /[  exp  -fj  \j 

l  °  L 

rr  or  cd.  ' 

—  0 

cos  o  d  o 

>0V  go;  exp 

2m  -CJ] 

a  '  2a 

\J  2  no 
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+  “•  *  !\ o**>  -k^/T-  -is8]  ffir1 1 


cu+cd.  1 


^  •  J«l 


' ,lD  *'  “f  -&[y  a  -  “a1  J  T7m|T~ 


i  rt 

cos  ■ '  /g  I  «*P  '  2, 


[v/r-3-]  -j** } 


- *— — r  I  cot  <u it  cot  (cut  4-  at2)  +  tin  to  t  ein  (cat  +•  at2)  I 

1  -<**-)  %  °  J 

0 

‘/Is  •  “f  [•  "ta  c]  c°*  *  “f  ■afVT-  ~54]^Ih  4  0 


TJ  ■  «C0 


•ln  ‘  J«  “P|  2m| 

o 


lin  t 

/!', 


r  /T”  tc-cu  j  _  .  _ 

.  IE  .  _ _ £  tla  _g  d_g 

ya  2a  yz*c 


cot  f  ,  exp 
o 


cq» i°'  dgl 

yzxc 


+  tin  t 


is^pTS2] 

'  •ff  “p  la8]  "few1"0'  | 


- * — 2  "  co«  •1-n  +  Ctt2)  +  tin  a^t  .  cot  (cot  •+  act2) 

i-  I  0  i 

to 


(6. 


The  integral*  in  the  above  expreationt  cannot  be  found  directly  from  tablet; 
but  ai  the  value  of  the  exponential  index  it  reatonably  small,  the  integral* 
may  be  obtained  approximately  by  a  combination  of  knovn  function*.  In  thit 
case,  a  linear  approximation  may  be  used  for  the  exponential  index,  and  the 
equation!  may  be  solved  for  a  number  of  separate  time-period*.  Thi*  hat  bten 
done  for  the  example  given  in  the  previous  section  considering  that  the  fric¬ 
tion  coefficient  (c/2m)  ■  1.00.  The  results  are  shown  in  Figure  6.03.  Com¬ 
paring  Figures  6.02  and  6.03,  the  influence  of  external  friction  on  the  same 
rotor  with  the  same  rate  of  acceleration  may  be  seen.  Friction  rtducet  the 
maximum  amplitude  build-up  from  34.0  to  21,0.  The  transmitted  bearing  force 
is  reduced  in  the  same  proportion.  The  speed  at  which  thit  maximum  amplitude 
occurs  is  virtually  Identical  in  both  case*. 
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Amlltud*  Buildup 


A  wtr*  >«rMi<v>  nf  A  <  ^  'Z'J.T'.’ZZ  hii  b  *  ™  Cbtiiiii  by 

Lewis  (Raf .  78)  for  the  cam  of  a  aispla  rotor  la  rigid  bearings  la  both 
undrapad  and  draped  notion.  Considering  undated  rotor  notion*,  the  in¬ 
fluence  of  aeveral  different  rataa  of  acceleration  q  on  a  rotor  are  shown 
in  Figure  6.04.  Curve  B  ahov*  the  individual  cyclic  otclllationa,  end  the 
other  curvea  show  the  envelopes  of  the  amplitude  max Iran  values.  Low  q 
values  denote  rapid  acceleration;  high  values  correspond  to  slower  rates. 

The  periodic  force  variation  for  q  -  10  is  given  in  Curve  A  starting  at 
t  ■  0.  AlLoving  the  rotor  to  start  from  a  steady  whirl  condition  as  in  the 
previous  section,  the  resultant  motion  builds  up  as  shown  in  Curve  B,  for 
q  -  10,  and  in  the  remaining  curvea  for  the  higher  q  values  indicated.  The 
full  curvea  correspond  to  accelerations;  wharaaa  tha  dottad  curves  apply  to 
decelerations.  Thase  result*  clearly  indicate  how  eny  machine  may  be  driven 
through  its  critical  speed  even  where  the  rotor-bearing  system  has  little 
friction  damping.  The  maximum  amplitude  which  develops  ip  seen  to  be  a 
function  of  the  applied  acceleration,  end  e  finite  time  ia  required  for  the 
build-up  of  large  amplitude  whirl  motions.  The  fatter  the  acceleration  rate, 
the  later  the  maximum  amplitude  occur*  after  the  critical  epeed.  The  ampli¬ 
tude  build-up  occurs  in  the  same  speed  location  for  the  deceleration 
characteristics,  being  slightly  larger  in  each  case.  This  indicates  alao 
the  advantage  of  keeping  those  rotor  critical  speeds,  which  must  occur 
within  the  speed  range,  well  below  the  machine  operating  speed.  A.C. 
torque  characteristics  depend  on  the  amount  of  electrical  slip  present. 

As  this  is  nearly  zero  at  rated  speed,  the  drive  torque  and,  hence, 
acceleration  are  smaller  than  at  lover  speeda;  hence,  the  time  taken  to 
paae  through  the  critical  speed  is  greater.  This  results  in  the  build-up 
of  larger  amplitudes  as  indicated  in  Figure  6.04. 

After  the  maximum  amplitude  has  been  passed,  the  undamped  system  continues 
to  oscillate  with  an  amplitude  close  to  the  maximum  attained.  This  ia  little 
diminished  by  the  higher  exciting  frequency  which,  though  this  superposes  a 
further  vibration  with  a  stronger  force,  it  does  go  at  frequencies  to  which 
the  Bystem  has  leas  inherent  susceptibility,  and  so  the  vibration  is  sustained. 


Tha  inf luanca  of  friction  on  amplitude  build-up  la  shown  in  Figure  6.05,  for 
four  valuaa  of  dimensionless  dialing  y,  with  both  aecalaratad  sad  dace  Ur  a  ted 
motion.  Tha  general  natura  of  rotor  response  la  tba  atm  aa  in  the  uariaayed 
case,  with  the  diffaranca  that  amplitude*  ara  reduced  ny  tna  preaaaca  or 
friction.  This  raductlon  ia  moat  significant  in  tha  caaaa  of  a invar  accalara- 
tion.  Tha  graatar  tha  valua  of  y,  tha  graatar  ia  tba  ovaraU  amplitude  re¬ 
duction.  Thii  appliaa  to  both  tha  ataady-at«.^a  motion ,  and  to  tha  tranaianea 
in  the  motion  which  tend  to  die ‘out  more  rapidly,  aa  indicated  by  tha  MOOth 
amplitude  anvelopaa  for  higher  y. 

When  the  damping  ia  small,  the  envelope  curvea  ara  oscillating  in  character 
when  the  maximum  haa  been  paaaed;  but  eventually  they  be com  asymptotic  to  tha 
resonance  curves  for  constant  frequency. 

Effect  of  Flexible  Bearings  on  Transition  Phenomena 

Support  flexibility  may  ariee  from  aithar  tha  bearing  or  tha  padaatal,  or 
both,  as  discussed  in  Chapter  3.  Tha  inclusion  of  support  flaxlblllty  greatly 
complicates  the  already  lengthy  analyaia,  and  so  thia  aaction  contain#  but  an 
indication  of  thei procedure .  Referring  to  Figure  6.06,  tha  equations  of  motion 
for  the  undamped  single-disk,  flexible  rotor  ahown  ara 


mx  +  k  (x  -  x  ) 

0 

my  +  k  (y  -  yo) 

2k.  x  -  k  (x  -  x  ) 
10  o 

2k2  yQ  -  k  (y  -  y0> 


■  ka  coa  6 

■  ka  sin  6 

“  -ka  coa  6 

■  -ka  tin  ♦ 


2al  +  ka  (x  -  x  )  sin  6  -  ka  (y  -  y  )  coa  ®  -  T  (6.13) 

o  o 

where  k  is  the  shaft  stiffneaa,  ^  qnd  k2  are  the  vertical  and  horisontal 
elastic  stiffnesses  of  the  supports  respectively,  and  again 


* 

■ 


cot  +  at 
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On  writing 


*1  2k, +k 

Tha  •quit ion*  of  mo  Cion  b«  cease :  * 


*2  * 


2k,+k 


a  +  k.x  * 


K^a  cob  £ 


toe  +  at 


ay  +  U2y  ■  K^4  *in  £nit  +  ] 


2ai  +  sK,  x  sin  ®  -  *K,  y  cos  ♦  +  a 


2  C2~C1 


sin  2  «  -  T 


(6.14) 


As  in  Che  case  of  a  shafe  on  rigid  aupporCs,  Che  coordinate  displacements  are 


obtainaci  from 


x  ■  aui  /C  sin  ui  (c-t)  cos  (oft-  +  at2)  dr  + 


l-(^>2 

% 


coa  ui_t 


t  2 

tun  J  »in  ui  (t-T)  ain  (ait  +  at  )  dt  + 


l-<^> 

% 


.  .  sin  ai  t 

2  y 


in  which 


“y  -[-T-] 


After  performing  the  above  integrations,  the  displacement  formulae  resemble 
Equations  (6.12)  taking  into  account  the  differing  stiffneas  effects.  As  an 
example,  consider  the  case  k^  ■  2K,  K2  ■  0.89  K,  £k/mj  ^  ■  105  rad/sec.,  and 
a  m  10  rad/sec.2  The  response  curves  are  shown  in  Figure  6.07.  These  indi¬ 
cate  the  differing  response  in  the  coordinate  directions.  The  whirl  erbit  is 
elliptical  in  the  early  stages  of  the  motion,  but  the  ellipse  changes  in  site 
and  proportion  as  the  speed  increases  because  the  stiffness  difference  makes 
the  dynamic  response  different  in  the  x  and  y  directions.  The  rotor  response 
in  rotating  coordinates  ^  and  q  is  also  given.  These  results  show  the  same 
phase  difference  between  maximum  coordinate  responses.  Also,  the  trnnsient 
motion  is  more  strikingly  depicted  by  allowing  the  coordinates  to  rotate,  and 
so  emphasises  transient  translatory  motions.  In  addition  to  the  above  effects, 
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1C  can  b«  from  Ch«  third  of  Equation!  '(6.14)  Chat  a  component  with  twice 

rotational  fraquancy  exists  in  the  motion,  This  tends  to  craata  a  tub-harmonic 
peak  at  approxlmataly  one-half  the  major  response  peaks  shown  in  Figure  6.  07  . 


I&EiuLaaMil  gfeaimilaa  si  Tr»n»iti9R  thxasMM 

2 

The  simple  flexible  rotor  discussed  previously  with  o>  “  105  rad/aec.  was 

c 

driven  through  its  critical  speed  using  a  3  EH,  D.C.  motor,  over  a  speed  range 
0  <  u>  <  125  rad/sec.  Shaft  stresses  were  recorded  using  resistance  strain 
gages  mounted  near  the  disk.  These  stresses  rotated  with  the  shaft,  and  hence 
allowed  the  calculated  stress  and  displacement  values  in  the  £,  t)  direction  to 
be  checked  for  a  shaft  with  friction.  These  results  are  shown  in  Figure  6,09. 
These  coordinates  show  reasonably  good  qualitative  agreement  with  the  curves  of 
Figure  6.02. 

The  eheftmotione  discussed  in  this  chapter  apply  in  all  cases  to  e  simple, 
aingle-diak,  f lexib le-ahaf t  rotor.  Thle  almpliflea  the  reaultlng  analysis  and 
make*  identification  of  tha  major  rotor  dynamic  featuraa  more  straightforward. 
The  aame  features  apply  to  the  rotor*  of  all  machines  which  operate  at  speeds 
beyond  their  first  system  critical  and,  therefore,  may  be  used  as  daaign  guides. 

It  will  be  noted  that  no  mention  has  been  mada  of  rotors  which  art  mountsd  in 
fluid-film  gas  bearings.  Where  no  fluid-film  instabilities  exist,  the  rotor 
performance  would  be  similar  to  the  flexible  bearing  case.  No  design  informa¬ 
tion  is  at  present  available  on  the  transition  of  a  rotor  through  a  critical 
speed  when  the  rotor  experiences  a  fluid- film  whirl  at  a  speed  below  ita 
critical  speed.  Date  is  also  lacking  on  the  transition  of  rotors  In  gas 
bearings  through  critical  speeds. 
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Amplitude  Response  of  Undsnped  Rotor 

Reprinted  from  FLEXURAL  VIBRATIONS  OF 
ROTATING  SHAFTS,  Figure  '.9,  by  F,  M. 
Dinentberg.  1961  Buttervorth ' » 
London 


Fig.  6  .03  Amplitude  Regponse  of  Damped  Rotor 

Reprinted  from  FLEXURAL  VIBRATIONS  OF 
ROTATING  SHAFTS,  Figure  21,  by  F.  M. 
Dtmentberg.  1S61  Buttervorth'g 
London 
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Klg.  6.04  Amplitude  Buildup  for  Varying  Acceleration  Rate* 

Reprinted  from  VIBRATION  DURING  ACCELERATION  THROUGH 
A  CRITICAL  SPEED,  Figure  1,  by  Frank  M.  Levi* 

ASHE  Paper  APM  54-24. 
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Reprinted  from  VIBRATION  DURING  ACCELERATION  THROUGH  A 
CRITICAL  SPEED,  Figure  5,  by  Frank  M.  Lewis  ASME  Paper 
APM  54-24 


Rotor  Whirl  Geometry  for  Flexible  Rotor  With  Damping 

Reprinted  from  FLEXURAL  VIBRATIONS  OF  ROTATING  SHAFTS 
Figure  22,  by  F .  M.  Dimentberg.  1°61  Buttervor th ' s 
London 
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BAIAM2WC  QP  ROTATING  MACHINERY 

Heed  for  Balancing 

No  rotor  la  capable  of  smooth  operation  without  adequate  balance.  Rie  moat 
sophisticated  rotor  end  bearing  design  efforts  cannot  assure  good  balance, 
although  the  unbalance  remaining  after  construction  may  be  minimized  by 
assigning  meaningful  vorkiug  tolerances  to  each  rotor  component  and  by  effective 
inspection  procedures.  All  high-speed  rotors  must  be  machine  balanced  after 
manufacture,  and  the  more  refined  the  balancing  technique,  the  lesa  reaidual 
unbalance  will  ultimately  remain.  A  vel 1-ba  lanced  rotor  will  give  rise  to  nominal 
transmitted  forces,  structural  vibration,  noise,  and  long-term  rotordynamlc 
problems.  But,  no  amount  of  balancing  can  eliminate  resonant  whipping  or 
half-frequency  whirl,  or  dissimilar  stiffness  instability.  These  disturbances 
require  adequate  system  design  and  damping  to  minimize  their  effects . 

Rotor  unbalance  varies  in  magnitude,  position  and  angle  along  the  length  of 
the  rotor.  During  operation,  the  unbalance  causes  centrifugal  forces  and 
couples  which  bend  the  rotor  causing  it  to  whirl  around  its  static  equilibrium 
position.  Excessive  unbalance  may  endanger  the  safe  operation  of  the  machine. 
Rotor  balancing  consists  of  determining  the  magnitude  and  location  of  the 
reaidual  unbalance  followed  by  the  insertion  of  correction  weights  in  the 
selected  balancing  planes  to  nullify  the  unbalance  effects.  Actual  rotors 
are  never  perfectly  balanced  since  this  would  require  a  large  number  of 
measurements  to  determine  the  quite  random  distribution  of  unbalance  along  the 
rotor  length,  followed  by  the  application  of  correction  weights  wherever 
needed.  Both  requirements  are  impractical,  and  so  it  becomes  necessary  to 
select  a  level  of  unbalance  which,  in  a  given  application,  will  assure 
minimum  whirl  amplitudes  throughout  the  operating  speed-range. 
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Concept  of  Unbalance 


Rotor  unbalance  is  usually  specified  in  ounce-inches  (02. in)  since  unbalance  is 
conceived  as  the  product  of  the  unbalance  weight  times  its  distance  from  the 
rotor  geometric  axis  in  the  unbalance  plane.  The  centrifugal  force  generated 
by  the  unbalance  is  then 


2 

* 

Centrifugual  Force,  lb 

s 

* 

Unba lance (oz . in) 

Speed  (r.p.s.) 


Unbalance  may  also  be  designated  by  considering  the  rotor  weight  to  be  concen¬ 
trated  at  its  c.g.,  and  eccentric  from  the  geometric  axis  by  a  certain  distance, 
a  inches.  The  centrifugal  force  is  then  related  to  this  distance  by 

Rotor  weight,  lb 

Eccentricity  of  c.g.,  in. 

These  concepts  of  unbalance  are  valid  in  the  case  of  rigid  rotors  such  as  a 
wheel  mounted  on  a  short  shaft  between  rigid  bearings  or  in  a  longer  rotor  at 
slow  speeds.  It  fails,  however,  to  describe  the  general  unbalance  condition  of 
a  flexible  high-speed  rotor. 


Speed(rps) 


Centrifugal  Force,  lb.  =  Constant, 


L 


JML 

(386.4) 


Rigid  Rotor  Balancing 

It  is  well  known  that  a  rigid  rotor  may  be  brought  into  a  state  of  balance  by 
the  appropriate  addition  of  correction  weights  in  any  two  normal  planes  along 
the  rotor  length.  The  complete  rotor  motion  may  be  described  through  the  dis¬ 
placement  of  the  c.g.  and  by  the  rotor  inclination.  The  rigid  rotor  is  effectively 
a  particle,  and  all  forces  and  moments  which  determine  its  motion,  including 
unbalance,  may  be  concentrated  into  a  single  force  and  a  single  moment  acting 
at  the  rotor  c.g.  It  follows  that  by  reducing  the  distributed  unbalance  to 
such  an  equivalent  force  and  equivalent  moment  located  at  the  c.g.,  it  is 
possible  to  specify  the  total  unbalance  by  two  quantities  known  as  static  unbalance 
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and  dynamic  unbalance  respectively.  Static  unbalance  may  be  detected  and 
corrected,  without  rotation,  by  placing  the  rotor  on  knife  edges  and  allowing 
it  to  find  its  equilibrium  position  with  the  heavy  side  downwards  (Figure  7.01). 
The  rotor  may  then  be  statically  balanced  by  the  addition  of  a  correction 
weight  or  weights,  the  total  effect  of  which  balances  the  resultant  static 
unbalance  of  the  rotor,  without  regard  to  the  axial  position  of  the  weights. 
Dynamic  balance,  however,  may  only  be  detected  by  running  the  rotor,  and  in  this 
case  the  axial  distribution  of  the  added  correction  weights  is  important,  as  the 
unbalance  couple  must  also  be  balanced.  It  is  clear  from  the  above  that  the 
addition  of  a  maximum  of  two  correctly  sized  and  positioned  balance  weights  will 
completely  compensate  for  the  initial  unbalance  of  a  rigid  rotor.  Furthermore, 
the  size,  position  and  angular  orientation  of  the  two  correction  w eights  is 
completely  optional  as  long  as  their  equivalent  force  and  moment  cancels  the 
rotor  unbalance  force  and  moment. 

Flexible  Rotor  Balancing 

The  flexible  rotor  poses  a  more  difficult  problem  because  the  distribution  and 
variation  of  the  unbalance  causes  the  rotor  to  deflect  in  accordance  with  the 
resulting  centrifugal  force.  This  deflection  profile  may  be  a  complicated 
shape.  In  any  case,  it  is  not  possible  to  reproduce  or  annul  the  same  shape  by 
applying  a  single  force  and  a  single  moment  at  the  center  of  gravity  as  in 
the  case  of  a  rigid  rotor.  Hence,  if  a  flexible  rotor  is  balanced  as  if  it  were 
rigid,  and  correction  weights  have  been  added  in  two  planes  which  cancel  the 
unbalance  static  and  dynamic  effects,  the  rotor  will  nevertheless  bend  locally. 
When  the  speed  is  sufficiently  high,  the  centrifugal  forces  resulting  from  these 
local  deformations  may  generate  large  rotor  amplitudes  capable  of  making  the 
original  balance  meaningless.  In  addition,  when  the  rotor  approaches  one  of 
its  critical  speeds,  it  tends  to  assume  the  mode  shape  of  that  critical  speed  in 
proportion  to  the  residual  unbalance.  Rotor  amplitudes  may  be  minimized  by  an 
optimum  selection  of  damping  planes.  At  higher  rotor  speeds,  more  balancing 
planes  are  required  to  distribute  the  balance  weights  more  uniformly  throughout 
the  rotor  to  attain  the  same  minimum  amplitude  level.  If  the  rotor  is 
sufficiently  flexible,  and  if  the  speed  is  sufficiently  high,  two  balancing 
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planes  alone  are  not  enough.  Theoretically  it  is  necessary  to  have,  as  a  minimum, 
as  many  balance  planes  as  the  number  of  the  next  bending  critical  speed  beyond 
the  operating  speed  range.  Figure  7.02  shows  the  relationship  between  balancing 
planes  and  critical  speed  for  a  uniform  rotor  in  rigid  bearings.  A  flexible 
rotor  in  flexible  bearings  should  be  balanced  as  a  rigid  body  for  low-speed 
operation,  selecting  the  balance  planes  and  their  disposition  so  that  the  low- 
speed  balance  is  also  effective  at  high  speeds.  Figure  7.03  illustrates  this 
principle.  This  will  be  discussed  in  further  detail  later  in  this  section.. 

Practical  Rotor  Balancing 

In  practice,  two  basic  approaches  exist:  (1)  machine  balancing  in  the  shop 
following  rotor  assembly,  and  (2)  field  balancing  following  installation  at  the 
site.  All  conventional  balancing  machines  operate  through  the  addition  of  correction 
weights  in  two  balancing  planes.  In  view  of  the  previous  comments,  it  is  clear 
that,  strictly  speaking,  balancing  machines  are  only  of  use  with  rotors  which 
behave  as  if  they  were  rigid  throughout  their  operating  speed  range.  Balancing 
machine  speeds  are  low,  and  the  rotor  is  supported  in  bearings  and  pedestals 
which  are  not  the  same  as  those  in  the  actual  machine  arrangement.  The  machine 
rotor-bear  ing  system  is  never  machine-balanced.  Since  the  rotor  motion  and  the 
rotor  amplitude  are  greatly  influenced  by  the  actual  bearing  stiffness  and  the 
actual  pedestal  stiffness,  it  is  usually  not  possible  to  achieve  a  sufficiently 
fine  level  of  balance  using  the  balancing  machine  alone.  The  resonances  governed 
by  the  pedestals  and  the  bearings  in  the  actual  machine  tend  to  amplify  the  effect 
of  the  rotor  unbalance  above  the  level  achieved  in  the  balancing  machine.  It 
is,  therefore,  almost  always  necessary  to  refine  the  rotor  balance  by  further 
operation  on  the  rotor  in  its  own  bearings  and  pedestals.  Such  an  operation  is 
known  as  field  balancing. 

Field  Balancing 

Instrumentation  is  provided  with  which  the  whirl  amplitude  of  the  rotor  may  be 
measured  to  a  high  degree  of  accuracy,  especially  in  high-speed  applications. 

The  measurement  may  normally  be  taken  using  distance-measuring  probes  such  as 
capacitance  probes,  inductance  probes,  or  photo-cells  which  are  located  within 
or  just  outside  the  beaming.  It  is  common  to  provide  such  probes  to  monitor  tne 
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whirl  orbit  of  th«  journal  In  any  cast .  In  thia  manner,  the  rotor  amplitude  ia 
measured  at  tha  bearinga  and.  If  required,  at  othar  point*  along  tha  length  of 
tha  rotor.  Tha  rotor  la  brought  up  to  apead,  and  aa  tha  amplitude  grout,  a 
•peed  la  ultimately  reached  beyond  which  the  amplitude  1a  too  large  to  aafely 
permit  any  further  increase  in  speed.  At  thia  point,  it  ia  necessary  to  deter¬ 
mine  what  additional  correction  weights  should  be  added  in  the  balancing  planes 
to  restore  the  original  balance.  Known  correction  weights  are  added,  one  at  a 
time,  in  known  locations,  and  the  individual  effect  on  the  rotor  amplitude  ia 
measured.  From  these  measurements ,  a  calculation  procedure  is  used  to  evaluate 
the  effective  unbalance  of  the  rotor.  This  allows  the  required  correction  weight 
details  to  be  established. 

Balancing  Machines 

A  number  of  balancing  techniques  are  described  by  Stodola  (Ref. 18).  Of  these, 
the  method  due  to  Aklmoff  (Ref. 146)  is  of  importance  since  it  forms  the  basis 
of  modern  bslancing  machines.  Akimoff's  machine  is  shown  dtagrammatically  in 
Figure  7.04  •  On  this  machine,  the  rotor  may  be  balanced  without  changing  the 
supports.  The  actual  values  and  angular  positions  of  the  balance  weights  may 
be  determined  by  trial  and  error,  by  graphical  construction,  or  by  using  a 
balancing  head,  such  as  that  due  to  Thearle,  as  described  by  Den  Hartog  (Ref.  17  ). 
Methods  for  doing  this  are  described  in  the  following  sections.  The  machine 
consists  of  frame  A,  supported  in  bearings  and  which  allow  the  machine 
to  rock  in  the  vertical  plane.  The  rotor  is  supported  in  a  rigid  bearing  and 
in  a  bearing  which  is  guided  to  move  vertically  between  the  supporting 
springs,  S.  When  bearing  is  clamped  and  the  rotor  is  driven  through  a 
flexible  coupling,  the  effect  of  the  moment  of  the  rotor  centrifugal  unbalance 
force  is  neutralized  by  tne  fixed  axis,  Bj.  The  rotor  may  then  be 
statically  balanced  by  adding  trial  weights,  G^,  in  the  balance  plane,  I, 
until  the  rocking  motion  about  axis  B^  has  reached  a  minimum.  Then  frame 
A  ia  clamped  to  the  base,  B,  and  bearing  is  freed.  During  subsequent 
rotation,  tha  resultant  unbalance  moment  which  arises  from  rotor  unbalance  and 
the  added  static  balance  weight,  G^,  acts  on  the  rotor.  Dynamic  balance  is 
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then  obtained  by  the  addition  of  a  second  balance  weight,  -Gj,  In  balance  plane  I, 
adjusted  In  magnitude  and  position  until  the  rotor  vibration  ia  minimised. 

Final  balance  is  then  obtained  by  applying  Gj  in  the  balance  plane  close  to 
(as  shown  dotted)  with  the  same  unbalance  radius  and  size  as  G2  but  180 
degrees  out-of-phase  with  Gj*  This  gives  an  applied  balancing  couple,  +G0  -Gj, 
and  allows  the  rotor  to  operate  without  the  restraint  previously  provided  by 
Che  rigid  bearing  D^.  The  static  balancing  portion  of  this  operation  may  be 
carried  out  on  horizontal  knife-edges  if  desired.  Variants  of  the  above  machine 
exist  in  which  the  axis  B^,  is  replaced  by  springs,  and  the  rotor  is 
supported  in  rigid  bearings  and  pedestals  on  a  rigid  table.  In  this  arrangement, 
the  taoit.  is  provided  with  frictionless  pivots  at  and  P2,  which  may  be 

locked  when  necessary  during  balancing  as  shown  in  Figure  7.05  •  The  balancing 
technique  is  the  same  as  for  the  Akimoff  machine. 

Determination  of  Required  Correction  Weights 

Although  the  angular  position  of  the  unbalance  may  be  found  directly  by  marking 
the  run-out  side  of  the  rotor  as  it  rotates,  this  method  lacks  the  refinement 
necessary  for  sensitive  balancing  of  high-speed  rotors.  Where  a  balancing 
machine  or  bearing  is  fitted  wiuh  electrical  displacement  probes  capable  of 
detec. ing  spring-supported  rigid  bearing  displacements  or  journal  displacements 
during  field  balancing,  the  required  correction  weights  may  be  found  by  the 
following  technique.  The  rotor  is  operated:  (1)  unbalanced;  (2)  with  a  trial 
balance  weight  in  a  selected  position;  (3)  with  the  same  balance  weight  placed 
diametrically  opposite  the  position  used  in  (2).  With  displacement  readings 
from  these  three  conditions,  the  required  balance  weight  and  it  angular  positions 
mav  be  determined  for  both  static  and  dynamic  balance.  The  graphical  construction 
for  doing  *■*’*'  « «s  snown  in  figure  / .  Ob  •  iae  ste^s  aitc: 

1.  Let  0A  represent,  to  scale,  the  original  unbalance  of  the  rotor.  Let 
i3  also  represent,  to  a  different  scale,  the  vibrational  amplitude 
observed  as  a  result  of  this  unbalance  Measured  at  the  balancing  speed 
during  Test  1 . 

2.  Let  OB  be  the  unbalance  vector  of  the  rotor  measured  in  Test  2,  after 
the  trial  unbalance  has  been  added  in  the  first  hole.  By  the  laws  of 
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vector  addition 


OB  -  QA  +  AB 

where  AB  la  the  diaplacement  due  to  the  added  trail  unbalance 

3.  Similarly  OC  represents  the  total  unbalance  displacement  determined 
during  Test  3.  As  in  (2)  above,  OC  ■  OA  +  AC  ana  as  the  unbalance 
in  this  case  is  180  degrees  out-of-phase  with  the  unbalance  position 
in  Test  2,  it  follows  that  AC  is  equal  and  opposite  to  AB  as  shown  in 
the  figure. 

The  amplitude  measurements  provide  information  on  the  relative  lengths  of  the 
unbalance  forces  OA,  OB  and  OC;  but  their  absolute  magnitudes  and  phase 
relationships  remain  unknown.  These  facts  may  be  obtained  geometrically. 

Noting  that  OA  is  the  median  of  the  triangle  OBC,  of  which  the  two  relative 
lengths  OB,  OC  are  known,  and  the  magnitude  of  BC  (■*  2:  x  unbalance)  is  double 
the  length  of  OA  to  form  0D.  Then  in  the  triangle  ODC,  the  side  DC  i.s  equal  to 
OB.  Thus,  in  ODC  all  three  sides  are  known.  Thus,  the  relative  lengths  of  AB 
and  OA  are  known,  and  since  AB  represents  a  known  unbalance  weight  artificially 
introduced,  the  magnitude  of  the  original  unbalance  OA  may  be  deduced.  In 
addition,  through  the  construction  the  angular  location  (£*) ,  of  the  original 
unbalance  QA  with  respect  to  the  known  angular  location  AB  is  determined. 

However,  an  ambiguity  exists  with  the  above  construction.  In  finding  the  ori¬ 
ginal  triangle,  OCD,  from  the  unbalance  -/actors,  the  triangle  OC'D  might  have 
been  obtained  instead  by  construction.  This  would  have  led  to  obtaining  the 
direction  C'B'  instead  of  direction  CB  for  the  unbalance  weights.  This  ambiguity 
may  be  overcome  by  a  fourth  run. 

This  method  assumes  only  that  the  displacement  response  of  the  rotor  is  pro¬ 
portional  to  the  unbalance  mass.  This  has  been  found  to  be  a  reliable  premise 
in  practice.  The  above  steps  may  be  repeated  until  the  desired  degree  of 
balance  is  attained. 
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A  method  attributed  to  Ribary  (Ref  .1A7)  rnd  Hopklrk  (Ref. 148)  makes  as*  of  ar 
original  unbalance  teat  plus  three  trial  unbalance  measurement  a  situated  120 
degrees  apart.  A  similar  procedure  to  that  described  above  is  needed  to 
determine  the  magnitude  of  the  original  rotor  unbalance.  A  simple  graphical 
construction  for  doing  this  has  been  proposed  by  Somervallle  (Ref.lA9).  This 
method  has  been  applied  to  checking  the  accuracy  of  balancing  machines  of  the 
Aklmoff  type  by  Mclnante  (Ref.  150). 

A  balancing  head  is  a  device  consisting  of  a  well-balanced,  disk-like  container 
which  is  attached  concentrically  to  the  rotor  and  within  which  there  are  two 
weights  on  rotatable  arms.  The  arms  may  be  clamped  or  free,  as  required.  A 
self-balancing  type  of  diagram  due  to  Thearle  operates  by  replacing  the  arms 
with  balls  which  are  free  to  roll  and  to  assume  any  preferred  circumferential 
postlon  when  released.  Initially,  the  balls  are  clamped  180  degrees  apart,  so 
that  the  balancing  head  is  in  perfect  balance.  The  only  unbalance  In  the  rotor- 
head  system  is,  therefore,  that  due  to  the  machine.  The  rotor  is  then  rotated 
above  its  critical  speed  and  the  balls  are  released.  The  balls  then  assume  an 
angular  position  which  tends  to  provide  the  optimum  balance  for  the  rotor  due 
to  the  self-balancing  action  of  an  eccentric  mass  at  speeds  above  the  critical. 
All  vibration  then  ceases.  The  balls  are  then  clamped  once  more.  In  the  optimum 
balance  position.  This  principle,  attributed  to  Leblanc,  is  discussed  by 
Stodola  (Ref. 18)  using  mercury  instead  of  two  balls  as  the  self-balancing  medium 
Den  Hartog  (Ref. 17)  has  questioned  the  validity  of  this  device.  Two  devices  of 
this  t’ pe  situated  in  the  balancing  planes  must  be  installed  to  obtain  complete 
static  and  dynamic  balance  of  a  rigid  rotor.  A  disadvantage  is  that  the  rotor 
must  be  run  above  its  critical  speed  for  this  method  to  be  used.  Not  all 
fetors  ’re  designed  to  operate  at  such  speeds  —  which  may  cause  cvcrstressing 
or  even  bursting.  As  remarked  earlier,  two-plane  balancing  is  inadequate  for 
the  delicate  balance  required  in  high-speed  rotors  operating  beyond  their  funda¬ 
mental  critical  speed  and  in  these  cases,  the  influence  coefficient  method 
described  in  the  following  section  muse  be  used. 


261 


Influence  Coefficient  Wet  hoc 


This  Kth'xl  is  based  on  the  assumption  that  the  rotor-bearing  system  has 
a  linear  response  in  that  the  rotor  whirl  amplitude  is  directly  proportional 
to  rotor  unbalance.  In  built-up  rotors,  frictional  and  hysteretic  effects 
occur  due  to  the  deflected  whirling  shape  of  the  rotor  at  a  given  speed. 

This  introduces  a  degree  of  non-linearity  into  the  system,  but  the  effect 
is  usually  small,  and  the  influence  coefficient  method  is  capable  of  providing 
a  high  degree  of  balance  in  practice.  This  method  may  be  applied  at  any 
speed  and  is  not  dependent  on  the  critical  speeds  of  the  rotor.  The  rotor 
may  be  balanced  to  any  desired  level,  if  an  adequate  number  of  planes 
are  provided. 


Assume  that  the  rotor  displacements  are  to  be  measured  with  a  displacement 
probe  at  each  bearing,  and  let  rotor  amplitudes  at  these  probes  be  x^  and  x^ 
respectively.  Also,  let  there  be  Tour  balancing  planes  in  the  rotor,  and 
let  the  total  rotor  unbalance  be  represented  by  four  discrete  unbalances,  u^, 
u^,  u^,  and  u^,  located  at  the  balancing  planes.  Then  at  a  particular  speed, 
the  rotor  amplitudes  may  be  expressed  by  the  linear  equations 


“ll  U1  +  ai2  U2  +  ai3  U3  +  ai4  U4 


a  u,  +  u„  +  ci  u,  +  a  u, 

21  1  22  2  23  3  24  4 


The  Cl-terms  are  f  '.ie  influence  coefficients, 
depends  on  the  speed  of  rotation.  They  are 
in  the  x-  and  y-  directions,  to  account  for 
merit  and  the  local  phase  angle.  Similarly, 


the  numerical  value  of  which 
complex  in  nature,  with  components 
both  the  magnitude  of  the  displace* 
both  x  and  u  are  complex. 


With  four  balancing  planes  and  only  two  probes,  it  ia  necessary  to  perform 
ten  separate  tesrs  at  two  different  speeds.  The  procedure  is  as  follows: 

1.  Select  a  suitable  rotor  speed  at  which  the  balancing  may  be  performed. 
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2.  Select  en  angular  reference  plane  in  the  rotor  fro*  which  the  angular 
poeition  of  the  unbalancaa  may  be  measured.  Thia  reference  plane 
defines  the  real  axis  for  the  cor.plex  uabalaiu-e. 


3.  Measure  the  magnitude  of  the  two  amplitudes  and  the  phase  angle  with 
the  uncorrected  rotor  running  at  the  selected  te3t  speed  and  denote 
the  resulting  values  x^q  and  *20' 

4.  Insert  a  trial  weight,  T,  on  the  reference  line  in  balancing  plane  1, 
and  again  bring  the  rotor  up  to  test  speed. 


5. 


6. 


Measure  t 
Calculate 


a 


11  " 


he  two  amplitudes  as  in  (3).  Denote  these  values  x^ 

the  values  of  the  influence  coefficients  from 

X11  ~  X10 
T 


and  x21 


7.  Proceed  in  this  manner,  inserting  trial  weights  in  the  remaining 
three  balance  planes  until  the  full  set  of  eight  influence  coeffi¬ 
cients  is  obtained. 


8.  Select  a  second  balancing  speed. 

9.  Repeat  the  above  test  sequence,  steps  (3)  through  (7),  and  obtain 

a  second  set  of  eight  coof f icients .  The  total  number  of  coefficients 
is  now  16. 


10.  Using  the  four  amplitude  measuremen cs  for  the  uncorrected  rotor, 

obtain  a  set  of  four  equations  with  the  four  unbalance  components  as 

fol lows : 


SC 
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U  „ 

a 

4* 

3. , 

+ 

3. , 

10 

11 

1 

12 

2 

13 

3 

14 

m 

a,  i 

U  , 

+ 

a  „ 

u  „ 

4* 

a  „ 

u 

+ 

a  , 

20 

L  i 

1 

22 

2 

23 

3 

24 

* 

at  , 

u„ 

+ 

a  „ 

a  „ 

+ 

u  ^ 

+ 

G„, 

16 

31 

1 

32 

2 

33 

3 

34 

* 

a, . 

u , 

+ 

a, , 

u 

+ 

a  „ 

u  ^ 

4- 

a 

26 

41 

1 

42 

2 

43 

3 

34 

263 


The  unbalances  u^«  u^,  u^,  end  u^  may  b«  calculated  froei  the  above.  These 
calculations  are  quite  extensive,  and  are  most  conveniently  performed  an  a 
computer . 

A  numerical  example  will  illustrate  the  higher  accuracy  of  the  influence 
coefficient  method  over  the  rigid  rotor  methods.  For  this  purpose,  a  gas¬ 
bearing-supported  rotor  is  considered  which  is  dynamically  rigid  on  passing 
through  its  two  lowest  critical  speeds.  These  criticals  o<  -ur  a):  13,500  RPM  and 
at  17,000  RPM.  The  third  critical  speed  occurs  at  85,000  RPM.  The  rotor  has 
an  overhung  turbine  wheel  at  one  end  and  an  overhung  thrust  collar  at  the 
other  end.  During  machine  operation,  there  is  access  to  only  two  balance 
planes  —  one  at  each  end.  On  the  test  stand,  however,  there  is  also  access 
to  two  balance  planes  located  between  the  bearings  called  the  midplanes  in 
contrast  to  the  two  endplanes. 

I 

■ 

4 

The  comparison  between  the  two  balancing  methods  is  based  strictly  on  computer 
calculations  —  no  actual  testa  h3ve  been  performed.  First, |the  rotor  is  given 
a  random  distribution  of  unbalance  and  the  corresponding  rot*>r  amplitude  is 
shown  by  the  curve  labelled  "Uncorrected  Rotor”  in  Figure  7./0  7  .  This  figure 

J 

shows  the  amplitude  at  one  bearing  only,  the  amplitude  at  ttj'e  ocher  bearing  is 
completely  analogous .  Note  that  only  tne  second  critical  sp^ed  appears,  whereas 
Che  other  bearing  shows  only  the  first  critical  speed.  This  is  due  to  the 

particular  geometry  of  the  system.  Next,  let  the  rotor  be  /balanced  as  if  it 

I 

was  rigid  and  insert  the  correction  weights  in  either  the  l( wo  endplanes  or  in 
the  two  midplanes.  The  two  corresponding  amplitude  curves/ show  that  although 
the  rotor  balance  is  improved,  local  deflections  of  the  rotor  prevent  the 
balance  from  being  perfect.  Also,  note  that  it  is  advantageous  to  apply  the 
correction  weights  in  the  m1  ’aisles  cios»'  to  the  center  ojf  gravity  th-u  in 
the  endplanes.  Then,  balance  the  rotor  by  the  influence  coefficient  method. 
First,  use  only  the  two  endplanes  and  balance  at  40,000  RPM.  The  resulting 
amplitude  curve  shows  improvement  in  the  rotor  balance;  but  overall  the 
improvement  is  not  quite  as  good  as  the  results  attained  by  the  rigid  rotor 
method.  Secondly,  use  all  four  balance  planes  simultaneously  and  balance  at 
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.0,000  RPM  and  at  50,000  RPM.  Tha  rotor  la  now  perfectly  balanced  for  all 
practical  purpoaea.  It  la  evident  that  tha  higher  the  number  of  balance 
planea,  the  closer  it  is  possible  to  match  the  residual  unbalance  In  the  rotor 
and  the  better  the  rotor  balance  will  be.  On  the  other  hand,  a  large  number 
of  balance  planes  do  require  a  large  number  of  measurements  and  it  does  not 
seem  too  practical  to  go  beyond  4  or  5  balance  planea.  However,  alnca  most 
rotors  operate  below  their  third  critical  speed  3  or  4  planes  are  completely 
adequate . 

Acceptable  ’„evoi.  of  Unbalance 

The  degreo  •■>*:  residual  unbalance  which  will  allow  a  machine  to  give,  safe, 
efficient,  ariu  trouble-free  operation  over  a  sustained  period  of  time  is 
difficult  to  specify  because  of  the  many  factors  and  criteria  involved.  A 
machine  may  operate  safely  and  yet  its  noise  level  may  be  irritating  to  human 
beings.  Unbalance,  which  is  feasible  for  a  rotor  at  one  speed,  may  be  both 
unnecessary  and  beyond  tha  range  of  capability  of  conventional  balancing 
machinery  at  higher  speeds.  Two-plane,  field  balancing  may  be  the  only  practical 
possibility  due  to  constructional  inconvenience;  but  multiplane  balancing  may 
be  needed  to  attain  the  balance  level  required  by  government  specification. 

A  number  of  unbalance  force  formulae  are  shown  in  Figure  7.  08  ,  together  with 

2 

the  basic  formulae.  Formula  1,  v  ■  563Q(W/N  )  is  effective  up  to  around 
3600  RPM,  but  beyond  this,  it  is  too  severe  and  its  requirements  are  beyond  the 
capability  of  conventional  balancing  machines  at  high  speeds.  To  overcome  this. 
Formula  2,  v  •  5630(W/N^)  ^1  +  65  •  10  ^  ,  was  developed.  Rotors  may  readily 

be  balanced  to  this  specification  at  all  speeds.  Both  formulae  are  based  on 
p-rmitting  a  certain  f  '•centage  of  the  rccor  weight  (one  percent  below  3600  RPM, 
to  7.5  percent  at  10,000  RPM)  to  be  the  maximum  transmitted  force  on  a  rigid 
bearing,  simply-supported  rotor.  At  speeds  above  1000  RPM,  Formula  2  approximates 
Formula  3,  v  *  4(W/N),the  simple  criterion  used  by  some  turbine  manufacturers.  These 
formulae  give  safe  transmitted  force  values  by  prescribing  realistic  residual 
unbalance  levels. 


Unfortunately,  specification  of  a  safe  level  of  transmitted  force  does  not  also 
mean  that  the  rotor  whirl  amplitude  will  be  acceptable.  Many  experimenters 
such  as  Yates  (Ref. 151),  Rathbone  (Ref. 152),  and  Reiher  &  Keister  (Ref. 153) 
have  given  results  for  various  qualitative  evaluations  of  the  vibration  from 
residual  unbalance  based  on  amplitude  measurements.  Figure  7.09  is  a  composite 
of  several  investigations  covering  a  wide  variety  of  machinery.  Figure  7.10 
is  a  chart  of  human  perception  of  vibration  level  —  again  drawn  from  several 
investigators . 

Table  7.01  is  due  to  Federn  (Xef.lSi)  in  which  many  types  of  rotating  machinery 
have  been  classified  into  types.  The  eccentricity  of  the  c.g.  has  been  taken 
as  the  unbalance  variable,  as  discussed  previously  under  "Concept  of  Unbalance." 
Ranges  of  eccentricity  which  give  safe  operation  and  small  rotor  amplitude  for 
each  type  of  machine  are  specified.  Feldman  (Ref. 155)  has  assigned  the  speed 
ranges  listed  for  the  machinery  groups.  These  data  agree  quite  well  with  the 
results  given  by  the  formulae  listed  previously .giving  the  overall  vibration 
levelsbelow  the  results  obtained  using  Formula  1. 

The  above  results  ware,  in  general,  obtained  using  relatively  small  machinery 
much  of  which  would  have  been  dynamically  rigid  during  operation.  Although 
perfectly  valid  for  these  cases, the  application  of  th*s  data  to  large,  flexible, 
high-speed  machinery  should  be  considered  more  in  the  or  a  guide  to  suitable 

balance  levels  rather  than  as  a  specification  in  view  of  t  ie  diffwences 
between  rigid  and  flexible  rotors  discussed  previously. 


Table  7,01 


Guide  to  tne  Required  Quality  of  Bslar.'  . lug  (Federn) 


Quality  Group  Operating  Speed  RPM 


Rotor  Type 


Displacement  of  c.g.  10 


A 


7000  -  40000 


Small  high  speed  de-  +  0,008  to  0.039 
vices.  Gyros,  grinders. 


B 


7000  *  40000  Very  high  speed  motors,  +  0.020  to  0.073 

small  gas  turbines, 
gas  turbines,  blowers, 
grinders . 


C 


D 


1000  -  7000 


1000  -  7000 


Rigid,  small  motor  +  0,078  to  0.390 

armatures,  turbo¬ 
generators,  superchargers 


Commercial  electric 
motors,  fans,  gears, 
crankshafts . 


\ 

+  0.197  to  0.985 

\ 

\ 

\ 


200  -  1000  Propeller  shafts,  +  0.780  to  3.900 

reciprocating  engines, 
slow  speed  rotating 
machinery . 
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Balance  Plane  1 


Pig.  7.03  Location  of  Balance  Planet  In  Typical  Rotor 
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Fig.  7.07  Comparative  Multiplane  Balancing  of  a  Simple  Rotor 
in  Flexible  Bearinga 
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VIII 

TORSIONAL  AMD  AXIAL  EFFECTS 
Nature  of  Influence  on  System 

In  addition  to  the  lateral  rotor  motions  diacuaaed  previously,  most  rotors 
are  subjected  to  both  torsional  and  axial  effects.  These  may  take  the  form 
of  a  constant -valued  applied  torque  or  force  which  influences  other  motions 
without  determining  them,  or  they  may  be  time-dependent,  and  capable  of 
generating  motions  in  their  own  plane  of  action.  A  combination  of  both 
types  is  also  possible. 

Drive  torque  will  not  Influence  the  rotor  motions  unless  it  is  a  significant 
proportion  of  the  rotor  buckling  torque  or  unless  the  rotor  is  very  flexible 
and  the  working  deflections  are  large.  Axial  thrust  acting  on  the  rotor 
from  unbalanced  gas  or  liquid  pressure  in  a  pump,  compressor,  or  turbine 
affects  the  motions  similarly.  However,  in  any  machine  where  either  torque 
or  force  are  applied  during  operation,  the  effects  are  rsrely  static  even 
though  the  harmonic  component  may  be  very  small  in  proportion.  Thus  the 
possibility  exists  for  heavy  vibrations  to  occur  at  the  torsional  and  axial 
critical  speeds  of  the  machine,  in  addition  to  the  bendlng-torsional-axial 
critical  speed.  This  latter  mode  may  therefore  be  excited  by  a  cyclic 
component  associated  with  any  one  of  its  steady-state  components. 

The  present  chapter  discusses  the  sources  of  torsional  and  axial  vibration, 
the  calculations  of  torsional  and  axial  systems,  and  methods  used  in  practice 
to  limit  the  motions  within  acceptable  limits.  The  basic  properties  of 
bending- torsion-axial  interaction  are  then  presented,  together  with  several 
results  obtained.  An  important  distinction  to  note  is  that  bending  effects 
excited  by  synchronous  unbalance  promote  whirling  of  the  deflected  rotor 
shape  about  the  static  deflection  line,  whereas  torsional  and  axial  harmonic 
excitations  promote  vibrations  of  the  rotor  in  those  directions.  Where 
these  effects  influence  bending  of  the  rotor,  the  result  is  again  whirling, 
and  not  vibration. 
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Sources  of  Torsional  Excitation 

Torsional  vibrations  arise  directly  from  all  sources  listed  in  Table  8.01. 

These  may  be  classified  into  primary  sources  such  as  internal  combustion 
engines  and  propellers,  and  secondary  sources  such  as  machine  misalignment, 
unbalance,  impulsive  loads  and  so  on.  Any  machine  which  is  driven  by  a 
reciprocating  prime  mover  is  a  potential  torsional  vibration  hazard. 

Power  conversion  from  reciprocating  motion  to  rotary  motion  introduces  a  range 
of  harmonic  components  of  which  only  the  lowest  orders  can  be  balanced  out 
with  crankshaft  weights,  a  flywheel,  and  by  the  number  and  arrangment  of 
cylinders.  Higher  harmonics  and  the  angular  non-uniformity  of  the  crank- 
effort  diagram  cause  drive  torque  fluctuations  in  the  most  sophisticated 
engine  output.  Reciprocating  pumps  and  compressors  require  slmiliar  attention 
to  engine  design.  Propellers  are  a  strong  source  of  torsional  excitation 
in  propulsion  sys terns .  An  aircraft  propeller,  or  a  turbine  or  compressor 
blade  frequently  vibrates  while  it  is  operating  in  a  turbulent  wake  or  slip¬ 
stream  of  varying  velocity.  Ship  propellers  are  Influenced  by  cavitation. 

Both  high-  and  low-frequency  oscillations  may  occur  in  the  power  transmission 
system,  which  may  be  long  and  massive.  This  may  give  rise  to  system  vibratior.3, 
and  so  to  gearbox  noise  and  wear.  A  combination  of  a  reciprocating-engine 
driving  a  propeller  or  fan  is  a  particularly  dangerous  arrangement. 

Fans,  pumps,  and  turbines  are  each  capable  of  exciting  troublesome  moderate- 
to-high  frequency  oscillations  in  a  system.  In  a  fan  or  turbine,  these  may 
be  associated  with  incorrect  setting  of  the  diffuser  or  vane  angles.  Pump 
system  troubles  may  begin  with  cavitation  in  the  vane  passages,  causing 
rotating  unbalance  and  also  drive  speed  fluctuations. 

A  non-constant  drive  resulting  from  eccentric  meshing  of  the  teeth  of  a  gear 
pair  may  arise  through  radially-eccentric  mounting  of  the  gears,  or  by 
angular  misalignment  of  the  meshing.  In  both  cases,  this  leads  to  a  synchronous 
disturbance  as  the  tooth  contact  point  varies  in  radius  throughout  each  cycle, 
giving  rise  to  a  small  cyclic  torque  component  in  the  drive.  A  3imiliar 
condition  may  result  from  indexing  errors  in  relative  tooth  uniformity, 
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caused  during  manufacture.  Here,  the  frequency  of  the  error  depends  upon  the 
original  gear-cutting  machine,  and  on  the  number  of  teeth  on  the  cut  gear. 

Qear  tooth  contact  effects  can  be  minimized  In  high-speed  gearboxes  by 
providing  helical  teeth  rather  chan  spur,  or  spiral-bevel  rather  than  straight 
bevel . 

Rotating  unbalance  from  a  gear  or  shaft  can  give  rise  to  torsional  oacillationa 
which  are  synchronous  with  operating  speed  by  rocking  a  gear  in  and  out  of  mesh 
once  per  revolution,  In  the  manner  described  above,  especially  if  the  gear 
mesh  ts  at  the  end  of  overhung  shafts.  Good  shaft  balancing,  short  spans, 
and  rigid  bearings  can  do  much  to  minimize  these  oscillations.  Couplings 
can  give  rise  to  a  cyclic  disturbance  at  some  multiple  of  running  speed  if 
either  the  radial  or  angular  misalignment  is  sufficiently  in  error.  Misaligned 
universal  joints  create  a  twice-per-cycle  disturbance.  This  problem  has  been 
overcome  with  the  con-vel  joint  in  which  uniform  torque  is  transmitted  by  the 
constant  rolling  action  of  a  rolling  element  surface. 

Electrical  unbalance  Results  from  non-uniformities  in  the  magnetic  field  of 
the  machine,  or  due  to  worn  bearings  which  allow  a  gravity  deflection  of 
the  rotor. 

Shock  loads  and  starting  transients  give  rise  to  vibrations  which  decay  rapidly, 
but  may  be  of  such  severity  while  they  last  that  permanent  damage  is  done  to 
a  gear  mesh,  a  key  way,  or  to  a  shaft.  Abrupt  accelerations  and  decelerations 
fall  into  this  category.  In  systems  operating  with  substantial  torsional 
fatigue  hazard,  the  shock  loading  may  be  sufficient  to  precipitate  final 
component  failure. 

Critical  Speeds  of  Torsional  Systems 

Torsional  critical  speeds  depend  on  the  inertia-stiffness  properties  of  the 
machine  system,  and  on  its  size.  Commonly,  at  least  one  torsional  critical 
speed  will  lie  withimthe  operating  speed  range.  Torsional  systems  are  usually 
readily  represented  by  a  number  of  inertias  connected  by  flexible  shafts. 
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Figure  8.01.  The  frequency  equations  for  a  number  of  standard  discrete- 
mass  cases  are  given  in  Table  8.02.  In  each  case,  the  shaft  is  considered 
perfectly  elastic,  massless,  and  without  damping.  The  speed  change  across 
the  gear  mesh  results  in  a  higher  effective  ii'ertia  on  the  high-speed  side 
of  the  mesh.  The  frequency  of  the  four-inertia  system,  case  8,  is  expressed  in 
determinant  form  due  to  the  growing  size  of  the  frequency  equation,  for 
convenience . 

Practical  systems  frequently  require  10  or  20  inertias  to  represent  them  with 
sufficient  accuracy.  The  laboriousness  of  obtaining  the  roots  of  the  frequency 
equation  in  these  cases  is  readily  apparent.  Frequently  the  first  or  second 
torsional  critical  speeds  alone  are  required.  These  results  may  be  conveniently 
obtained  using  the  Holzer  tabular  method,  described  in  Den  Hartog  (Ref.  17  ) 
and  Nestorides  (Ref .  4  ),  although  any  of  the  iterative  methods  for  taking  the 
roots  of  a  matrix  described  tin  Chapter  4  would  be  as  effective.  The  Holzer 
table  is  well  suited  to  the  digital  computer,  and  this  combination  allows 
any  machine  to  be  accurately  represented  in  terms  of  stiffness  and  inertia, 
and  so  calculated  with  excellent  accuracy  (Rieger,  Ref .156)-  In  many  applications, 
the  only  torsional  damping  available  ia  shaft  hysteretic  damping  and  any 
residual  Coulomb  slippage.  Both  sources  are  very  small,  and  so  even  the 
secondary  sources  of  torsional  excitation  are  capable  of  producing  considerable 
vibration  amplitudes  in  che  vicinity  of  a  system  critical  speed.  This  fact 
has  been  demonstrated  in  the  failure  of  gears  and  shafts  many  times. 

Methods  of  Suppressing  Torsional  Vibrations 

In  common  with  other  motions,  torsional  vibrations  are  most  effectively  reduced 
by  eliminating  the  source  of  torsional  excitation.  Without  stimulus  there 
can  be  no  vibration.  Table  8.01  indicates  a  number  of  remedies  which  have 
been  shown  to  be  effective  in  dealing  with  torsional  vibrations.  Effectiveness 
in  each  case  arises  from  modifying  the  source  of  vibration  in  some  manner. 

Where  possible,  the  source  is  eliminated  entirely,  for  example,  by  using 
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•ccurately-cut  gears  and  by  mounting  them  concentrically  on  shafts  and  In 
bearings  which  have  sufficient  radial  stiffness.  In  other  cases,  considerable 
improvement  can  be  made  by  reducing  the  size  of  the  torsional  excitation. 

In  an  internal  combustion  engine,  this  may  be  done  by  proper  design  of  cylinder 
firing  order,  and  by  selection  of  suitable  crank  angles  for  the  number  of  cylinders 
required.  Furthermore,  the  design  and  fitting  of  the  moat  effectlva  balance 
weights  to  minimize  or  eliminate  completely  the  primary  and  secondary  unbalance 
forces  and  couples  on  the  crankshaft  makes  a  significant  contribution  to  the 
smoothness  of  the  crankshaft  drive  torque  produced. 

All  rotating  components  in  a  power  transmission  system  should  be  statically 
and  dynamically  balanced  for  flexural  motions,  as  rotating  unbalance  frequently 
leads  to  the  generation  of  torsional  oscillations  through  the  flexibility  of 
the  system,  the  gearing  and  the  degree  to  which  there  is  coupling  between  the 
bending  and  torsional  deformations  of  the  system. 

In  certain  instances,  it  ia  possible  to  He-tune  the  system,  using  a  vibration 
absorber  as  shown  in  Figure  8.02,  which  has  its  natural  frequency  tuned  to  the 
operating  speed  of  the  machine.  Hence,  during  operation,  the  tuner  vibrates 
heavily,  leaving  the  machine  substantially  vibration-tree.  These  devices 
are  difficult  to  tune  precisely,  as  the  resonant  peak  of  maximum  effectiveness 
is  very  sharp  and  requires  constant  speed.  Several  detuners  may  be  used  together, 
or  the  detuner  may  be  damped.  Additional  damping  increases  the  range  of  effecr 
tiveness,  but  decreases  the  maximum  effectiveness  at  resonance. 

By  far  the  most  common  vibration  suppression  device  is  the  torsional  vibration 
damper  with  which  the  troublesome  oscillations  are  minimized  by  attenuation, 
and  through  dissipation  of  the  vibrational  energy.  Many  types  of  tofional 
vibrafiutT  dampers  are  available  ccmsner daily.  The  Coulomb  friction 
damper  Figure  8.03,  operates  by  dissipating  energy  at  the  friction  interface 
through  relative  slippage  between  the  inertia  ring  and  the  oscillating  hub. 
Frequent  adjustment  of  the  interface  contact  pressure  may  be  required  due  to 
wear.  The  viscous  friction  damper  (Figure  8.04)  consists  of  an  inertia  ring 
and  an  oscillating  housing  which  are  unattached  mechanically.  Between  these 
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components  ia  a  thin  fluid  film,  usually  of  a  highly  viscous  material,  such 
as  a  silicone  oil.  Slip  between  the  components  during  operation  sheers  the  fluid 
film  and  dissipates  the  energy.  Pumping  chamber  dampers  (Figure  8.0S)  also 
use  an  inertia  ring.  Relative  motions  of  the  hub  tend  to  pump  the  working 
fluid  through  small  orifices  and  through  confined  spaces,  to  dissipate  energy. 
Torsional  dampers  may  be  designed  to  give  very  effective  vibration  suppression 
over  wide  ranges  of  operating  conditions.  However,  the  design  must  be  based 
on  the  dynamical  characteristics  of  the  entire  system  to  achieve  maximra 
effectiveness  in  operation. 

Sources  of  Axial  Vibration 

Pressure  fluctuations  in  process  fluid  machinery  often  contain  a  cyclic 
component  generated  by  some  rotating  mechanical  .asymmetry.  The  forces 
involved  can  be  quite  large,  and  so  operation  in  the  vicinity  of  an  axial 
critical  speed  has  been  known  to  give  rise  to  sizeable  vibrations  in  that 
direction.  Other  systems  which  drive  propellers  or  fans  are  well-known  to 
be  susceptible  to  axial  modes  due  to  the  aerodynamic  forces  involved  in  the 
motion.  Vertical  rotating  machinery  supported  on  a  lightly-loaded  thrust 
bearing  may  experience  vertical  vibrations  of  the  rotor  if  the  machine  operating 
speed  lies  near  the  axial  natural  frequency  of  the  rotor-thrust  bearing 
combination.  Motions  of  this  type  have  been  discussed  by  Den  Hartog  (Ref  17  ) 
with  regard  to  self-excited  oscillations  in  steam  turbines,  and  in  vertical 
Francis  water  turbines.  These  motions  may  occur  with  both  rolling-element 
thrust  bearings,  and  with  fluid-film  thrust  bearings.  Sizeable  vibrations  are  • 
less  likely  to  occur  with  liquid-film  thrust  bearings  because  of  the  squeeze- 
film  damping  present;  but  with  gas-bearing  machinery,  the  hydrodynamic  film 
stiffness  and  damping  are  considerably  smaller,  apd  the  possibility  of 
dangerous  vibrations  is  much  greater,  particularly  as  the  operating  film  thick¬ 
ness  is  smaller,  and  a  touch  at  the  high  operating  speed  usually  employed  could 
be  catastrophic .  Where  a  hydrostatic  thrust  bearing  is  used,  the  film  stiffness 
is  larger,  but  damping  is  still  small,  and  this  leads  to  similiar  motions  as 
in  the  case  of  hydrodynamic  bearings,  but  at  higher  operational  speeds.  It  is 
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important  Co  not*  Chat  ch«  atiffnea*  of  fluid- film  thruat  bearings  la 
highly  non- linear  with  displacement,  and  so  Che  calculated  natural  fTaquency 
baaed  on  a  specified  operating  film  thickest*  la  only  valid  for  small 
amplitude  motions.  An  example  of  auch  a  calculation  la  given  in  the  following 
section.  Alternatively,  where  the  bearing  is  supported  by  a  thin  diaphragm 
as  in  certain  totally  enclosed  process  gas  systems,  axial  vibrations  of  the 
bearing  shell  and  rotor  may  occur  due  to  the  diaphragm  flexibility  as  a  plate. 
The  vibrations  in  this  case  are  linear  up  to  quite  large  amplitudes. 

The  above  comments  apply  to  axial  systems,  iu  which  the  rotor  moves  as  a  rigid 
body  against  the  flexibility  of  a  bearing  or  pedestal.  Where  long  connecting 
drive  shafts  are  used,  or  with  systems  having  heavy  end  masses  and  relatively 
smell  diameter  conneptiog  .-hafts,  elastic  axial  vibrations  of  the  rotor  itself 
may  occur.  However,  h->  .lative  stiffness  in  this  direction  generally  causes 
these  vibrations  to  occur  at  fairly  high  frequencies. 

Critical  Speeds  of  Axial  Vibration 

The  speed  at  which  an  axial  system  becomes  resonant  is  identical  with  its 
natural  axial  vibration  frequency.  The  system  may  respond  to  any  of  the  stimuli 
discussed  above,  either  at  rotational  speed  for  a  sjcdronoua  excitation,  or  to 
a  higher  or  lower  frequency,  depending  on  the  non-synchronous  source;  or  it 
may  experience  self-excited  oscillations  at  its  natural  frequency,  at  any  speed 
including  zero  rpm.  Natural  frequencies  of  several  simple  axial  systems  are 
given  in  Table  8.03.  The  system  flexibility  may  be  the  bearing.  Cases  1  and 
2;  or  the  rotor  shaft.  Case  3  and  4,  6  and  7;  or  either  shaft  and  bearing,  or 
bearing  and  pedestal  or ‘diaphragm,  Case  5.  The  mass  in  all  cases  consists  of 
the  rotor,  the  end  disks,  or  the  bearing  shell,  or  a  combination  of  these 
masses.  Case  2  shows  the  damped  natural  frequency  which  may  differ  from  the 
undamped  natural  frequency  for  cases  where  the  bearing  fluid-film  damping 
is  considerable. 
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Suppression  of  AxJ il  Vibration* 


Axial  vibrations  cause  Croubla  luss  frequently  than  either  banding  or  toraional 
vibrations  and  sc  leas  apacific  information  ia  available  on  their  suppression. 
However,  the  established  principlea  of  vibration  auppreaaion  may  be  applied  aa 
followa  j.n  any  troubleaooe  case: 

1.  Remove  the  axial  natural  frequency  from  the  troublesome  frequency  range, 
preferably  by  atiffening  the  bearing,  or  by  reducing  the  weight  of 

the  rotor.  Both  effects  raise  the  critical  speed.  Vhere  this  is  not 
effective,  decresse  the  bearing  atiffnesa  by  using  a  greater  film 
thickness,  or  by  using  a  floating  ring  bearing,  and  operate  the  ma¬ 
chine  beyond  the  axial  critical,  providing  good  bearing  damping  capa¬ 
city  to  limit  motions  on  passing  through  the  critical  speed. 

2.  Change  the  lubricant  to  increase  the  fluid-film  damping  available. 
Adequately  designed  squeeze-film  damping  is  amongst  the  most  effective 
damping  available,  and  thrust  bearings  provide  a  conveniently  available 
source. 

3.  Design  a  simple  pendulum  detuner  for  the  rotor  to  absorb  the  critical 
vibrations . 

4.  Design  a  Coulomb  damper  to  absorb  the  energy  of  the  axial  vibration. 
Figure  8.  03. 

Axial  Vibrations  of  a  Hydrostatic  Thrust  Bearing 

Thrust  bearings  are  often  the  most  flexible  components  in  an  axial  system,  and 
so  the  possibility  of  vibrations  due  to  this  source  is  considerable.  With 
rolling  element  bearings  the  stiffness  is  usually  fairly  large,  and  so  the 
axial  natural  frequency  is  likely  to  be  high  in,  or  beyond,  the  operating  speed 
range.  Liquid-lubricated  bearings  may  have  lower  stiffnesses,  particularly 
hydrodynamic  thrust  bearings  but  the  damping  due  to  squeeze-film  action  is  high, 
and  so  failure  by  surface  touching  is  uncommon  in  a  bearing  whose  static  load¬ 
carrying  capacity  is  adequately  designed.  In  a  hydrostatic  liquid  thrust 
bearing,  the  stiffness  is  determined  by  the  bearing  inlet  pressure  and  the 


operating  film  thickness.  Large  aqueeae-film  deeping  la  again  available. 

Annular  and  apherlcal  hydrostatic  thrust  bearings  have  been  investigated  by 
Sternlicht  (Ref.  157),  Raimondi  (Ref.  158)  and  Sieger  (Ref.  159). 

The  operating  stiffness  of  a  hydrodynamic  thrust  bearing  is  usually  extremely 
low,  and  this  combined  with  the  small  Inherent  dashing  makes  this  bearing  type 
a  potential  haeard  in  moat  machines.  However,  the  hydrostatic  gas  bearing 
combines  practical  load-carrying  capacity  with  low  friction,  thus  overcoming  the 
above  problem.  Although  t  he  overall  stiffness  increase  between  the  two  bearing 
types  may  not  be  great  (due  to  a  considerable  increase  in  the  designed  gas  film 
thickness  for  the  same  applied  thrust  load),  the  amplitude -of -mot ion  tolerance  is 
much  larger  due  to  the  thickened  film,  non-linear  stiffening  of  the  film  accom¬ 
panies  the  smaller  thicknesses  and  the  damping  capacity  is  larger.  These 
bearings  are  susceptible  to  a  self-excited  instability  known  as  'pneumatic  hammer', 
aa  are  all  hydrostatic  bearings,  in  which  the  large-amplitude  oscillations  which 
develop  may  cause  bearing  failure. 

The  bearing  considered  in  this  section  is  shown  in  Figure  8.06,  and  consists  of 
two  circular  plates.  The  upper  load-carrying  plate  has  a  circular  recess,  the 
depth  of  which  can  be  varied.  The  pressurized  gas  enters  through  the  restrictor 
in  the  lower  plate,  and  flows  through  the  recess  radially  out  to  atmosphere. 

The  pressure  distribution  between  the  plates  is  shorn  in  Figure  8.06  ,  and 
is  known  to  be  in  the  form  of  a  frustum  of  height  (PQ"Pa)»  where  is  the 
recess  pressure  and  is  the  external  pressure.  The  operating  film  thickness 
is  Hq.  Any  small  incremental  change  h  in  film  thickness  corresponds  to  a 
pressure  increment  p.  Linear  relationships  are  assumed  to  exist  throughout, 
based  on  small  deviations  from  equilibrium  values.  Changes  in  gas  density  p 
are  due  to  pressure  variations,  and  so  the  basic  gas  law  p/p  “RT  may  be 
used,  where  the  symbols  have  their  usual  meanings. 
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Th*  pressure  at  any  point  in  the  annulut, 
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between  radii  and  E  is  given  by 

(8-1) 


In  practice,  good  load  capacity  with  low  gaa  leakage  ia  achieved  with  R  *  1/3  E. 
Adopting  these  proportions,  and  writing  the  equation  of  motion  for  the  system 
mass  m  gives: 
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For  a  given  supply  pressure,  gas  flow  into  the  bearing  depends  on  recesa 
pressure  only,  as  this  determines  the  orifice  flow.  Bearing  outflow  is  a 
function  of  recess  pressure  and  the  film  thickness  in  the  annular  clearance. 
For  small  deviations  from  the  equilibrium  point  shown  in  Figure  8.07  (p  and  h) 
there  are  corresponding  variations  in  inflow  and  outflow  which  may  be  repre¬ 
sented  approximately  by: 
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Th«  time  rata  of  change  of  tha  baa  ring  gas  mass  content  la  than: 


w  ■  Wj  -  «2  -  -  (a  +  0)p  -  9b 


(8-4) 


where  a,  0,  and  9  ara  all  poalCiva  coafficlanta.  Tha  baa  ring  gaa  aaea  ia  than: 
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Ualng  Equations  8.01  and  8.02  this  raducaa  to: 
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The  time  rate  of  change  nf  the  beering  gaa  constant  (A)  la  equivalent  to  tha 
difference  between  the  Inflow  and  tha  outflow  (w),  and  corresponds  to  tha 
time-rates  of  small  deviations  fron  tha  equilibrium  point  (p  and  h),  i.e., 
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where,  by  partial  differentiation  of  Equation  8.05 
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Combining  Equations  8.  05  and  8.06  to  eliminate  w  gives 
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(8-7) 
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Aa  p  •  (m/A#)h,  and  p  -  (m/Afl)  "S’ ,  substituting  laada  to  tha  following  baaie 
diffarantlal  aquation  of  tha  system: 
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Tha  inherent  stability  of  tha  a y a tern  for  axial  aotiona  may  now  ba  examined 
by  applying  the  Routh  criterion  to  thia  expression,  which  haa  tha  form: 
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where  cq,  c^  and  c^  are  all  poaitive  coefficient!. 

The  syatem  ia  stable  where  the  Inequality  c^,  >  cq  ia  satisfied.  In  terms 

of  the  system  parameters  this  requires 
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for  stable  operations  of  the  system.  Considering  Figure  8.07  ,  large  values 

of  the  ratio  a  &  correspond  to  large  values  of  recess  pressure  p  and 
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small  vs lues  of  annulus  height  H  .  The  ratio  ^  is  large  where  the  maximum 
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load  ia  supported  with  the  minimum  possible  Hq.  However  this  also  leads  to 

sm^ll  §  values.  The  value  ^  is  proportional  to  the  recess  depth  A,  the 

o  8 

annulus  height  H  ,  and  inversely  as  the  recess  pressure  p  .  Thus  p  and  H 
°o  y  o  oo 

have  an  opposite  effect  on  the  magnitudes  of  the  ratios  forming  the  two 
sides  of  the  above  inequality.  It  is  also  clear  the  A  should  be  minimum  for 
stability.  The  value  of  a  is  also  influenced  by  the  manner  in  which  the 
pressurized  gas  is  supplied  to  the  bearing.  Results  indicate  that  a  large 
diameter  nozzle  gives  a  largpr  a-value  than  both  a  small  diameter  nozzle,  and 
a  capillary. 

The  above  analysis  Indicates  that  where  stability  considerations  are  important 
in  Che  design  of  pressurized  gas  thrust  bearings,  the  gas  storage  capacity 
of  the  bearing  should  be  minimized,  requiring  a  small  recess  depth.  A  small 
pressure  difference  (Pg*  Pr)  tends  to  promote  stable  operation,  and  this  is 
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provided  by  having  a  large  diameter  inlet  nozzle,  rather  than  a  email  nozzle 
or  a  capillary.  Choked  flaw  or  inherent ly-compenaa ted  bearings  promote  unstable 
operation.  Good  design  requires  that,  where  possible,  the  bearing  annular 
clearance  should  become  the  flow  restrictor,  rather  than  the  inlet  nozzle. 

The  above  theoretical  results  have  been  substantiated  by  experiments  conducted 
by  Licht,  Fuller  and  Sternlicht  (Ref . 141)  who,  for  a  bearing  with  3.00  in  O.D. 
pressure, p  »  73.5  psig,  nozzle  diameter  0.032  -  0.078,  and  recess  depth 
0.003  -  0.500, found  large  amplitude  self-excited  oscillations  in  the  range 
25-30  epa.  This  work  has  been  further  extended  by  Licht  (Ref. 142). 

Effect  of  Axial  Force  and  Drive  Torque  on  Bending  Motions 

In  many  turbotnachines ,  the  operating  conditions  are  auch  that  the  bending 
motions  of  the  rotor  are  influenced  by  the  drive  torque,  and  by  the  axial 
thrust.  These  effects  may  alter  the  position  of  the  bending  critical  speed  in 
relation  to  the  operating  speed,  and  so  affect  the  dynamic  performance  of  the 
machine.  The  present  section  describes  the  extent  of  these  effects  on  several 
common  machine  configurations. 

The  operation  of  turbomachines  such  as  pumps,  compressors,  turbines,  and 
expanders  involves  a  pressure  difference  to  promote  flow.  In  many  instances, 
this  pressure  difference  is  not  inherently  balanced  in  the  machine  layout,  and 
the  resulting  axial  thrust  must  then  be  acconmodated  with  a  large  thrust 
bearing.  This  is  a  conmon  feature  of  axial  flow  machinery,  including  steam 
turbines,  unless  a  central  inlet  divided-flow  design  is  used.  Centrifugal 
pumps  and  blowers  are  sometimes  designed  with  double-acting  impellers  to  avoid 
large  thrust  loads.  From  a  rotordynamic  standpoint,  the  most  undesirable  condition 
occurs  where  a  large  thrust  is  generated  near  one  end  of  a  slender,  high-speed 
rotor,  and  this  thrust  is  absorbed  by  a  thrust  bearing  located  near  the  other 
end  of  the  rotor.  The  rotor  then  acts  as  a  slender  column,  and  if  the  axial 
compressive  load  Is  a  significant  proportion  of  the  buckling  load,  the  bending 
critical  speed  may  be  reduced  considerably.  A  similar  condition  occurs  with 
long  slender  rotors  which  operate  with  high  drive  torque,  either  steady-state 
or  during  transient  run-up.  As  the  machine  torque  approaches  the  torsional 
buckling  load  of  the  rotor  shaft,  the  bending  critical  speed  is  again  depressed. 
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Both  axial  and  torsional  affects  say  be  present  together  in  a  particular 
machine,  and  their  overall  effect  on  critical  speed  performance  for  that 
configuration  must  then  te  considered.  . 


Several  cases  of  single-disk  rotors  supported  in  rigid  bearings  have  been 
studied  in  derail  by  Graomel  (Ref.loO).  For  a  shaft  having  symmetrical  lateral 
stiffness  subjected  to  an  end  thrust  F,  the  relationship  between  the  simple 
natural  frequency  and  the  thrust-load  natural  frequency  cd  ia  given  by: 


(8-9) 


where  is  a  numerical  coefficient  given  in  Table  8.04  by  Ziegler  (Ref.  20). 
The  value  of  is  influenced  by  the  type  of  bearings  (system  end  constraints) 
used.  Where  the  shaft  is  ncted  on  by  an  applied  torque,  T,  the  effect  on  the 
natural  frequency  of  the  system  is  given  by: 


2 

(8-10) 

where  k^  is  a  numerical  coefficient,  given  in  Table  8.04,  for  instances  where 
the  applied  torque  is  only  a  small  proportion  of  the  buckling  torque.  The 
value  of  is  again  influenced  by  the  shaft  end-support  conditions.  The  drive 
torque  may  be  applied  in  a  number  of  ways,  and  over  any  shaft  length.  If  the 
drive  torque  is  applied  semi- tangentially,  as  shown  in  Table  8.04,  Wehrli 
(Ref. 162)  has  shown  that  a  critical  interval  exists 
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above  and  below  which  the  motion  i3  stable.  The  numerical  coefficient  k^ 
is  given  in  Table  8.04and  this  result  also  applies  for  relatively  small 
values  of  applied  torque.  In  case  7,  k^  depends  on  the  angle  9  adopted  by 
the  universal  joints  with  respect  to  one  another,  in  the  unloaded  state. 

For  9-0,  the  limits  of  the  critical  interval  are  more  accurately  given  by: 
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Case  7,0-0 

~kr  •  1  -  '  [5l  ±  «<i  ♦  *v>]  (8  J 2  <»-n> 

where  v  is  Poisson* a  ratio  for  the  shaft  material. 


For  a  quasi- tangential  couple  acting  on  the  disk,  aa  in  the  case  of  a  turbine 
having  two  diammetrically-opposlta  sets  of  inlet  blades,  two  critical  angular 
velocities  exiat.  For  small  values  of  T  these  are  given  by: 


c 


1  +  k,  — 
-  4  El 


(8-13). 


where  la  a  numerical  coefficient  given  in  Table  8.04.  In  cases  2  and  3 
these  two  critical  speed  values  coincide  when  T  is  small:  For  cases  6  and 
8,  the  critical  interval  is  again  given  by: 
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(8-14) 


in  terms  of  the  corresponding  values  in  the  Table. 


Where  axial  thrust  and  drive  torque  are  present  simultaneously  in  a  given 
system,  the  combined  effect  may  be  determined  from  the  expression 


in  which  and  k,.  are  numerical  coefficients,  given  in  Table  8.04. 


In  the  case  of  a  uniform  shaft  which  has  its  mass  and  elasticity  uniformly 
distributed  along  its  length,  the  basic  differential  equation  of  motion  for 
free  vibrations  in  the  x,  z  plane  including  axial  force  effects  is: 
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A  similar  expression  exists  for  free  vibrations  in  the  y,  s  plane.  For 
harmonic  motions  in  a  natural  mode  s  the  solution  for  transverae  displacements 
of  the  rotor  is: 


X  *  x(z)  cos  cot 


<8-17) 


where 

x(z)  “  A  cos  Ot^z  4-  B  sin  OS^z  +  C  cosh  +  D  sir.h  Gtj* 


(8-18) 


In  the  case  where  the  uniform  shaft  is  supported  at  either  end  in  rigid  bearings 
which  permit  shaft  angular  deflection  but  no  displacement ,  the  frequency 
equation  may  be  determined  by  substituting  the  end  conditions  of  zero  displace¬ 
ment  and  zero  bending  moment  at  z  *  0  and  z  =»  L,  and  rejecting  trivial  solutions 
to  obtain: 

sin  ctjL  sinh  a,L  »  0 

The  frequency  parameters  Ct,  and  a  are  always  real,  positive  and  a.  ■  na, • 

The  frequency  equation  may  be  solved  by  writing 

sin  0'1  Lsinh  na^L  *  0 

and  substituting  trial  a,L  values.  As  n  approaches  1.0,  cr^  approaches 

and  the  condition  is  P  «  0,  i.e.  a  whirling  uniform  rotor,  for  which  the  lowest 

eigenvalue  is  a,  L  =*  a„L  «  x.  As  n  varies,  so  the  a,L  solution  departs  from  n. 

I  Z  i 

Uniform  rotors  supported  in  other  types  of  end  conditions  may  also  be  analyzed 
by  the  above  method.. 
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In  general,  the  effect  of  and  thrust  is  to  lower  the  eigenvalue  and  ao  to 
depress  tha  critical  speed  below  that  of  a  siaple  rotor,  aL  - 


If  the  shaft  in  the  above  problem  ia  subjected  to  applied  torque  the  analysis 
becomes  far  more  complicated,  but  the  results  ara  coeparatively  simple. 

Greenhill  (Ref. 39)  has  examined  the  influence  of  both  axial  torque  and  rotation 
on  the  buckling  of  a  long  uniform  shaft.  Formulae  were  obtained  for  maximum 
shaft-lengths  consistent  with  stability  against  buckling,  for  relatively 
‘  low-speed  operation.  Southwell  and  Gough (Ref .91)  have  considered  the  other 

aspect  of  the  problem,  i.e,  where  the  speed  is  the  major  factor,  and  the  influence 
of  moderate  applied  torque  and  end  thrust  on  the  critical  speed  is  required. 

The  basic  equations  derived  by  Greenhill  again  apply.  Tha  applied  torque  gives 
rise  to  the  following  bending  moments  in  the  shaft: 


- 

dz 


about  the  y-axis 


about  the  x-axia 


as  shown  in  Figure  4.  12  .  Considering  motions  in  the  x,  z  plane,  the  equation 


of  motion  Is: 


♦  ,&  +  m  & 

dz  dz  dz  8  dt 


and  In  the  y.z  plane 

II  &  *  T  +  F  &  ♦  f  & 

>-2  8 


Putting  R  *  x  +  1Y  and  combining  gives 


(8.19) 


-  0 


(8.20) 


>i  £  ;  „  &  +  ,  &  +  m 

~  Bi4  ^  dz3  dz2  8  dt2 


(8.21) 


The  solution  to  this  equation  is: 


r(z)  cos  cot 


(8.22) 
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where 


leads  to  th*  critical  speed  condition  for  fixad  direction  bearings: 

£  (>>1->>2)(X3.\4)  coa  <X1+\2-X3-X4)  |  -  0  (ft.  26) 

Similarly,  for  ahort  bearing*,  the  boundary  eoadltioaa  are  at  both  a  ■  0 
and  a  •  L 


a  »  y  «  0; 


SI  — |  •  I 
da2  d* 


-  0; 


da 


-  0; 


ainca  moment  aad  displacement  both  vaniah 
at  tha  anda 


Thaae  expressions  lead  to  the  critical  spaed  equation: 

E<XS2)<X32-\2)  CO*  <V*>2*VV  2  "  ® 


(8.27) 


Southwell  and  Gough  give  two  diagrams  for  the  abase  bearing  conditions  which 
allow  the  value  of  tha  critical  speed  parameter  C  to  be  determined  directly 
as  a  function  of  the  torque  and  thrust  parameters,  A  and  B,  where: 


PL 

4EI 


C  - 


wAaa2L* 
16  Elg 


These  diagrams  are  reproduced  as  Figures  8.08  aad  8.09  in  this  report. 

The  effect  of  axial  torque  alone  on  bending  critical  speeds  has  recently  been 
considered  by  Rosenberg(Ref  .161) ,  for  a  uniform  rotor.  Results  up  to  the 
sixth  bending  mode  are  given. 
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Sours#  ot  Vibration 

1.  Xatarntl  Cowu»tloa 
Engine 


2.  Prop#il*rs, 

Fans,  pumps ,  turbtnss 


Bevel  and  Spur  Gearing 
Non-constant  drive. 


4.  Rotating  Unbalance 


5-  Coupling 


6.  Electrical  Unbalance 


7,  Starting  Transient, 
Shock  Load, 


Cause 

0«  prassurt  fluctuation* , 

lasdequat#  eng in*  compo¬ 
nent  design. 


Pressure  fluctuations 
during  rotation.  Vibra¬ 
tion  of  blades. 


Eccentric  mounting  of 
gears.  Oblique  mounting 
of  gears. 

Index  error  in  teeth.  Mis¬ 
aligned  assembly.  Exces¬ 
sive  backlash. 

Shaft  eccentricity. 

Shift  flexibility. 

Shaft  asymmetry 


Improper  alignment. 

Universal  joint  with  large 
angle . 

Drive  motor 


Rapid  start-up.  Load 
application.  Load  re¬ 
duction. 


Modify  firing  order, 
crank  angles  end  timing 
(Gasoline) .  Maintain 
electrical  system.  Use 
larger  flywheel,  Ra» 
select  balance  weights. 
Use  fluid  coupling. 

Use  ducted  propeller. 
Increase  ship-propeller 
s learance .  El iainat# 
struts.  Use  higher  in¬ 
ternal  damping  material. 
Increase  number  of  blades 
Reduce  cavitation  effects 
Modify  guild  vane  inlet 
angle.  Add  flow  straight- 
eners  on  honeycomb. 

Remount  concentrically. 
Locate  gears  accurately 
on  shaft.  Recut  teeth 
or  replace  gear.  Re¬ 
align  in  bearings. 

Helical  tooth  required. 

Reassemble  concentrical¬ 
ly  or  rebalance . 
Multiplane  balance 
through  speed  range. 

Be lance  or  cut  for 
symmetrical  stiffness  in 
both  flexure  planes. 

Realign,  Increase 
coupling  flexibility. 
Reduce  angle .  Use  con¬ 
stant  velocity  joint. 

Use  bevel  gears. 

Modify:  magnetic  design 
of  ooles;  number,  or 
edges.  Increase  number 
of  poi.es. 

Gentler  electrical 
starter.  Gentler  clutch, 
automatic  operation. 
Fluid  coupling.  Mag¬ 
netic  coupling. 
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Table  8.03  Natural  Frequencies  of  Axial  Vibration 


Inertia -Stiffness  Diatribution  for  Torsional  System 
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Coulotab  Friction  Daasper 

Courtesy  of  B« I.C.E,R«A„  Torsional  Vibration  Handbook 


Fig.  8.04  Viscous  Shear  Damper 

Courtesy  of  B.I.C.E.R.A.  Torsional  Vibration  Handbook 


■7 


PVitn' 


A  S! 

£*  /!  i!  \\  '■ 


•V 

yf'Z  °  6 

#o  / 

r-A'-v-y""* 


fe \  'w^Jbj  J 

u-  v*!\o  \  /  ®]l)  I  j 

\  o  ff  °f 

V/  Vfer^/A  /- 

»D  «  (To  7"^ 


- 7— OathF-ot 

_  /  ***€*&» 

y^-C«t  off 

- Ouffnf 

Pumpinf  cliamUr 


-  \o  /  - 

■"V"" 

R«.itf{ct©r 

icrtws 


DcmVpot-  rtc«s# 


Fig.  8.05  Keying  Oi«abar  D«np*r 

CoorCesy  of  B.I.C<.S.R«A.  Torsional  Vibration  Handbook 


301 


303 


N&lues  of 


Fig.  8.08  Critic*!  Speed  Diagram  for  Simply  Supported 
Shaft  Subjected  to  End  Thrust  and  Twist 

Reprinted  from  British  Association  for  the 
Advancement  of  Science.  Report  of  the 
Eighty-Ninth  Meeting.  Figure  IT,  Edinburgh, 
1921.  1922  John  Murray,  Albemarle  Street 
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The  theory  of  hydrodynamic  lubrication  is  based  on  s  particular  formulation  of 
the  lavier-Stokes  equations  *  ko own  as  Raynoida '  equation.  The  underlying 
assuaptio «s  are; 

1,  the  thickness  of  the  fluid  fils  y  is  very  small  compared  with  the 
length  x  and  breadth  z. 

2,  Ho  variation  of  pressure  occurs  scross  the  film  thickness,  dp/dy  •  0. 

3,  The  flow  is  laminar.  Ho  vortex  flow  and  no  turbulence  exists  within 
the  film, 

4,  Ho  external  forces  act  an  the  fluid  film.  Thus,  X  »  Y  •  Z  -  Q. 

5,  Fluid  inertia  la  small  compared  with  the  viscous  shear. 

6,  No  slip  occurs  at  the  bearing  surfaces. 

7,  Velocity  gradients  in  the  direction  of  film  thickness  are  negligible. 


With  these  assumptions ,  the  generalized  Reynolds*  equation  becomes: 

-4-  (eiL.  |e>  +  -4-  -  e  oj  -v.)  +  i2pv 

ox  u  ox  dz  ’  u  oz  1  2  dx 

+  12h  (A-l) 

i 

This  expression  applies  to  both  compressible  and  incompressible  lubricants.  The 
left-hand  side  describes  the  pressure  distribution  throughout  the  bearing.  The 
first  right-hand  term  is  due  to  the  bearing  velocities  along  the  oil  film.  The 
term  12oV  is  due  to  the  bearing  surfaces  in  s  direction  normal  to  the  oil  film. 
The  last  term  accounts  for  time -dependent  pressure  variations  in  the  film.  For 
a  journal  bearing.  Figure  A-l,  the  shaft  alone  rotates,  U ^  *  0,  and  Reynolds' 

equation  for  a  compressible  lubricant  becomes; 
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With  a  comprsssibi*  lubricant  p  -  constant,  and  for  a  journal  tear  ins  jUynoWa’ 
aquation  becomsa: 

-It  <r  ♦  -It  <£  fe  *  “s  +  »  ■  «-» 

Thaaa  equation*  aay  contain  viscosity,  denaity,  film  thickness  and  tin*  aa 
parameters.  The**  parameter*  both  determine  and  depend  on  the  temperature  and 
preasure  field*,  and  on  the  elaatic  behavior  of  the  bearing  surface*  under 
pressure  and  temperature.  Thus,  to  obtain  a  complete  and  accurate  representa¬ 
tion  of  the  hydrodynamics  of  the  lubricating  film,  it  nay  be  necessary  to  con¬ 
sider  simultaneously  the  Reynolds'  equation,  the  energy  equation ,  the  elasticity 
equation  and  the  equation  of  state.  Both  energy  and  elasticity  considerations 
are  discussed  at  length  in  the  book  by  Pinku*  and  Sternlicht  (Ref.  2).  The 
equation  of  state  applies  to  compressible  lubricants,  and  is 

p/p  -  IRT 

as  given  by  the  perfect  gas  law.  In  general,  it  is  sufficiently  accurate  to 
ignore  variations  of  p  and  |i  with  T,  and  to  substitute  the  equation  of  state 
into  Reynolds'  equation.  Where  this  approximation  is  impossible,  the  equations 
must  be  solved  simultaneously. 


Incompressible  Lubricants 

For  an  incompressible  fluid,  the  dynamic  Reynolds'  equation  for  journal 
bearings  of  finite  length  may  be  written 


6Ra>  1 


dh 


ST 
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12  p  cos  9 


(A-4) 


Introducing  the  dimensionless  parameters 


x  «  x/D;  z  »  z/L;  h 


P 


(— ) 
Mxu 


P 


h/2C;  e  »  p/C 
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and  assuming  constant  viscosity,  Reynolds '  equation  la  dlmmsionlM*  fora 

becomes:  ’  ’  - 

* 

<h3  ft  +  (7) 2  <h3  ft  -  6*  —  +  12*  co«  0  (A- 5) 

d*  L  aT  a*  £  x>jA 


where 


h  •  1/2  (1  +  (  coa  0) 


The  resulting  fluid-film  forces  in  the  radial  and  tangential  directions  acting 
on  the  rotor  are 


Fr  -  -Vo  (1-2  2 )//  p  cos  0  dx  dx 


-  Vo  (1  -  2  - 
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Vo  (1  -  2 


2)  f  6  i 

<a}  *t  ’  ’  *  D 

L  i-2<r> 


(A-6) 


where 


*  -  <*?>  <!> 

For  rotor -bearing  dynamic  analysis,  these  forces  are  linearized  with  respect  to 
displacement  and  velocity  to  g<ve 


dF  -  Vo 


(l-A  d€  +  .  d  (-)  +  — 

“  de  a«A.)  ^  at 


„  &  .  _iL_  .  aft 

S<a/«)  V  j.jA 


Expanding  the  above  expression  in  a  Taylor  series  above  Che  steady-state 
equilibrium  position,  it  follows  that  €  -  Cl  *  0  and  so^Bf/d(^)  J  ■  0 
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This  gives 


d«  +  -S£—  d  (J)  -  —  i  .  «dx 


df  -  Xffl 

Changing  fro«  polar  to  raetangular  coordlnataa  aa  shown  in  figora  A-l 
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th«  force  coordinates  in  the  x  and  y  directions  are 


",  -cto 


t  htr 

i'F" 


co,20  +  ~  •In2  a  +  (-“  + 3  co,  a  ,ln  a 


dx 


.  *5fr 
md(e/ai) 


co s2a  +  —  sin20  +  +  — )  cos  C  sin  O 

4  6  d(e/a>) 


“  (dx) 
0) 


cos2a  -  Sin?a  +  (|£  -  |^)  cos  a  sin  a  j  dy 

«  sin  a]  I  (dy)| 


A  2fr  2n  5ft  .  2  .  ,2ft  dfr  , 

+  —  cos  a  -  ■  ■  . . sin  a  +  (— *  -  )  cos 

l  4  d(e/a>  6  d<c/o) 


dF  ■  “•  foul  |  cos2Ct  +  ~  8ia^O  +  (~-  -  ^”)  cos  O.  sin  CX  ^  dx 


y  c 


+  f  —  cos2a  -  ~  sin2a  +  —  )  cos  a  sin 

[dfe/co)  e  6  d(e/aj) 

-  cos2a  +  sin 2CX  -  (-—  +  cos  C  sin  O  |  dy 


•]* 


(dx) 


~  cos2a  +  ~ —  sin2a  -  (- ~  —  )  cos  O  sin  C 

€  y  *  #  \  € 


d(€/a>) 


d(e/ffl) 


—  (dy)  (A~ 

03 


This  is  expressed  in  the  form  of  displacement  and  velocity  coefficients,  common¬ 
ly  called  spring  and  damping  coefficients  for  rotor  dynamic  analysis  as  follows; 
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numerical  values  of  these  spring  and  damping  coefficients  for  iacowpreaaibl* 
bearings  are  given  in  Table  A-l. 


A  lumbar  of  technique*  have  been  used  to  obtain  solutions  for  the  case  of  a 
finite-length  gas  bearing  such  aa  tha  perturbation  method,  Auaoan  (Ref.  113), 
tha  Galsrkin  method,  Cheng  (Set. 126),  the  ph  as t hod  Auswen  (Ref. 128),  and  the 
linearised  ph  method,  &g  (Bsf.127).  Of  these,  the  linearized  ph  method  leads 
to  an  improved  analytical  solution  which  largely  eliminates  the  defects  of 
first-order  perturbation.  This  method  linearizes  the  compressible  Reynolds1 
equation  by  setting  the  product  ph  of  the  pressure  and  film  thickness  as  the 
dependent  variable.  The  steady-state  pressure  distribution  is  given  by 

P  *  TTTTZrs]  t  1  *  fi  C  «tn  9  +  g2  ?  COS  »jj  (A-9) 

where 

g^  C  »  1  -  A  sin  h  sin  0  £  +  B  cos  h  S  ^  cos  0C 


g2  ^  »  1/A  +  A  cos  h  Of  £  cos  @  +  B  sin  h  O  £  sin  0  C 


tad 


><«  ♦ 


p  €  co*  9 
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1  +  *  co*  9 


rn  '  •  ’  *  • 

Where  p  /  is  Che  first-order  perCurbstlon  solution  for  pressure. 


The  radial  sad  tangential  components  of  load  capacity  are; 

(1)  2  11  -  V" 


(1) 


f* 


where  and  are  the  first-order  perturbation  results.  The  total  load 

capacity  and  attitude  angle  are  given  by 
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(1)  2  1 

“  7'  777 


fcc.  'fTT2  .i„V» 


Tan  4  *  1  -  e2  tan 

where  and  are  the  first-order  perturbation  results.  Figure  A-2  shows 

and  as  function  of  the  bearing  number  A  for  various  (L/0)  ratios. 

The  Reynolds*  equation  for  dynamic  loading  with  a  compressible  lubricant  may  be 
solved  by  a  number  of  methods,  including  the  finite-difference  technique,  .Sternlicht 
(Ref. 11®),  The  force  derivations  with  respect  to  displacement  and  velocity  are 
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APPENDIX  B  -  TRANSFORMATION  FORMULAE  FOR  STATIONARY  AND  ROTATING  COORDINATES 

The  required  transformations  for  certeelen  coordinate*  to  either  stationary  or 
rotating  polar  coordinate*  are  obtained  aa  follow*: 


i 


Stationary: 


r  “  x  +  iy 
x  “  r  coaO 
y  ■  r  ainO 

x  •  (if  -  re2)  cose  -  (re  +  2 id)  sine 
y  -  (r  -  r6)  sine  +  (r6  +  2i0)  coaO 


Radial  Acceleration:  a 

r 


x  cos6  +  y  sine 
(r  -  re2) 


Tangential  Acceleration:  at 


-x  sine  +  y  cose 

(re  +  2fe) . 
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Lee  Che  rotating  coordinates  be  £,  r)  and  let  Che  corresponding  unit  vectors  be 
i,  I,  as  shown  in  Figure  B-2.  Let  r  be  the  aodulua  of  OP  •  7  such  that  r. 

The  unit  vectors  vary  in  direction  and  so: 

(d$/dt)  -  o a  (df/dt)  ■  -  o 

and  so 

7  -  <dr/dt)  -  d/dt  (£  r) 

■  r  r  +  s  or 

Dif ferentiating  again  gives 
T  -  (dvVdt) 

-  r(r  -  rO2)  +  3(r$  +  2r8) 

More  generally,  by  not  placing  the  rotating  coordinate  £  along  the  radius  OP  the 
vector  expression  for  the  rotating  radius  is: 


r  *  i|  +  jn 

where  t,  j  are  unit  vectors  in  the  £,ti  axes  respectively,  and 

(di/dt)  »  jo;  (dj/dt)  *  -to  as  before. 

7  *  (efr/dt)  *  +  jt]  +  £(di/dt)  +  rj(djVdt) 

*  i(£  -  Of])  +  t(r|  +  o£) 

~a  *  £(£  -  2oi*|  -  m2£)  +  j1  +  2o£  -  o2,i) 
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In  addition,  if  th«  radius  7  relates  Co  stationary  x,y  coordinates,  and  eha  radius 
s  relates  to  Che  rotecing  coordinates  £ , n ,  tha  ralacionship  between  them  is 
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To  convert  from  rotating  coordinates  back  Co  stationary  coordinates,  the  trans¬ 
formation  expressions  are  '  N 
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e  basic  aspects  of  rotor-bearing  dynamics  have  been  collated  and 
are  here  presented  inystematic  fashion.  The  rotor-bearing  system 
and  its  forces  are  first  discussed.  The  properties  of  rotor  whirl, 
critical  speed  and  system  stability  are  discussed  in, detail.  Effects 
arising  from  running  a  rotor  through  its  critical  speed. are  reviewed. 
Balancing  of  rigid  and  flexible  rotors  is  considered  with  regard  to 
balancing  machines,  computed  calculation  of  unbalance,  and  acceptable 
levels  of  unbalance.  Axial  and  torsional  affects  on  machine  ystems 
are  included.  Throughout,  the  important  literature  relating  to  each 
topic  is  specified,  discussed  and  set  in  perspective. 
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